SYSTEMS OPTIMIZATION LABORATORY
DEPARTMENT OF OPERATIONS RESEARCH
STANFORD UNIVERSITY
STANFORD, CALIFORNIA 94305

A COMBINATORIAL APPROACH TO SOME
SPARSE MATRIX PROBLEMS

by

5. Thomas McCormick

TECHNICAL REPORT SOL 83-5

June 1983

Research and reproduction of this report were partially supported by
National Science Foundation Grants MCS-8119774, MCS-7926009 and
ECS-8012974; the Department of Energy Contract DE-AMO3-76SF00326, PA#
DE-AT03-76ER72018; Office of Naval Research Contract NO0014-75-C-0267;
Army Research Office Contract DAAG29-81-K-156.

Any opinions, findings, and conclusions or recommendations expressed in
this publication are those of the author(s) and do NOT necessarily
reflect the views of the above sponsors.

Reproduction in whole or in part is permitted for any purposes of the
United States Government. This document has been approved for public
release and sale; its distribution is unlimited.






Table of Contents

List of Tables . . . . . . . . . . . . . ..
Chapter 1. Introduction
1.1: Introduction . . e e e e e
1.2: Background and Notamon e e e e e e .
Chapter 2. Approximating Sparse Hessians
2.1: Introduction to Sparse Hessians )
2.2:  Classifying Approximation Methods
2.3: Classifying Direct Methods .
2.3.1: Approximation of Sparse Jacobmus
2.3.2: Classification by Type of Overlapping
2.3.3:  Classification by Partitioning .
2.4: The Complexity of Direct Methods .
2.4.1: The Complexity of Finding Optlmal NDCS “
2.4.2: The Complexity of Finding Optimal SeqDCs
2.4.3: The Complexity of Finding Optimal PSimDCs
2.4.4: The Complexity of Finding Optimal GSimDCs
2.4.5:  Other Complexity Results .
2.4.6: Heuristic Approaches to Direct Methods
2.5: Lower Bounding Elimination Methods
2.5.1: A General Lower Bound on Evaluations
2.5.2: A Bipartite Lower Bound on Evaluations .
2.5.3: Examples of Lower Bounding . . .
2.5.4  Computing Lower Bounds in Theory .
2.5.5: Computing Lower Bounds in Practice
2.5.6: A Bound for Higher-Order Derivatives .
2.6: Reflections on Sparse Hesslans . . .

Chapter 3. Making Sparse Matrices Sparser

3.1: Introduction to Making Matrices Sparser
3.1.1:  Relationship to Bipartite Matching
3.1.2: Possible Approaches to Increasing Sparsity
3.1.3;:  Qverview of this Chapter . . .

3.2: The Matching Property and the One Row Aigorithm .
3.2.1:  The Matching Property e s
3.2.2: The One Row Algorithm .

3.3: Theoretical Algorithms for SP .

3.3.1:  The Parallel Algorithm .

3.3.2:  The Sequential Algorithm

3.3.3: The SP Decomposition . c .

3.3.4: The Complexity of the Nuil Space Probiem ..
3.4: Practical Algorithms for SP . .

3.4.1: Processing Rank-deflicient Matnceq

3.4.2:  Processing Matrices without (MP} .

3.4.3: Miscellaneous Modifications to SA .

3.5: Computational Results .
3.5.1:  An Experimental Implementatxon of the Algonthm
3.5.2: Testing the Variations of SPARSER
3.5.3:  Testing SPARSER on Real Matrices
3.5.4:  Optimizing Reduced Matrices .

3.6: Conclusions and Extensions .

Bibliegraphy

.....

il

P e

36
37
38
38
39
39
41
45
48
48
50
51
33
83
55
57
58
58
60
61
63
65

68






Table 3.5.1
Table 3.5.2
Table 3.5.3

List of Tables

.......................
.......................

.......................

................

................

................






Chapter 1

Introduction

i.1. Introduction

Mathematical modeling is a popular tool used to predict or control an uncertain future. The complexities
of a real-world system are abstracted into variables linked by mathematical relationships that are hoped to
capture the essential behavior of the system.

Some models are merely deseriptive, that is, they attempt only to predict the course of events based
on a set of assumptions. But many models incorporate control variables that can be adjusted to try to affect
the future. Such models are preseriptive rather than descriptive.

A paradigm from economics that is often used in preseriptive models is the assumption that the controls
are adjusted so as to maximize a utility function {or minimize a cost, which is effectively a negative utility).
This point of view makes many preseriptive models into constrained optimization models, which are of

the form
min f(z)

(1.1.1)
subject to ¢z} =0

where z represents the control variables, f(z) is a “cost” that is to be minimized, and ¢(z) = 0 represents
the constraints imposed on the variables of the model by the structure of the system under study.

Since models of the general form (1.1.1) have become widely used, methods for solving them have been
intensively studied. A good general reference for practical modern methods of solution is Gill, Murray and
Wright (1981).

As the capacity and speed of computers have dramalically risen, our ability to solve larger and larger
models has alse increased. But not all advances in methods are attributable to the existence of faster
machines. Since the time that the first optimization models were introduced, particularly after the advent of
lincar programming in 1947 (see Dantzig (1963)), it has been recognized that real-world problems are usually
specially structured. Clever algorithms can take advantage of special struelures and speed up the solution of
optimization models. The inereases in size and solution speed greatly exceed the improvements in computer
hardware.

One of the earliest and most important kinds of special structure that was recognized was sparsity.
Roughly speaking, sparsity means that a variable interacts directly with only a few other variables. Thus in
(1.1.1), sparsity would mean that most of the entries of the Jacobian of ¢ are zero for all z. Sparsity tends
to appear naturally because most variables in an optimization model interact only with other variables that
are fairly “close” in either space or time. A classic example s a transportation network, where nodes of the
network interact only with their immediate neighbors.

Sparsity s exploited in two ways by solution methods. First, since most of the polential information
is zero, the number of picces of data that must be stored in the computer is drastically reduced. Second,
operations on sparse data can be done {aster by exploiting sparsity. For example, in multiplying two sparse
matrices, products involving a zero need not be computed.

The importance of sparse methods is evidenced in many ways. Every commercial linear programming
code uscs sparse matrix methods in the representation of the problem and for handling its bases. The most
recent Sparse Matrix Symposium attracted 119 researchers who listened to 80 presented papers. A keyword
search of the on-line Math Reviews on MATHWILE turned up 413 reviewed papers on sparsity since 1972,

This thesis continues the trend of research into betber ways of exploiting sparsity by considering two
different problems in which sparsity is crucial.

The first problem, discussed in Chapler 2, is to compute a finite-difference approximation of a sparse
Hessian matrix with a minimum nwinber of gradient cvaluations. For many functions, sparsity allows a
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Chapter 2

Approximating Sparse Hessians

2.1. Introduction to Sparse Hessians

In numerical optimization procedures it is sometimes necessary to evaluate the Hessian matbrix

of a function /. R™ - R. It is usually preferable to evaluate /(%) analytically, but it is not always possible
to do so. Vor instance, F may not be known analytically (if, say, # is the output of a simulation), F' may
be of a form that makes H very complicated Lo evaluate analytically, or the user of an optimization routine
may simply be unwilling to provide an evalualion routine for [I. These considerations make it useful for the
designer of a “black box” optimization routiae o include a facility for approximating M by finite-differencing.

We shall assume that there is a way te evaluate the gradient of F, call it g(z) = (?g&(;"’), ceey %ﬁ—‘g—z}? for
use in finite-differencing. The fundamental fact that is used in finite-differencing is that if d is a “suitably”
small (see Gill, Murray and Wright (1981), Sections 4.6.1 and 8.6, for a discussion of difference interval sizes)
perturbation vector, then differencing ¢ along direction d gives the linear cquations

dT 1 (2%} = g(z® + d) — g(=?), (2.1.1)

where f[(a:”} is an approximation to H(z%). Note that the right hand side of {2.1.1) is calculated from the
gradient evabiation routine, the “unknowns” are the entries of /7, and {2.1.1) is a system of n cquations, one
for each component of the gradient.

The most common and straightforward method of approximating H(z?) is successively to choose d in

(2.1.1) to be o small multiple of each of the unit vectors et e?, ... ™. Let &; be the chosen difference interval

for the i*" coordinate. When d = §ze* the 7' equation in (2.1.1) is

8ihij(z®) = g;(z® + bie’) - g5(="),

thus allowing 13 to solve for an approximation to all of row ¢ of H(z%). For any smooth I, i is symmetric,
and so the [ resulting from the usual method is symmetrized by setting

e é(ff )

Though equations (2.1.1) are trivial Lo solve when unit veetors are used for differencing, the procedure has
one greal drawback  When considering the running times of optimization routines, the standard assumplion
is that caleulating g(z) is expensive relative Lo other operations. The value g(z®) must be caleulated by an
optimization routine for other purposes, so we do not include it in evaluation counts. In addition to g{z%),
the usual procedure requires n gradient cvaluations for cach approximation of 71, and so can be prohibitively
expensive even for moderately large n. As is shown later in Section 2.5, when the Hessian has no speeial
strucbure the number of gradient evaluations cannot be reduced below n, making explicit approximation of
I through lintte-differencing unaltractive. In some contexts, adequate approximations to [f ean be oblained
clficiently through other means, see, c.g., the vast literature on quasi-Newton methods (Gill, Murray and
Wright (1981}, Section 1.5.2). lowever, even with such methods, an explicit Hessian approximation can be
useful for distinguishing between a saddie point and a true minimum.
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Section 2.2 Classifying Approximation Methods )

the output of many of the available heuristics so that one can take advantage of component by component
evaluation when it is available.

Our general goal now is to approximate the Hessian of a given function I when I7 has a known sparsity
pattern, using the minimum possible number of gradient evaluations. This problem has bheen previously
considered by several authors, including Powell and Toint (1979), Coleman and Moré (1982) and Thapa
(1980), Section 5.1. In order for an approximation method to be practical it must be fast and it must be
numerically stable. Searching for a balance between these two competing goals has led previous researchers
to consider the problem under various restrictions on the form of equations {2.1.1). A systematic way of
classifying these resirictions is presented in Scetion 2.2, and a subclassification of the so-called direct methods
is presented in Section 2.3.

In order to better understand the examples in Sections 2.2 and 2.3 and to be able tc analyze the
complexity of different classes of methods, il is helpful to have a graph representation of sparsity patterns.
Since the sparsity paltern of H is symmetric, a natural model to choose is the graph G(H} with node set
N =1{1,2, .. ,n}andedges I/ = { {7,7} | hisis not known to be 0}. Thus the symmetry of IT corresponds
to the undirectedness of G(/f). When drawing pictures of G{f}, loops that stem from non-zero diagonal
entries in # will be suppressed. For example, the following sparsity pattern corresponds to the displayed
graph:

X X 0 0

X x X 0} &0
0 X X X L .
0 0 X x/ O—®

Conversely, any undirected graph {possibly with loops} clearly corresponds to the sparsity pattern of some
matbrix H.

Using this graph model, it is proved in Seclion 2.4 that all the variations of the direct methods considered
in Section 2.3 are NP-Complete. Scetion 2.4 concludes with some positive results about heuristics for direct
methods to counterbalance the pegative complexity results.

In order to be able to quantify the performance of heuristics, it would be useful to have an easily
computable lower bound on the number of evaluations needed. The number of evaluations needed when no
restrictions are placed on the difference directions is clearly a lower bound. Some results about this bound
and how to compute it elliciently are presented in Section 2.5.

This chapter of the thesis concludes with Section 2.8, which points out the unresolved questions in the
preceding scetions and suggests areas for future research.

2.2, Classifying Approximation Methods

Denote (g(z® + d")— g(z°))7 by A! and an approximation to I7{z) by [1(z). An approximation method
is an algorithm that, when given F' and the sparsity patiern of its Hessian, chooses fixed (independent of z)
dilference directions d', d%, .., dF so thul the nk equations

fI(z%)d" = Al 1=1,2,...,k, (2.2.1)

{which are just (2.1.1) re-written in the new notation) have a subsystem that can be uniquely solved to yield
(%) When the 7, j entry of the sparsily pattern is zero, fALg-Jv { == fArfj,‘) is sct to zero in (2.2.1). Because of
the assumed symrmctry of the Hessian, variables fz,-_,- and ;}3.‘, arc identified. Many approximation methods
determine /’A«:ij- and Eaj, as if they were different, which lends to over-determined linear systems when they
are dentified. This i the reason why it is required that only a subsystem of {2.2.1) uniquely determine the
nNon-14ero fa,'j's‘ For example, the usual method that chooses d° = §e', i = [,2,...,n, is an approximalion
method, where the unknown ,AL,'J, i 5% 4, appears in both the §*P equation for d* and the i*" equation for d7.
Deleting equation 7 for d* when § < 4 leads to a subsystem of (2.2.1) that can be uniquely solved for ff(mﬁ).
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Section 2.3.1 Approximation of Sparse Jacobians 7

The set of directions {d'} chosen by a direct method gives rise to equations (2.2.1). In order for (2.2.1)
to have a diagonal subsystem that can be solved for all the unknowns in I, each unknown FALU, {or th"“) must
appear by itsell in at least one equation, say the equation for row i in the set of equations arising from dt.
This condition implies that 7 € S; and that there are no other unknowns in row 1 of §; {otherwise, hu would

not be the only unknown in the i*0

equation of d‘), Thus, for h” to be determined directly, §; can have no
overlap in row ¢. The family of column subsets { &1 } corresponding to the directions {d'} computed by a

direct method must therefore satisly the

Direct Cover Property (DCP}): For cach unknown I‘Azgj = fz}-g there must be an 8; with either 7 € §;
and no overlap in row ¢, or ¢ € §; and no overlap in row 7.

Conversely, given a sparsity pattern and a family {5} of column subsets satisfying (DCP), the set of
difference directions df = Y jes §;¢7 can be defined, which correspond to a direct method. Thus finding an
optimal direct method is cquwalent to the purely combinatorial problem of finding a minimum cardinality
direct cover.

2.3.1. Approximation of Sparse Jacobians

Direct approximation methods for Ilessians have evolved out of previously studied methods for ap-
proximating sparse Jacobians of functions /: R™ — R™ by finite-differencing. An example of the idea in this
case is that if a Jacobian has the sparsity pattern

oo X X
o X oo
Koo o
X oo X
oD X Ko

then differencing # along d' = (1,1,1,0,0) and d% = (0,0,0,1,1) approximates the Jacobian in just two
funetion evaluations rather than five, since there is no overlap among the first three or last two columns.
There are also other applications of finding minimum groupings of non-overlapping columns; see, e.g.,
Deneker, Ditrre and Heuft (1981) or Dirre and Fels (1980). The possibility of such reductions in function
evaluations has caused the problem of [inding a minimum set of difference directions to be thoroughly
studied. Several heuristies for finding “good” sets of directions have been investigated (seec Curtis, Powell
and Reid (1974), and Coleman and Moré (1981)). The computational complexity of finding an optimal set
of difference directions in a direct Jacobian approximation methed has also been investigated, resulting in
the next theorem.

Theorem 2.3.1: (Coleman and Moré (1981), Theorem 3.3, and Newsam and Ramsdell (1982}, Theorem 1}
I'inding an optimal set of difference directions for directly approximating a Jacobian is NP-Complete. [

2.3.2. Classification by Type of Overlapping

The Hessinn problem is significantly more difficult than the Jacobian problem because of the symmetry
of the matrix. Various heuristic approaches to finding optimal direct covers have been proposed. We review
next the history of these efforts, and then propose a new way of classifying direct methods.

One ebvious approach to approximating Hessians is simply to apply one of the Jacobian methods to
the symmetric sparsity pattern of the Hessian, Such an approach leads to families of subsets of columns
whose subsets have no overlap in any row. As long as every column is in some subset, such a family clearly
satisfies (DCP), so that any direct Jacobian approximation method immediately becomes a direct method
for Hessians, A dircct cover which has no overlap in any row of any group is called 2 non-overlap direct
cover {NDC) The first NDC heuristic for Jacobians was proposed by Curtis, Powell and Reid (1974), and
it was later improved by Coleman and Moré (1981).

Powell and Toint {1979) recognized that a significant deerease in gradient evalualions can be achicved
by taking advantage of symmetry. For example, recall the arrowhead sparsity pattern (2.1.2). Siunce every
column overlaps with every other, any NDC must contain at least n groups (and of course n suffice). But, as

was shown in Section 2.1, if the first difference direction is d' = 8,e™, then it does not matter if subsequent
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Section 2.4 The Complexity of Direct Methods 9

Unfortunately, the same is not true for SunDCs. Consider the sparsity pattern:

KU AX o oX
oX XoX X o
XooX XX 2
coX XX oX
coX XoXX
ox oo o X X
X oooX oX
I

Laborious calculations verify that any partitioned simultaneous direet cover (PSimDC) must use
at least five groups, whereas {{1,2},{1,3},{4,6},{5,7}} is a general simultaneous direct cover
(GSimDC) which uses only four groups. This is the smallest possible such example in terms of number of
columns. Eisenstat (referenced in Coleman and Moré (1982), equation (2.1)) has discovered an infinite class
of such examples.

These two classifications give four distinet subclasses of direct covers: NDC, SeqDC, PSimDC and
GSimDC. The next section shows that finding an optimal member each of the four classes is NP-Complete.

2.4. The Complexity of Direct Methods
The main purpose of this section is to prove the following four theorems:
Theorem 2.4.1: Finding an optimal NDC is NP-Complete.
Theorem 2.4.2: Vinding an optimal SeqDC is NP-Complete.
Theorem 2.4.3: Finding an optimal PRmDC is NP-Complete.
Theorem 2.4.4: Finding an optimal GSimDC is NP-Complete.

Reecall from Section 1.2 that to prove that a problem X is NP-Complete it is necessary to reduce a
known NP-Complete problem to problem X. We shall use three known NP-Complete problems. The fiest
is the direct Jacobian approximation problem already discussed in Scction 2.3, The second is the

3-Satisfiability Problem (3SAT): Let uy, ug, ..., u, be asct of atoms, with the corresponding set of
literals [, = {uy, i, ug, @z, ..., Un, Op t. Let C = {C1,Cq,...,Cm } be a set of 3-clauses drawn
from L, that is, each €y C [, and |C,] = 3. Is there a truth assignment 7 : {uy,...,un} —
{ true,false } such that each (/, contains at least one u; with m{u;) = true or at least onc %; with
7{u;) = false?

The set of clauses is an abstraction of o logical formula; imagine the clauses as parenthesized subformulae
whose literals are connected by ‘or’, with all the clauses connected by ‘and’. Then a satisfying truth
assignment makes the whole formufa true.

The third problem is the

3-Color Graph Coloring Problem: Given a graph § = (V, ), does there exist a function [:V —
{1,2,3} such that f(v) ¢ f{n) whenever {v,u} € E?

This problem remains NP-Complele cven when § is restricted to be planar (sce Garey and Johnson
(1979), Theorem 4.2} Note that 3GCP is a restricted form of the elassic problem of finding the chromatic
number of a graph. The NP-Completeness of the Jacobian direct approximation problem was stated in
Theorem 2.3.1  The NP-Completeness proofs of 35AT and 3GCP are referenced in Garey and Johnson
(1979), Problems LO2Z2! and [(C'T1] respectively.

A graph operation thal is needed in two of the proofs is the notion of edge replacement. Given a
graph G and edge e — {w,v} in G, and graph K with two distinguished vertices s and ¢ called terminals,
the result of replacing edge e of § by K is obtained by removing e from § and identifying v with s and v
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Section 2.4.1 The Complexity of Finding Optimal NDCs it

Given a 3SAT problem P, we construct from it a decision problem on a graph Gi(P). If P has atoms
ty, s, ..., Uy and clauses Cy, Cy, .,Cum, let h = [k/2] and p = 2nk + m(k — 1). Let V and E denote the
vertices and edges of Gx{P), and define them by:

U, U } P=1 literal vertices, false ver-
V= Fi,7T7, r=1,...,k P tiees, true vertices
Cy, =0, k- 1} 5= 1 m clause vertices, intermediate
I;, ?'"-::X,,,.‘,k“"l v vertices

{ug,u; )} alle ug¢, Uy different colors

(Fr,Fi*)

i3

{1,777}

%F:- T; % all r, all § 54 7 all F’s, T's different colors
Fi R
i B g
{T7,T}}
(I, 170 ally
{15109} all s €% different color than its
{Ilu} Tu,€C, literals
{Ilw;} ifw,€C,
{u.-, Ff }
B= {u, TE} all § 5£ ug, W can only be F}! or
{m:, Fy } T
{ i, T_]; }
ég; gg}; }T %i B C7,r > 0, different from
{(L‘f:T;“ Voo alleFt alls each other and /s and
{CL0*) 120 T's

(C PP} w,wm @O,
{CyL.Tr} alld CY can only be F'! colors
§gg, f;g: i :;{ ;E; Q’Cg} all s, k even of its literals

8

} all s, & odd

Note that Gg(P) is considered only for k > 2, implying that A + 1 < k, so that h + 1 makes sense as a
superscript for the /’s and the 7’s The global structure of Gx(F) looks like

— N

B—lie =I5 = — Ch = i Ok j \,
} !
e o AL /;Fiw-l___“____‘(]akmu !

© ® toe \ @ @

O UK

Thmoime Thee TR Th g,

Three propositions about the structure of a proper distance-k coloring of G(P’) are needed for the proof.

Proposition 2.4.5: The vertices K7, 70, and C77 Y i = 1,...,n, s = 1,...,m, r = 1,..., k must all have
ditferent colors, thus using up all p colors.

Proof: Consider the length k& paths

F.*} {F,%"F? — =k
_ ; i
TH T\ —T% — . —T*
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Seection 2.4.1 The Complexity of Finding Optimal NDCs 13

Proposition 2.4.7: I the literals tn clause €y have indices a, b, and ¢, then C’g must be colored 'L, F'l,

or Floa=1,...,m.

Proof: Note that C? can be added to the beginning of the paths in (2.4.1), (2.4.2), (2.4.3), (2.4.4) and {2.4.5),
thus excluding all colors except F! from C% If is an index such that u; & C,, W & C,, then the edge
FB—F" can be dropped from (2.4.3) and C? can be added to the beginning to show that C? cannot be any
F} color either. U

Now the NP-Completeness theorem can be stated and proved, which will then immediately imply that
finding an optimal NDC is NP-Complete. This theorem is a symmetric version of a result in Section 3 of
Coleman and Moré {1981},

Theorem 2.4.8: Yor fixed k& > 2, DEGCP is NP-Complete.

Proof: Since the size of Gi(P) is a polynomial in m and n, it is clear that the above reduction of 3SAT to
DEGCP can be carried out in polynomial time. It must be shown that there is a salisfying truth assignment
for the 3SAT problem P if and only il the graph G4(P) has a proper distance-k coloring in p or fewer colors,
First suppose that Gi(P) is properly distance-k colored. If 1, Iy, and [, are the literals eontained in G,
then the length k& path
OO k=t =t gty

shows that C? cannot be the same color as any of l,, {p, or {,. But C? must be colored F, £}, or I'! by
Proposition 2.4.7. By Proposition 2.4.6, cach I; is colored cither F} or T}, so that each clause must contain
at least one true literal under the truth assignment induced by the proper coloring, i.e., the clauses are
satisfiable.

Now it suffices to show that Gx{P) can always be colored in p or fewer colors if P’ is satisfiable. Let r
be 3 satislying truth assignment for C,Cy, ..., Cin. First color the I'7’s, T7’s and C7’s, v > 0, as decreed
by Proposition 2.4.5. Color u; with 7'f if r(u;) = true, color u; with F! otherwise; color %; with the
complementary color. Fach C, has at least one true literal, say {5. Color C% with color #!. Finally, color
IT with €7, r==1,...,k~ 1, where the subscript on 7 is interpreted modulo m.

We now show that this coloring is proper. The colors F7, T, 1 < r < k, each appcar on only one
vertex and so are proper. Color O, | appears on exactly two vertices, itsell and [7. A shortest possible path
between these verbices in Gx(F) is

-
e e

kS

g+

k k1 k—2 -
’}“‘“Tj —C—C — - —C
and is of longth k + 1. 1t is a shortest path because at least & edges must be used to get from layer I7 to layer
C7, and one extra edge must be used to get from an M ora T to a O, Also, any alternative path between
these vertices that goes through a €9 has at least k + 24 edges because of the difference in subseripts, and
because the C7's do not interconnect for » < h; thus color C7 is proper. Color T'! also appears on exactly
two vertices, itsell and onc of u; or %;. A shortest possible path between these vertices is the third one in
(2.4.6) with T} added at the end. For j 5£ ¢, at least &k cdges must be used Lo get from the u, layer to the
Tt layer, and an extea cdge is necessary Lo go from an ¢ vertex te a § verlex. Any other path between Lhese
vertices through the ['s uses ab least &k + 2h — 1 edges, and so Tf is proper. Finally, F'! ean appear in three
places: on itsell, on u, or g, and on any number of C%s whose clauses contain cither uy or @;. As with u; or
a; and T! above, uy or @ and F} do not cause a conflict. Some shortest possible paths between F! and any
C? are those in (2.4.3) with €% added to the beginning. Again, at least k edges are necessary to go from the
CY layer to the F! Iayer, and an extra edge is necessary to go from an [ vertex to an 1 vertex. Any other
path between these vertices through the I's uses at least 2k edges, so that no C9, F! pair causes a conflict,
Between a u, or @, and a C?, some shortest possible paths are

w) [ — 12— E O
@ |\ TE—Ck T — o — O (O

of lengths k and &+ 1 respectively. The [irst cannot exist beeause of the teuth assignment and because there
are no trivial clauses. Once again, the sccond must use k edges going from layer u, to layer O and an extra
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Section 2.4.2 The Complexity of Finding Optimal SeqDCs 15

Connect these 6 cycles according to the clauses of P as follows. Vor each clause C; = {1;,lg,l3 }, add
the nodes and edges

s

T T

Iy ly

S —

o G, where [y, I3 and 3 are the literal vertices on the 8-cycles.
For example, if P has four atoms, and clauses { Wy, us, ug } and {ug, ¥z, vy }, then the constructed § is:

o]

o oo
{ i § P §
bt e
| : | i
J | i L i J

First note that by {2.4.7), the neighborhood of a literal [ that is in some clause and is not colored | must
look like:

or

(2.4.8)

Y

N
PP

In the sccond case, vertex z cannot be colored any of 1, 2 or 3 in a proper sequential 3-coloring, and so
every literal that appears in some clause must be colored t or 2, In the [first case of (2.4.8), vertex y must
be colored 3, and henece vertex z must be colored 1.

Suppose that G has been properly scquentially 3-colored and that all three literals in a clause are colored
2. Then by the above remarks about (2.4.8), the clause vertices must be partly colored as follows:

2 253 of3
3 3 3
1 1} 1
;
; i
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Section 2.4.3 The Complexity of Finding Optimal PSimDCs 17

row i. Equivalently, a family of subscts of columns is not a direct cover if there is an unknown Fz;j such that
there is overlap in row j of the group containing ¢, and there is overlap in row ¢ of the group containing j.
In graph terms, the coloring is improper if there is an edge e = {3,7} in § wherc i is colored ¢;, 7 is colored
¢4, ¢ is adjucent to a vertex p # 7 also colored ¢; {corresponding to overlap in row 1 of group c; containing
7), and j is adjacent to a vertex ¢ 7 1 also colored ¢;.

This “excluded colored subgraph” condition is clearly cquivalent to (DCP), and so the next definition is
equivalent to a PSimDC.

Direct k-Coloring: A direct k-coloring of a graph § is a function f: ¥V — {1,2,...,k} such that f is
a coloring in the usual sense and there is no subgraph of § colored like:

Cq g Cs [
DD

where { 54 ¢ and § 55 p.

Proof of Theorem 2.4.2: We shall reduce 3GCP to the problem of deciding whether § has a proper direct
3-coloring. Since direct k-coloring is equivalent to finding an optimal PSimDC, the reduction will imply that
finding an optimal PSimDC is NP-Complete.

Given a graph K for 3GCP, a graph § will be constructed such that K has a 3-coloring il and only if
G has a direct 3-coloring. First note that the 4-cycle has essentially only one proper direct 3-coloring, up to

permutation of colors:
L g 2
f | (2.4.9)
3 1

By (2.4.9), again up to a permutation of colors, there is essentially only one way to color the graph:

(2.4.10)

Thus graph L forces its terminal s and ¢ to be different colors,
To construct § from K, replace every edge of K with L. Thus if

K = m then § ==

Suppose that § has a proper direct 3-coloring f. By (2.4.10), if cach vertex of K is colored with the color
reccived by its identificd terminal under [, the resulting coloring must be a proper 3-coloring of K.
Conversely, suppose that there is a proper 3-coloring f of K. Then color each terminal of G with the
color of its identified vertex in K, and color each non-terminal with the complementary color of the colors of
the two terminals to which it is adjacent. This coloring is clearly a proper 3-coloring of §. Any path of four
vertices in § must contain two terminals separated by a non-terminal. But these three vertices use all three
colors, and hence the excluded colored subgraph of § cannot exist. Thus § has a proper dircet 3-coloring.

0

A direct eoloring is called a “symmetrie coloring” in Coleman and Moré (1982), and they call a PSimDC
a “symmetrically consistent partition.” They use these concepts to give a quite different proof of Theorem
2.4.3 (sce their Theorem 3.3 and the remarks following it).
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Section 2.4.5 Other Complexity Results 19

Note that as in (2.4.10), L forces its terminals s and ¢ to be different colors.
To derive § from K, replace every edge of K with L. Thus if

el

Suppose that f is a 3-multicoloring of G. By (2.4.11), f must be in fact a 3-coloring of G, that is, each
vertex of § has exactly onc color. Now color each vertex of K with the color of its identified terminal in .
Sinec the terminals of [ must have different colors, K must be properly 3-colored.

Now suppose that [ is a 3-coloring of K. Color the terminals of § by the colors of their identified
vertices in K. and color the non-terminals of § as indicated in {2.4.12), permuting colors appropriately. The
result is clearly an ordinary 3-coloring of . Since each L in § is properly directly 3-multicolored, the only
possible way for this coloring of § to be an improper direct 3-multicoloring is for a counterexample path to
have a terminal as one of its two interior vertices. But the neighborhood of a terminal vertex v in § looks

like:

‘ f |
30 3l 2l 2

t is now casily seen that no counterexample path exists. Thus § can be properly directly 3-multicolored.

[T} e

2.4.5. Other Complexity Results

Two romarks are in order about the last two procfs. First, since 3GCP is NP-Complete even for planar
K, and since the edge replacement graphs L are themselves planar in both cases, finding optimum PSimDCs
or GSimDCs for Hessians whose sparsity patterns correspond to planar graphs is NP-Complete. Though
this fact has little practical significance in itself, it does have an interesting corollary. It is well-known
that a planar graph on n vertices can have at most 3n — 8 == O{n) edges (see Bondy and Murty (1976),
Corollary 9.5.2). Thus the intractability of linding optimal PSimDCs and GSimDCs is not due to requiring
algorithms to process nearly dense Hessians. In particular, it is also NP-Complete to find optimal PSimDCs
and GSimDCs for Hessians with O(n) unknowns (with density O(1/n}).

Second, the proof of Theorem 2.4.4 shows that for every graph § resulting from the reduction, any
GSim DO for the corresponding Hessian which has only three groups must in fact be a PSimDC. Thus the
proof of Theorem 2.4.4 also proves Theorem 2.4.3 as a corollary. lowever, since the prool of Theorem 2.4.3
given is quite simple and is a uselul warm-up for the proof of Theorem 2.4.4, it was included despite its
technica! redundancy.

The complexity of substitution methods can also be analyzed through graph coloring. Coleman and
Moré {1982) consider a particular subelass of substitution methods called lower-triangular substitution
metheds delined originally in Powell and Toint (1979). These methods bear roughly the analogous relation
to general substitution methods as SeqDUs do to general dircet covers. Coleman and Moré show that finding
an optimal set of difference directions for a lower-triangular substitution methed is cquivalent to a certain
kind of graph coloring that they eall triangular coloring, and use this cquivalence to prove the following
(see their Theorem 7.2).

Theorem 2.4.9: Finding an optimal lower-triangular substitution set of difference directions is NP-
il

Complete. .
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Section 2.4.6 Heuristic Approaches to Direct Methods 21

To prove the upper bound in (2.1.14), note that for any vertex ¢, |[N(i)| < d + d(d — 1) = d*. Suppose
that D2SA assigns color [ to vertex ¢; by definition of D2SA, eolor [ is assigned only if at least onc vertex
of each color 1,...,0 ~ 1is in N(i). Thus, if i were assigned color { > d* + 1, then [N(d)] > d* + 1 (a

contradiction). {This proof is essentially a constructive proof of Corollary 8.2.1 in Bondy and Murty (1976).)
0

Corollary 2.4.11: Foralin > 1,

max 9 - Vn =1+ 1= 0(y/n). (2.4.15)
G on nvertices Xz(g) -

Proof: Clearly, ¢5(§) < n. Let k = x2(§). Applying the first and third inequalities of (2.4.14) yields
¢S(G) < (k— 1)+ 1. (2.4.186)

Consider two cascs:

Case 1: If n < (k- 1)* + 1, then vn—1+1 < k and s0

S(6) -

<2« VR l+1-2+
ke LI iy Va—T+1

Case 2: If n > (k~ 1)+ 1, thenk < /n—1+1, and so

< vn-—1+1L1

s k—1)7 +1 2
c!(cg)g{ £+ =k-2+ - Sk<va-1+1
(Corollary 2.4.11 is cssentially (4.6) of Coleman and Moré (1981) in the special case that the matrix is square
and symmetric). [

Graphs that attain bound (2.4.16) for a certain ordering of their vertices exist for k = 1,2,3,4. The
cascs k = 1,2 are trivial. For k = 3, consider G3 = (V3, Iv3) defined by

V3:’—“:€g3‘ imi,z)i’i, j"~‘~‘-1,2,3,4,53

By = { %, Tit1 j+1 } alle, 5 (subscripts modulo 3 and 5).

Then D2SA assigns z,; color ¢ when the vertices are ordered by i (which is optimal by (2.4.14)), and assigns
x4; color  when the vertices are ordered by 7 (which is the worst possible, by (2.4.18)). For k = 4, consider
Gy = (Vy, 54} defined by

Vi=oy  i=123%4, j=1,..,10,

{zi,Tiva st allj
Ey =< {zij,Tit1, 421 alloddy afl ¢ (subseripts modulo 4 and 10).
{@ij, Zivr,j+1 ) alleven g

Then D2SA applied to G4 also colors z;; with ¢ when ordered by ¢, and with j when ordered by 5 {which
arc again respectively optimal and worst possible).

Fxtending this construction scems to be extremely difficult. Its extension appears to be roughly cquiv-
alent Lo solving a bard open problem in cxtremal graph theory (see Bollabas (1978), Scction IV.1). Even if
it could be extended, the number of vertices is given by n = k((k —1)% + l), so that

3
iig‘i} = 0(n'/?), (2.4.17)
which is a better result than (2.4.15). Thus, while (2.4.14), (2.4.15) and (2.4.16) are better results than
(2.4.13), we conjecture that (2.4.17) is also a (better) bound.

Turning from the worst case to the average case, Grimmet and McDiarmid {1975) proved the following
theorem:
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Section 2.5.1 A General Lower Bound on Evslustions 23

2.5.1. A General Lower Bound on Evaluations

In the situation of interest, sparsity causes many of the unknowns to be deleted, that is, causes many of
the columns in A™* to be deleted. Ilowever, assume for the moment that H is completely dense. Then by
simple linear algebra, the largest number of unknowns that can be solved for by a subsystem of cquations
(2.5.1) is equal to the rank of A%F Suppose that it can be shown that the maximum rank possible for
A™F 35, say, rnk. Note that rug would have to be increasing in k. As sparsity comes into play, columns are
climinated from A™F and its rank can only decrease. Thus, even for a sparse H, the maximum number
of unknowns that can be solved for is still at most r,x. By this reasoning a lower bound on +(H) can be
caleulated as follows. Denote the number of unknowns in H by 5, and the smallest k such that rni > n by
L° Then at least & evaluations arc neccssary to approximate H. Thus we shall now focus our attention on
determining 7yuk.

The rank of A™* is affected by the numerical values in the d'. By assuming that the d' satisfy the Haar
condition, namely that every square submatrix of the mabrix whose ['" column is d' is nonsingular, the
rank of A™F is maximized. (The Haar condition is implied by the assumption that the entries of the d' are
independent algebraic indeterminates. It is also implied by the assumption that the d' are perturbed from
their given values by infinitesimals, similar to the construction often used in non-degeneracy proofs.) For
example, choosing the d' as columns from a Vandermonde matrix (sce Knuth (1973), Séction 1.2.3, exercises
36 45) satisfies the Haar condition.

To determine r,;, we investigate the structure of A™*, Label the %" row of the set of equations
associated with A! by “AL” and label the column corresponding to variable hy; by “h;;." For n = 4 and
k=2, A%? has thc form

hiy har  hae hyy hge  has hsy  hay haz hag
1

AL gdp | dy dj di

At a2 g 4 &

Al Ll 4 t s

A @& i | y

A} dl o db d} d} (2:52)

ar| ! 8 & &

arf | & 4 & d

Al i df df di

In general the cntry in row Ag, column hyy of A™E g

§ o= |
d; Hqg=1j, (2.5.3)

0 otherwise.

Besides yiclding o lower bound on y(H), the determination of r.x is also intercsting from another
point of view. Fach additional gradient evaluation yields n more seemingly indepeadent linear equations.
Because of symmetry there are only (”;’g) = 5-(-??2?1«) unkunowns in a dense Hessian., Thus it might appear
that only ’”—‘—%i’ evaluations would sullice to approximate a dense Hessian, since the number of cquations =
n- 55‘-%3 P> (";') 7. Perhaps then the number of gradient evaluations necded cven for a dense Hessian
could be reduced below n by a clever ehoice of difference directions. However, the next theorem shows that
such savings are not possible. The theorem appears to be well-known in the folklore, but we know of no
published proof.
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Section 2.5.1 A General Lower Dound on Evaluations 25

§ = 1,...,i (thesc multipliers are the first line of X's in (2.5.6)). From (2.5.5) and (2.5.6) the resulting
column is zero in row blocks 7, k < ¢ < n, i 5% ¢, since no column with a non-zero coeflicient is non-zero
in these row blocks. In row block 7, 1 < ¢ < k, the non-zero contributions to the resulting column are
E‘,(é)\f)\fc’ from column block ¢, )\?)\?CE from column block [, ¢ < [ < k, and A\{c? from column block g,

for a total of
V(E x;*cwc‘f) =0, i=12...k
1<k

In row block ¢, the only non-zero contribution is from column block g, which is

Yot + et =0.
1<k

Thus the resultant column is zero and column hg , is indeed dependent on the columns of F.

Now column kg, is eliminated using the columns in F. Add to it X? times column hy j, 7 = 1,..,k,
A times column hy,, j = 1,...,k, and (AN £ 0IND) times column hyj, @=L,k g =1,...,¢ {these
multipliers are shown in the second row of X’s in (2.5.6)). There is no non-zero contribution to the resultant
column in any eolumn block i, k < ¢ < mn, 1 ¢ p,q. In row block 4, 1 < ¢ < k, there is a contribution of
5 NN 4 NIN])e! from column block ¢, a contribution of ONIN? 4 XEAT)e! from column block [, < I < k,

a contribution of A!¢? from column block p, and a contribution of APe? from column block ¢, for a total of

(Do) (DM ) 0 =12k

1<k 1<k

In row block p, there is a contribution of 2!(& )\?c! from column block p and a contribution of ¢¥ from
column block g for a total of
Z )\?c‘ + ¥ = 0.

1<k

In row block ¢, the only non-zero contribution is from column block ¢ and is

Z Wel 4 ¢? = 0.
1<k

Onee again the row block totals are all zero, so that column hg , is also dependent on the columns in F.

Lliminating the 1 + 2+ .-+ + (n — k) columns of E shows that rank(A™*) < r, ;. To show that
mnk(/l“’k) = r,, &, delete the columns of F from A™E and delete the last &k — ¢ rows from cach row block 1,
i < k. The remaining mabrix is 7, & by 5,k and is block upper triangular with square, non-singular diagonal
blocks. Thus this submatrix of A™F is non-singular, and hence rank(A“'k) 2 Tak

To show that this bound is sharp, consider the sparsity pattern which has hy ; as an unknown whenever
i < korj <k Byletting d* be the it" unit vector for i == 1,2,..., k&, all r,, ; of the unknowns can clearly
be solved for, and thus the bound of the theorem is attained. [

Row-oriented Proof of Theorem 2.5.1: This proof is due to Holfman (1982},
For each 2-subset {1,7} € {1,2,....k} deline an nk-vector 2% with eniries indexed with the same
labels as the rows of A™F by

z;f = “d; ifp= A}’;s (2.5.7)
0 otherwise.

We now show that 27 is in the null space of the columns of A™¥, ie., 2 A™E = (), Take columns by and
hoy of A™F as representative examples. By (2.5.3), column hyy is non-zero only in rows Ai, =1,2,...,k
Comparing with (2.5.7), 2% and columa hyy are both non-zero only in rows A} and A{. in row A;, 2% is
dé and column A s di, and in row A{, #7 ig —d' and column hyy is d‘;, so that the value of the product
is dldi — did’, = 0, as desired.
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Section 2.5.3 Examples of Lower Bounding 27
(2.5.3) equals
dy ifp=Tj, (2.5.9)
0 otherwise.
For every ordercd pair (3,7) with £,5 € {1,2,...,k }, define an nk-vector 2 indexed as the rows of BF
by .
d{?‘? if'p == :SQ and i < 7,
g wda‘q ifpm/_&:}\q alldt{g_]:, y510
Bp T mdﬁgeq if p= A%q and ¢ < j, (2.5.10)
5, fp= Afgq and ¢ > 7,

0  otherwisc.
Note that this definition is consistent when € == j.
The first claim is that 2% 3% = 0, which is verified for a typical column hgypy. Assume without loss of
generality that ¢ < j. From (2.5.9) and (2.5.10) the contributions to the product are

from row Su AL,
in 2" dh,  —diry
in column hgure e d% .

and the total product is zero, as claimed.

The second claim is that the 27 are independent. As before, let Z be the nk X k% matrix whose columns
are the 2%, and set d' = 5! + elt so that a';} = { if p== 8l or TI, and is O otherwise. Choosing these d'
could only decreasc Lhe. .rank of Z. Let z,_;% € {1,2,...,k} where ¢« < j, say, and consider row A:gg of 7.
From (2.5.10) column 2*7 is +1 in row Ay, and every other entry is zero. If 1 > 7 consider row Af.;, where

column 9 is -1 and all other entries are zero. Since this subset of rows picks out a diagonal submatrix of
7, it has full rank
Because 7 has k? columns, rank B¥ < nk—k®. Now consider the Hessian with bipartite sparsity pattern

¢ D
0
0
CT E'T 0 1
DT 0

where C is dense and & X k, I is dense and k X (¢ — k), and E is dense and (s — k) X k. It has k(s +t)— k?
unknowns. All of its unknowns can be approximated with only k evaluations by using the d' defined above.
By the same reasoning as in the prool of Theorem 92.5.1, it follows that rank B* == nk — k20

2.5.3, Examples of Lower Bounding

We now give some examples of how Theorems 2.5.1 and 2.5.2 are used to calculate lower bounds for
~(IT). First consider dense band matrices, which have an unknown in entry ¢, 5 if and only if e 7] < wy
w is ealled the bandwidth of the matrix. For insiance, when n == § and w = 3, the sparsity paltern looks
like 4

X X x 0 0
X X X X 0
X X X X X
0 X X X X
0 0 X X X

Note that such a mabrix has 74, unknowns. It is well-known
that dense band mabrices can be approximated by using the d

o

see Coleman and Moré (1981), Theorem 5.1)
flerence directions

L%
4 = E et i =1,2,...,w
=
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Scetion 2.5.3 Examples of Lower Bounding 29

differences

fa
A o)
1A fa A fa

The induction hypothesis shows that every edge of H™ is determined by these differences except for those
involving a vertex of the largest triangle and a point on the opposite edge. But these can be determined
from the other edges by a process similar to that deseribed above for n = 6. Thus the triangular numbers
are doubly triangular in this context.

For values of n that are not triangular numbers, both A, and 4, increase by one. Thus for all =,
An = Yn, and so once again the implicit bound of Theorem 2.5.1 is attained.

For the next example, consider the sparsity pattern

X X X
0 X X X
X X X
< x X : (2.5.12)
X X X 0
X X X

for which n = 6 and n = 9. Theorem 2.5.1 says that two cvaluations can determine as many as 6-2 — (g) =
11 unknowns, and thus gives a lower bound of only 2. But since (2.5.12) is also a (complete) bipartite graph
with s == ¢ = 3, Theorem 2.5.2 gives a better lower bound of 3 {and also says that 3 evaluations are optimal.
lixample {2.5.12) illustrates that Theorem 2.5.2 can imply a higher bound than Theorem 2.5.1.

There is » way to sharpen further the bounds of Theorems 2.5.1 and 2.5.2. Consider the sparsity pattern

X X X 0
X %X X 0 c
X % x ob (2.5.13)
6 0 06 x
withn = 4 and 5 = 7. When k = 2, Theorem 2.5.1 concludes that as many as 7 unknowns could be

calculated. But in approximating (2.5.13), the leading 3 X 3 submatrix must be approximated as well, and
Theorem 2.5.1 implies that k = 3 evaluations are necessary to approximate a dense 3 X 3 matrix. Thus a
hetter bound can be obtained in some cases from a submatrix than from the whole matbrix.

For any (non-empty) § C {1,2,...,n} the bound of Theorem 2.5.1 can be computed based on the
submatrix of // whose rows and columns are in §. The largest lower bound so computed is then a possibly
sharper lower bound for y{I7) than the bound based on the whole matrix.

If a submatrix of M corrcsponds to a bipartite graph, a lower bound should be computed using the
sharper Theorem 2.5.2. Unfortunately, sometimes Theorem 2.5.2 can give a sharper result even when a
submatrix does not correspond to a bipartite graph. Consider the sparsity pattern
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Section 2.5.9 Computing Lower Bounds in Practice 31

sensibilities because the number 4(/7) is an intrinsic characteristic of /I, and calculating ranks of random
matrices seems to be a roundabout way of computing it. A purely combinatorial algorithm would seem much
more appropriate.

Unfortunately such an algorithm does not now exist. However, we make the following two conjectures:

Conjecture 2.5.3: (H) is equal to the largest lower bound computable via subgraphs using Theorems
2.5.1 and 2.5.2.

Conjecture 2.5.4: There is a purely combinatorial polynomial algorithm for computing ~( ) that is fast
in practice.

The evidence for Conjecture 2.5.3 is that 4(H ) has been computed for many small H (n < 12} by using
the randomized Algorithm v, and no counterexample has been found. Also, the conjecture is true for all the
examples discussed above. That is, every If tried so far does have some subgraph K such that (I} is the
smallest & for which the bound of mﬁher Theorem 2.5.1 or 2.5.2 is satisfied on K.

The evidence for Conjecture 2.5.4 is stronger than a lack of counterexamples. There already exists an
almost practically effective way to compute y(I7), namely the randomized version of Algorithm ~. The fact
that v(/{} can be casily computed for many H appears to be inconsistent with any supposition that finding
(I} is NP-Complete. A striking characteristic of most NI-Complete problems is that they are no easier in
practice than they are in theory. Thus the existence of the randomized Algorithm - seems strong evidence
for Conjecture 2.5.4.

2.5.5. Computing Lower Bounds in Practice

If Conjeetnres 2.5.3 and 2.5.4 are both true, it would follow that there is a (practical} combinatorial
polynomial aleorithm for computing A7), the largest lower bound implied by Theorems 2.5.1 and 2.5.2 over
all subgraphs of {{. Some preliminary work is presented next on how to compute M H ), which can also be
taken as evidence for both conjectures.

For simplicity, assume nat first that I7 is bipartite; then all of ils edge-induced subgraphs are also
bipartite, so that only the bound of Theorem 2.5.2 is relevant. Let I be any subset of the unknowns of II
(or of the edges of its graph), and let N(5) = {i | hy; € F, some j }. For example, if

0 0 X X X
0 0 x x X
= x x 0 0 0
X X 0 0 0
X x 0 0 0
and = {hyy hyy hys }, then N(E) = {1,3,4,5}.
In the su bgmph of /T determined by B, Theorem 2.5.2 says that k evaluations might sullice for the ol
unknowns if ' < N(E) -k —k* Thus the largest lower bound over all I must be
min{k | |5l < IN(E) -k~ k* forall £}. (2.5.15)
To sec why, denote the rmrmm/mg,, kin (g 5.15) by k', and let 177 be an edge subset that blocks k" from
being smaller. so that &° = min{k | 1) g IN(E™Y -k - k®}. But this is the definition of the lower
bmmd on ~{I1) derivable from 7, so that k" is a lower bound on {H). For any other edge subsct I,
el < IN(BY K (k")?, which implics that the lower bound derivable from /¢ is at most k"

f‘qua ion (2.5 15) is reminiscent of Phillip lall-type theorems (see, e.g., Welsh (1976), pp. 97 98). Let
B be a bipartite m‘aph with left vcrmc% “3 and right vertices T. For U C S, let I'(U) = {i € T |
{5,1} is an cdge of B for some s € U }. The Phillip Hall theorem of interest is

Theorem 2.5.5: Let m - 'Sland d > 0. Then B has a matching of size m — d il and only if
W <MWY +d, forallly € 5. (2.5.16)

(See Welsh (1976), Theoremn 7. 1) il
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Section 2.5.8 A Bound for Higher-Order Derivatives 33

Algorithm B:
0. Set k==|%]—1.
1. For 1 = ecach unknown in H do
Construct network N;.
Solve maximum flow on IV, with value v,.
2. Let v" = min; v;.
3. p+k® <v setke k-1, gotol
4. Llse answer M) =k + L.

The existence of Algorithm B is certainly consistent with the truth of Conjectures 2.5.3 and 2.5.4.
When 11 is not bipartite, it is casy to see that the best bound given by Theorem 2.5.1 can be calculated by
replacing Step 3 of Algorithm B by “If 9 + (:) < w'...,” sinee the only difference between the conclusions
of Theorems 2.5.1 and 2.5.2 is the substitution of (};) for £ Unfortunately, as example (2.5.14) shows, the
answer resulting from the modified Algorithm B is not in general cqual to A(/I), even when all the diagonal

elements of IF are unknowns. Resolving this difficulty is an area for more research.

2.5.6. A Bound for Higher-Order Derivatives

A question that naturally arises is how this research extends to approximating higher-order derivatives.
Such an extension is nobt a practical concern, for storing and working with 2 moderately large order-3
derivative array, cven if it is sparse, would be prohibitively expensive. Nevertheless, a mathematical sense
of completion can make such cxtensions intcresting. The urge to generalize has been resisted in most of
the rest of this thesis (excepl perhaps in the first proof of Theorem 2.4.1), but we shall yicld to it here and
mdicate how to generalize Theorem 2.5.1 to higher-order derivatives.

Let us review the definition of a higher-order derivative. For a function F:R™ — R, its derivative of
order m, V', evaluated at point z¥, is the m X n X + -+ X n (m times) array of numbers

omF(z%)

- T ——
(917;1(9:1152' i -6:::’;,"

V(%) = (hiyigrsin)y  Where hg s

By symmetry of repeated derivatives, hi, iy, . im == Rox(i,)r(iz),m(in) fOT ATY m-permutation 7. Thus, the
number of potentially differcnt entries in V™ F(z%) is the cardinality of the sel Tnm == {{i1,i2, .., tm) [ 1 <
i< iy < oo <ipy < m}, the sct of m-selections from {1,2,...,7} (they are selections instead of subsets
since they ean have repeated entries).

Let Poy = { (61,80, 0) | 1< iy < ép < --» < iy < k}, the set of [-subsets of {1,2,...,k}, so that
Prt] = (’;) Then the bijection between elements of Iy and Prim—1,m given by

(11,82, tm) € Inm o (G, 02+ 1, im +m— 1) € Paymo1,m

(see Knuth (1973), Seetion 1.2.6, excrcise 60) shows that [[nm| = (“*’zwl), so that the number of different
b |

unknowns in a dense V7™ F(x%) is also ("7

) (a special casc is that when m = 2, the number of unknowns
. . N H .
in a dense Hessian is (M5 '), as already discussed).

Let /1™ = V™F(2%). In approximating H™ by finite-differencing VU along directions d, the

~ FFL
approximation [/ satisfies the lincar equations

}: iy iy ind = (Vmwlf’"(zo +d) - Vm'lF(a:O))

LY

$2488 000sfmm (2521)
iy =1

F <, <n, <<k Bach d' would appear to give rise to n™ ! equations in {2.5.21), namely one
for cach different 14,22, ...,%,,, bul since T i also symmetrie, these equabions are identical under

permutation of 4y, 25, .., tm. Thus it can be assumed without loss of generality that ip < iy < - < iy, 50
that each d' actually gives rise to [y ;e cquations in (2.5.21). 1t follows that (2.5.21) is a set of ic(m;:f;‘g)
ndrre-

equations in { ) unknowns.

FrE
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Section 2.6 Rellections on Sparse Hessians 35

2.6. Reflections on Sparse Hessians

We have investigated the approximation of sparse tessians, largely frem the point of view of com-
putational complexity. Scctions 2.2 and 2.3 showed that various methods that have been proposed for
approximating sparse Hessian can be classified in a helpful way.

Using this classification, Section 2.4 showed that finding an optimal ‘mproxxmaibum scheme for cach
subelass of dircet methods is an NP-Complete problem. The theorem of Coleman and Moré (1982), which
is quoted as Theorem 2.4.9, gives a similar NP-Completeness result for a subclass of substitution methods.
Their theorem suggests that as with direct methods, all subclasses of substitution methods are NP-Complete.
Fully investigating the complexity of substitution methods is a useful topic for future research.

By contrast, the results of Section 2.5 tend to support the view that determining the minimum number
of gradient evaluations necded by a given sparsity pattern for an elimination method can be computed
by a polynomial algorithm (however, computing a sct of numerically “reasonable” difference directions that
realizes the minimum may be much harder). Thus in passing through the spectrum of approximation methods
from direct methods (simple, stable, large number of evaluations) to climination methods {complicated,
possibly unstable, smallest number of evaluations), a boundary between NP-Completeness and polynomial
algorithms scems to be crossed between the substitution methods and the climination method% Clearly more
work needs to be done to establish the truth or falsity of Conjectures 2.5.3 and 2.5.4.

An intriguing additional reason to study Conjectures 2.5.3 and 2.5.4 is that very few examples are
known of sparse Hessians where an optimal climination method uses striclly fewer gradient evaluations
than an oplimal substitution method. The standard {(and apparently, essentially the only) example of this
phenomenon is (2.5.11) (though it is likely that all complete graphs without loops also fall in this class).
It is not clear whether such examples are inherently rare, or whether there has been itnsuflicient work in
constructing them. If such examples are rare, then establishing the truth or falsity of Conjectures 2.5.3
and 2.5.4 is even more important since the ability to compute y(#) for a substitution method would be a
valuable guide for a substitution heuristic. On the other hand, if such examples are common, being able to
compute ¥{(7/) might ald in searching for them.

Though practicalities have been mentioned along the way, our emphasis has been on complexity rather
than computation. Thus the reader may still be uncertain as to what method to choose to approximate a
sparse lessian. The direct methods reported in Coleman and Moré (1982) are simple, numecrically stable,
and very fast (both in finding the groups and in approximating I/ given the groups), and empirically give
fairly good results (see their Table 4.1). Substitution methods are inherently less numerically stable than
direct methods, though Powell and Toint (1979) show that the accumulated error in a substitution method
cannot grow too fast. The triangular substitution methods in Coleman and Moré (1982) are almost as
simple as their direct methods, reasonably numerically stable, fast in finding the groups, somewhat slower
in solving for H given the groups, but empirically use significantly fewer gradient evaluations than their
direct heuristics (compare their Tables 4.1 and 8.1). To our knowledge, no general elimination methods have
been proposed. Except in special cases, such as the complete graphs without loops mentioned in Section 2.5
(which effectively use a substitution method except for solving systems lik e {2.5.11)), elimination methods
are expected to have such potentially uunrcliable numerical properties as to make them practically useless.
AL this point, the triangular substitution heuristics in Coleman and Moré (1982} scem to be the best for
general usage.

This chapter has resolved many of the previously open questions aboul approximating sparse Hessians,
However, much work remains before the subjeet is completely understood.






Chapter 3

Making Sparse Matrices Sparser

3.1. Introduction to Making Matrices Sparser

Many large-scale constrained optimization problems are of the form

min F(z)
st Az=b (3.1.1)
[ <z <

where [, %, z € R™, F:R® — R and A is an m X n matrix. This is a linearly constrained problem with
bounded variables. Usually m is less than n, and hence there are many x that satisly Az = b.

Quite large problems of the form (3.1.1) have been solved, some with m > 10,000, n > 50,000 (see,
e.g., Millier and Licberman (1974), pp. 180-181). If such an A were dense, then storing and accessing its
enbries would cause an optimization program to be painfully slow.

The reason that very large problems can be solved in practice is that they are sparse; most of the
entries of A are zero. A rule of thumb that is used in some applications is that an average column of A
usually has less than ten non-gzeros in it, often less than five non-zeros. A matrix with the above dimensions
would be expected to have only about 500,000 non-zcros, » decrease of three orders of magnitude from the
number of possible entries.

Define the density of a sparse matrix as the fraction of entries of A that are non-zero. Then when
n = O{m), the number of possible entrics of real-life matrices is O{m?) whereas their number of non-seros
is only O(n), so that their density is O(1/m).

To take advantage of sparsity it is necessary to store ¢ and j along with a;;, thus incurring a storage
overhead, bul a relatively small one {matrix indices can often be stored in many fewer bits than numerical
values). The necessity of manipulating the indices makes some simple sparse matrix tasks quite complicated.
For example, it can be non-trivial to transpose a sparse matrix in some representations {sec Gustavson
(1973)). Programs for processing sparsc matrices are therelore much longer, more complicated and harder
to develop than for their dense counterparts.

Nevertheloss the immense savings in exccution time over comparable dense algorithms warrants taking
account of sparsity By exploiting sparsity, much larger problems have been solved much faster than they
have would been otherwise. Indecd, the largest problems could not effectively be solved al all without sparse
matrix techniques.

Sparse methods are not faster than dense methods simply because there are many fewer numbers to
keep track of. There is another, more subtle phenomenon working in favor of sparsity. Consider solving the
system of linear equations

Bz =b (3.1.2)

when B is m X m and non-singular. The usual dense Gaussian climination procedurce takes O(m®) time.
Since the number of entrics of 3 is m?, the execution time is superlinear in the amount of data.

Now consider solving the same systemn when I is sparse, assuming O(m) non-zeros. It has been
empirically observed that a well-implemented sparse Gaussian climination technique takes only O{m) time
{(sce Duff (1877), Table 3). This observation is true partly becausc even real problems without apparent
structure seem to have some hidden structure, though in a way that has resisted quantification. It seems
doubtful that sueh good results would be obtained on matrices whose non-sero entries were randomly located.
Thus in a typical sparse situation, linear cquations can be solved in time linear in the amount of data.
Since solving linear equations 18 a ubiquitous operation in optimization, such an improvement represents a
significant specd-up compared to the dense case.
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Proposition 3.1.1: If M is a maximum matching in A, the rows and columns of A can be permuted so
that A can be partitioned as
a=(¢ %), (3.15)

B

where M C E(C) U £(D); M N £(C) is column-perfect for €' and is row-perfect for C il and only if M is
row-perfect; and MO E(F) is row-perfect for E and is eolumn-perfect for F if and only if M is column-perfect.

0

This proposition follows from the Ko6nig-Egervary Theorem (see Ryser (1963), Theorem 5.1). As an
example of the proposition, consider

®

s

A=(C 9= ®

b E X X

pt

with the circled maximum matching. The matching is not column-perfect for E, nor for A, but it is row-
perfect for both ¢ and A.

3.1.2. Possible Approaches to Increasing Sparsity

Two possible assnmptions can be made in dealing with sparse mateix problems like SP. The first is that
amost all the information about A is contained in its sparsity pattern, and almost none is embedied in the
wrual values of the non-geros. This assumption is used by the graph models of the location of fill-in during
<purse Gaussian elimination which occur in theorems about the complexity of minimizing fill-in (see Problem
(746! in Garey and Johnson (1979)).

The complementary assumption is that the non-zero values have a structure that can be exploited in
solving SP. This assumption would lead to an algorithm that would try to discover numerical relations among
the non-zeros in an cffort to increase sparsity. An example of this assumption as used for a different problem
is the work of Bixby and Cunningham (1983) on solving linear programs faster by finding large embedded
networks.

We shall use the first approach in this chapter. Indeed, in the application to non-linear constraints
discussed above, no other approach is possible since there is a fixed sparsity pattern with changing numeric
entries.

3.1.3. Overview of this Chapter

Section 3.2 opens with a discussion of why SP is difficult without making a generality assumption. A
rigorous definition of the assumption used in the rest of the chapter is then given, and is applied to derive
polvnomial algorithms to solve SP. With the assumption, a polynomial algorithm is constructed that solves
ar mportant subproblem of 8P, the One Row Sparsity Problem. This algorithm is at the heart of all the
nther algorithms,

in Section 3.3, the One Row Algorithm of Scction 3.2 is used to derive two polynomial algorithms
for solving SP. One of the algorithms is important for theoretical reasons, and the other can be modilied
into # practically implementable algorithm. Some theoretical consequences of these algorithms for Dulmage-
Mendelsohn decornposition and for cvaluating the complexity of matroid algorithms are also derived in
Section 3.3,

These algorithms are developed into a more practical version in Scction 3.4. This scclion also considers
what happens when the practical algorithm is used to process real problems that do not salisly the generality
assumplion, and it is shown that the performance of the practical algorithms can be no worse than the
performance of the theoretical algorithms. Finally, it reviews some implementation techniques that can
greatly speed up the algorithm.
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Theorem 3.2.1: It is NP-Hard to solve SP.

Proof: This theorem and its proof are duc to Stockmeyer (1982). It is claimed only that SP is NP-ilard, rather
than NP-Complete, because it is difficult to show that SP is in NP. However, Stockmeyer has conjectured
that SP € NP (see Garey and Johnson (1979) for the definition of NP).

The problem that we shall reduce to 5P is

Simple Max Cut: Given an undirected graph § = (V, E), partition the nodes of § into P and VAP
80 as to maximize

H{i,jleklieP,jeV\P}.

A proof that Simple Max Cut is NP-Complete is referenced in Garey and Johnson (1979) Problem
IND18§)].

Let n =V, m = |El| let A(G) be the usual (0, 1) vertex-edge incidence matrix of G, and let A; be the
n X 2m matrix which is all zero except for row 1, half of whose components are +1 and half —1. Let e be
the 2m-vector of all ones and let f be the (2m(n + 1) + 1)-vector of oncs. Suppose that SP could be solved

for the matrix
{0 e e - e f
8(9)“"(/1(@ A Ar o A o}’

Define T° to be a matrix so that 7 B(G) is an optimal solution to SP. Since T is non-singular, it must
have a perfect matching, which can be assumed without Ioss of generality is on its diagonal. Also, since T
stays optimal after row scaling it can be assumed that T" has unit diagonal. Because of the size of f, it
is never worthwhile to use row 1 when reducing any other row, and hence thc first column of T~ must be
(1,0,. )T. Thus no choice for the remaining entrics of the first row of T" can cause it to be singular.
Becauae of‘ the column size of the A;, and since all entries are 1, it is helpful to use every other row in
reducing the first row. Hence, the first row of T" must be (1,€y,€z,...,€n), where ¢; = £1 for all 1 € V.
Let P == {1 i¢, = +1}. Then the number of non-zeros in the first row of the reduced matrix of B(G) is
clearly

@mn+ )+ Dt+mn+{m-{{ij}eElicPjeV\P H)- (3.2.2)
But since (3.2.2) is minimized by the optimal T, P’ also solves the Simple Max Cut Problem for G. [

This proof works because of the great opportunity for unexpected cancellation in a {0, 1)-matrix. The
proof shows in particular that any numerical approach to SP must be heuristic, rather than atming for
optimality. In order to “combinatorialize” SP and bring it back into the class of polynomial algorithms, an
assumption about the non-zeros of A is needed that effectively rules out unexpected cancellation.

As motivation for the assumption that will be used, consider the following chain of implications about
an n X n matrex 3

rank B=n & det B £ 0 & Z sgne ﬁ bio, 70
-4 H

= there is a permutation o such that big,,baoy,- ) bro, 70 {32.2.3)
& B has a perfect matching.

As the example of A' showed, uncxpected eancellation is caused by submatrices whose rank is less than
that suggested by their sparsity pattern. The notion of what rank “should” be turns out to be that if a
submatrix can be permuted so thal it has a non-zero diagonal, then it should have full rank. Since having
a non-zero diagonal is the condition in (3.2.3), rank is what it should be il the implication in (3.2.3) goes
backwards as well. That is, if 13 has a perfect matching, then it should have full rank. Such “generality”,

“non-degeneracy”, “general position” or “independence” is often assumed in sparse matrix studies. A formal
statement of this property is:

Matehing Property (MP): A has (MP) if rank Apc = M(Agc) for all row subsets R and column
subsets .
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That is, U is the set of used rows; [7 is the set of hit columns, where a non-zero was changed to a zero; §
is the set of saved columns, where a zero that might have been expected to be filled-in (since ax; 5% 0) was
not filled-in; G is the set of good columns, wherc the entry was actively manipulated for the better; F is
the set of Blled-in columns; P is the set of potential fill-in columns; and Z is the set of sero columns. As
an example of these definitions, the index sets are indicated for the following sparsity pattern:

X X 000 00 XX 0 06 newrowl

"M X X XXX 000000, odrow!
g B P x | x|

X x| X x X x? g

ve o X X X X | X X | pAsED
|ox X X Ex | ;
X X X| X
i
‘ X x x X X } N0
L X X X X X X

Note that the net decrease in non-szeros in row 1is [H| - |F|, so that solving ORSP,; is equivalent to solving

maxy T — [Fl.

Now (MP’) can be put to work. The next theorem states the intuitive result that if k columns of row | are
allected for the good, at least k rows must be used. This theorem is the key fact that rules out unexpected
cancellation.

Theorem 3.2.2: For any X, 'G} < [U].

Proof: By contradiction. Assume that |G| > [U].
If M(Auc) < |U1 then by Proposition 3.1.1 A must look like

G

f row 1
1 !
i ® |
U i

® | (3.2.5)
® |
& ‘ R |
' ; ® |
L ——
[

where bhe row subset /2 and column subset € are defined as shown. (When we say that a matrix “looks
like” a picture such as the one above, we mean that its rows and columns can be permuted so that it has
the form shown.) Otherwise (M{Ayq) = |U]), let R = U and = . In either case, A has a submatrix
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The Strong ORSP;: Find an optimal solution to ORSP; that minimizes |U].

A listle refloction over the definitions of the index sets ', §, H aad P reveals that they can be easily
determined combinatorially from U and G. In fact, P depends only on U (in words, P is the set of not-
identically zero columns j of Ay, such that a;; = 0), and so it will be denoted by /(U). The set (7 merely
determines how P(U) is split up into I and §. These observations lead to an easy proof that the gain of
seros, |H| ~ |F!, depends only on U, not on G:

Theorem 3.2.4: Let &y and Gy be two sets of columns that perfectly match into U/, and denote the set
of hit columns corresponding to Gy by I, i = 1,2, cte. Then

{Hy| — || = |Hal — [Pyl

Proof: It is easy to see that || = [U| — |8;] and || = [P(U)| - |84, so that |H;| — |Fy| = [U| - {P(U}],

i=1,2. 0

The proof shows that solving ORSP is equivalent to solving
mLZfLXEUE — P {3.2.10)

Since A has full rank, every U must perfectly mateh into some column subset &; thus, the maximization in
(3.2.10) is over all U. Define R == {2,3,...,m} and U = R\ U, and call Apz the first zero-section of
A. By the definition of P{U), Apz must look like

PU)
e m——

Thus every non-zero in Agpyz is contained in either a column of P(U) or a row of U. Consider 1 and Z to
be disjoint scts whose union is the set of lines of Arz. Then, since every non-zero of Arz s in a line of
P(UYUTU, Aryz is said to be covered by the lines in P(UYL . Conversely, suppose that L is a cover of the
first, zcro-section by lines with a minimal number of columns. Then define U = R \ {rows in L}. Since L
has a minimal number of columns, the columns in L must be P(U) (otherwise a column could be dropped
from [ and it would still cover Apy, contradicting minimality). Ilence, covers by lines with minimal columns
correspond to subsets I/ C K.
Butl now ORSP, has been reduced to

i

mgxgw —P(U)| = (m — 1)~ ngn(fl’{{f)! + 101

=(m—1)— min |, (3.2.11)
Lcovers Apz
so that finding 2 minimum cardinality cover of the first zero-section also solves ORSP;.
The elassic combinatorial duality theorem of Konig and Egervary (Ryser (1963), Theorem 5.1) shows
that a minimum cover in (3.2.11) can be computed via a maximum matehing in Apz:

Theorem 3.2.5: M{Apz) = min{|L]| | L covers Apz }, and maximum malechings and minimum covers
are dual combinatorial objects (which means that any algorithm that computes one must also compute the
other, at least implicitly). [
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46 Making Sparse Matrices Sparser Chapter 3

Jabelled all of the rows. Sinee U: is the set of labelled rows at optimality, then row ¢ is completely dense
Up ={1,2,...,m}\ {i}.) At row 1 Gy can be chosen to be {1}, giving Aje = (0 —1). In row 2, G
can also be chosen to be { 1}, giving Azs = (0 1). With these choices the final result is

5 0 ~1
A= )
0 1
which is singular. This illustrates that the (7; cannot be chosen arbitrarily in Step 2 of ORA,.

3.3.1. The Parallel Algorithm

There is a fairly natural way to choose G in Step 2 that avoids the potential difficulty above, and that
also saves time Lot M be a fixed maximum matching for A (M must be row-perfect since A has full row
rank}. Once 1,7 s determined in Step 1 of ORA;, G can be chosen to be the set of columns that U; matches
to under M. Note that A, the output of running ORA; for ¢ = 1,2,...,m, equals TA, where the it row
of T has one in the diagonal position, and is the X from running ORA,; elsewhere. Define T* to be the T
obtained by choosing the Gy relative to M. Thus when 1 £ 7, t:j 5 0 if and only if § € U:,

Supposc that it could be shown that 7 is non-singular, so that it is a valid candidate for a T to solve
SP. Then T must be an optimal solution to SP. Consider any other candidate T', which can be assumed
without loss of generality to have a diagonal of all ones (as in Section 3.2). If T increased the sparsity of A
more than 7, then at least onc row of TA would bave to be sparser than the corresponding row of T A.
But the optimality of ORA; umplies that every row of T" A is individually as sparse as possible. Thus T is
optimal if it is non-singular.

The determination of the non-singularity of T* depends on the implications of the uniqueness of the U;
for the structure of 7. Define a directed graph D" with nodes {1,2,...,m} and ares {{k,i) k€ Ui}, so
that D" captures the sparsity pattern of T". Such a directed graph can be similarly defined for any square
sparse matrix T with non-zero diagonal.

In any directod graph D, node j is defined to be reachable from node i if there is a directed path from
7 to 7. The relation

i ~ j ¢ iis reachable from 7 and j is reachable from ¢

is an equivalence relation that partitions the nodes of D. A class of this partition is called a strong
component of J: every node in a strong component C is reachable from every other node in C. If a node
! in strong component O is reachable from a node k in strong component C;, then Cy precedes C;, which
is denoted €, < (, 1t can be shown that the < relation is a partial order on the strong components.

To reflect the strong component partition back into matrix terms, order the strong components of [
in a linear order consistent with <, and order nodes arbitrarily within components. If the corresponding
principal permutation is applied to T, it induces a block lower triangular structure, where the diagonal
Llocks are irreducible and correspond to the strong components. This decomposition of T is essentially
unique and is called the (squarc) Dulmage-Mendelsohn decomposition (or DM decomposition) of T.
The DM decomposition is studicd more closely at the end of this section. Sce, e.g., George and Gustavson
(1980) for details of this decomposition. For example, if

Cy Oy O3
xX X
X X
T = 1 , then [ =
X
XX X | X

where the decompositions of T and D are indicated by boxes. The next thcorem shows that the block
triangular decomposition of T* has a very speeial structure.
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48 Making Sparse Matrices Sparser Chapter 3

where “F” represents a full or dense submatrix, “I» represents a diagonal submatrix, “0" represents a zero
subraatrix, and “*” represenis an arbitrary submatrix.

Denote the set of indices of a typical diagonal block of T" by C. For i € C, let U = U:u{i}; as
discussed above, this definition is independent of 2, and C C Ug. If C = Ug, as is the case with the first
two blocks in the example, then TocAce = Acc, which is diagonal, and which has non-zero diagonal since
there can be no unexpected cancellation. Since M restricted to Acc is a perfect matching for Ace, Acc is
non-singular by (MP). But then Tge == AccAgL, and so Toe is non-singular. '

Suppose instead that C C Ug, as in the third block of the example, and define L = Uc \ . Thus

A _ AL Arc
UelUc Aon Acc)

The submatrix T satisfies the following equations by definition of 7', C and L:

Te A+ TochAcr =0
oL T eenieh T (3.3.2)
TepAre + Techco = Acc, which is diagonal.

Since M restricted to Ay.u, is a perfect matching for both Ay v, and Apg, by (MP) both Ay.ue and Arg
are non-singular. Since Ay is non-singular, Tec can be partially solved for in (3.3.2) to get

Tec(Acc — AcLATLALe) = Acc- (3.3.3)

The matrix Aco — A(;L/igi/h,c in (3.3.3) is called the Schur complement of Anz in Avoug, denoted
(AUC Ve /AL;,). It is well known (see Cottle (1974), equations (2) and (4)) that when Aycue is nen-gingular,
(AUC UC/A“,) is non-singular if and only if Arg is non-singular. Since Agy, is non-singular here, T:;C can
be fully solved for in (3.3.3) as the product of two non-singular matrices, implying that T is non-singular
in this case as well. [

. . s . o “ o 5 © &

Since T is non-singular, it can be used to transform A into A. Cenerating A via T~ processes each
row in parallel, i.e. each row is solved relative to the original matrix rather than relative to a partially
transformed matrix. We call this procedure the

Parallel Algorithm (PA):
Find a maximom matehing M of A
Fori==1,2,...,m
Generate row i of A from A using ORA;, picking G relative to M.
Ead.

The results in this section make it easy to prove the next theorem.

Theorem 3.3.3: PA solves 5P.

N

s F i B . “ . s *
Proof: T is non-singular by Theorem 3.3.2. Since every row of A is made as sparse as possible in A, T
must be optimal, [

3.3.2. The Seguential Algorithm

The parallelism of PA scems unsatisfactory for three reasons. First, it is more natural to process A
sequentially, i.c. by solving cach row’s matching problem on the partially reduced A whose previous rows
have already been processed. Second, by processing A scquentially, A can be overwritten on A, thereby
saving space. Also, it is shown later that the optimal U’s can only become smaller, which saves time in
solving equations (3.2.9). Third, and most inportant, with PA the flexibility in choosing G at Step 2 of
ORA, is lost. Having flexibility in choosing (s is important when the algorithm is applied to real problems
that might not satisfy (MP). 1t is important because in practice Aye g, might be singular despite having a
perfect matching. '

For these reasons, we consider the following algorithm, which overcomes the objeetions to PA:
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3.3.3. The SP Decomposition

The proof of Theorem 3.2.2 shows that the U: are strongly interrclated, and that their joint strue-
ture is related to the block triangular decomposition. Block triangular decomposition was developed by
Dulmage and Mendelsohn (1963) for rectangular matrices, but our interest is in DM decomnposition of square
matrices, as discussed in the remarks before Theorem 3.2.2. The theory of decompositions has recently been
considerably generalized by Iri (1983).

Let M be a row-perfect matching in A, and let' m(¢) be the column to which row ¢ matches under M.
Define the dirceted graph Dy to have nodes {1,2,...,m} and ares {(£,7) | @; m(s) 7 0}. We say that row
7 is reachable from row @ via M, denoted ¢ :\—z 4, if 7 is reachable from 1 in Dy. For example, if

(& 0 0
A= kx ® x),
0 X ®
and M is the cireled matching, then 1 ;\r 3 but 3 4 L. Note that this concept essentially depends only on the

square submatrix of A induced by the matched columns of M. The next theorem illuminates the connection
between the U, and DM decomposition.

Theorem 3.3.5: ¢ € U; if and only if ¢ }I 7 for all row-perfect matchings M of A.

Proof: Two [acts are needed for this proof. Fact 1 is that any (partial) matehing M can be extended to a
maximum matching M that uses the same columns as M (see Lawler (1976), Theorem 5.4.1). Fact 2 is that

i 4 J if and ouly if the squarc submatrix of A induced by the columns of M can be partitioned like
M

M
® ’
® i
& : 0 row g
® o) (3.3.4)
| ®
R & row 1
=Y
L
N

where [ is the subset of rows k for which ¢ ;;; k, M is the subset of columns matched under M, and
N == {7 ' m(k) = jfor somek € R }.
(Proofl of =) Assume that ¢ € U;, but that there is a row-perfect matching M such that ¢ -4 7, and
M

so by Tact 2, A.ar looks like (3.3.4). Let N be M restricted to Aan, and note that A.pn is part of the gth

rero-scction. Using Fact 1, extend N to a maximum matehing in the 5™ yero-section, which then looks like

0600 006GOCGUOGO0 0] rows
unmatched g
POWS :
® o |
& i
® |

&
& FOW ©
®| f

L ———
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52 Making Sparse Matrices Sparser Chapter 3

A and sparser than Z"", then Z"" would not be an optimal null space basis for Z*. Thus 2" must be the
sparsest possible equivalent matrix to A, so that Z"* solves SP for A. In a vague sense then, SP = (NSP)%.

It is fascinating that solving NSP is NP-Complete, even with a stronger generality assumption about A
than (MP). Soine preliminary discussion is needed to show this resuls. '

Suppose that there is a veclor 2" in the null space of A that has fewer non-zero entries than any of
the rows of Z°. If z° is adjoined to 7" a dependency that includes 2" is created among the rows of the
augmented matrix. If a row of 7" which is dependent on z" in the augmented 7" is deleted, the resulting
matrix still spans the null space of A, and is even sparser than Z*. Therefore an optimal Z* must include
a sparsest possible null-space vector.

Now consider the subset O of columns of A picked out by the non-zero entries of such a z'. Since
A.cz; = 0, the columns in C' must be dependent. By (MP) or any stronger assumption, since A, does
not have full column rank, it cannot have a column-perfect matching. By Propesition 3.1.1 Agc looks like

c

®

&
ST, S———
D

with column subset D defined as indicated. The columns of D must also be dependent, but if [P} < 1O,

there is a sparser null-space vector than 2" based on D), contradicting that z" is sparsest possible. Thus A.¢

must look like
o

5
R & |

® j
where R is the set of non-zero rows in A.c. If |[R|+ 1 < |C|, a column of C could be dropped and the
columns in € would still be dependent, so that [R|+1 = |C]. For j € C,let C; = C \ {7 }. Then M(Agc,)
must equal || for alt § € C, for otherwise the size of € could be diminished, again contradicting optimality
of 2. Conversely, given sueh a €, a null-space vector 2" whose support is C can clearly be constructed.

A column subset € such that A.e has |C| — 1 non-scro rows [ and such that M(Age,) = |R| for all
7 € C is called a circuit of A, (It is called this because it is a circuit of the matroid gencrated by the
columns of A. A eircuit of a matroid is a minimal dependent set; seec Welsh (1976).) Thus if NSP has a
polynomial algorithm, there is also a polynomial algorithm for the following problem:

The Minimum Circuit Problem (MCP): Given an m X n sparse matrix A, find a minimum
cardinality circuit of A.

The size of a minimum cireuit of A is called the girth of A,
Theorem 3.3.8: MCP is NP-Complete, and thus N8P is NP-Hard.
Proof: This proofl is due to Stockmeyer (1982). The problem that we shall reduce to MCP is

The m-Cligue Problem: Given an undirected graph g, determine whether § has a eligue of size m
(a elique is a node-induced complete graph; sce Bondy and Murty (1976), Section 7.2).
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54 Making Sparse Matrices Sparser Chapter 3

Theorem 3.4.1: Noth PA and SA produce the same final number of non-zeros when applied to any maximum
independent subsct of rows of A,

Proof: By Theorem 3.3.4, it suffices to prove the theorem for PA. Any two bases are connected by a sequence
of row swaps, and hence it is sufficient to consider two bases that differ only by a swap.

Let B; be a subset of rows which is a basis for A, and let r and s be rows with r € By, s & B such
that By = By U {a}\ {t}is also a basis for A. We shall show that PA produces the same ﬁnai number of
non-zeros when apprzed to Ap,s and Ap,s. Since (MP) is still assumed, rank A = M(A) = |B;| = |Bal.

Let ¢ € By \ {r}, and let Iy be the size of a minimum cover of the i*" zero-section in AB,‘.} k=12
By (3.2.1) it suffices to show that [; == l. Define U, T and P P so that they partition the rows and columns
of the i*® zero-scetion of ABLe as befme and hence U/ == U (of Ap,.), etc. Recall that Ly = T U P is the
standard minimum cover of the ¢*" zero-section of Ag,s by Ime%, so that [y == [L]. The i*® zero-section of
Ap,» with a maximum matching M and row s adjoined must look like

00 00000000000 00 0 rowt
Ui® 0
@
i &1 .
‘ ®
&
&
U @
&
@
« ®
5 X X x 0000 TOW §
N — S, [R————
P B N
P

By Fact 1 of Theorem 3.3.5, M can be extended to a perfect matching M of all of Ap,. that uses the

same columns as M Hence it can be assumed without loss of generality that M is part of a row-perfect

matching of Ap,.. Thus row s must be zero in coluruns in N (the unmatched columns), for otherwise M
could be trivially extended to row s, contradicting the fact that B; is a basis.

Define £ to be the columns in P where row 8 is non-zero, as shown above. Let M be M restricted to
Agp. Try to extend M by labelling in the submatrix AUu{s} p. Since AUu{ ¥ is zero, M cannot be so

extended, for ot,he srwise M could be extended. Define the submatrix of labelled rows and columns of Agp to
be B3; elearly 10 C { columns of B}, and by the properties of the labelling process, I3 must be square. Note
also that the rows of /3 must be zero in the columns of P\ {columns of B}, for otherwise more rows and
columns would have been labelled. Thus the picture has now become
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non-singular, which is no longer necessarily true. In contrast, SA has great freedom in choosing the G7;. The
advantage of SA over PA is that SA can choose (7 by a numerical eriterion rather than a combinatorial one.

To sce how SA chooses (; in practice, first note that since A (or a basis of A) starts out with full row
rank, and since A is multiplied by a sequence of non-singular transformations as SA progresses, at any point
in the execution of SA, and for any row subset U, rank Ay, = [U|. Thus Ay. must always have some column
subset G such that Ay is non-singular. At the appropriate point of SA, Ay, is passed to a subroutine
that can numerically select a G so that Ayg is non-singular. A subroutine that can perform sparse LU
factorizations of rectangular matrices is ideal. In the experimental implementation described in Section 3.5,
a state-of-the-art Harwell black-hox subroutine called M A28 is used for this purpose (see Dull (1977}).

A further benefit of choosing G numerically by an LU-factorization is that it neatly combines Steps 2
and 3 of ORA,. That is, since the factorization routine selects the G such that the LU-factorization of Apeg
was was computed, solving for X at Step 3 of ORA; becomes quite easy. Also, a good factorization routine
like MA2R chooses ( so that Ayg is fairly well-conditioned. This property gives some assurance that the
reduced A is not much worse conditioned that the original A.

The above method of implementing SA enables it to reliably process real matrices. When SA is applied
to a real problem A, we would ideally like to guarantee that it reduces the number of non-zeros of A at
least as much as if A did satisly (MP). That is, for a given sparsity pattern A, there is a well-defined
reduction in non-zeros r possible by either PA or BA, independent of the values of non-zerc entries of A,
as long as they satisfy (MP) (indeed, it is possible to run either PA or SA on a sparsily pattern totally
combinatorially, without doing any numerical operations whatsoever). Not satisfying (MP) means that
unexpected cancellation can happen, and it seems that such cancellation could only help. Hence it should
be possible to show that at least r non-zeros are eliminated.

However, proving such a guarantee is somewhat subtle. Consider the full-rank matrix

13 0 5 5
A=12 1 4 0 0
0 3 0 5 5

The Sequential Algorithm chooses Uy = {3}, and could choose Gy == {2}, The associated transformation
unexpectedly zeros out columns 4 and 5 of row 1. If row 2 is processed using the new row I, SA chooses
Uy = {1}. But the parallel U; = {, which does not contain U, as required by the induction hypothesis of
Theorem 3.3.4. Since the performance of SA depends on the hypothesis, it can not be guaranteed that SA
eliminates as many non-zeros as the ideal. (A close reading of the proof of Theorem 3.3.4 reveals that this
dificulty can arisc only when rank Apz < M (Apz) for some zero-section; in the seeond zero-section of this
example, rank Apz = | < 2 = M{Agrz).)

A simple trick avoids this difficulty. As SA executes, at each step it can recognize where non-zeros are
expected to occur for subsequent steps. Unexpected cancellation can be recognized in two ways. First, if the
current row is 1 and agy # 0, 7 & Gy, but &;; == 0, SA has a lucky hit. Second, if a;; = 0 and 7 € P(Us) \ G;
(the expected fill-in columns), but &;; = 0, then SA has a lucky non-fill-in. When unexpected cancellation
peeurs, SA can put a phantom non-zero in that entry of the matrix {a zero that is treated as if it were a
non-zero). That is, subsequent matchings are performed as il no unexpected cancellation ever took place,
although SA keeps track of which “non-zeros” are really zeros. As long as A initially has full row raok, the
numerical operations can never create a dependence among the rows, Thus SA can always find a & so that
Ape is non-singular, even with phantom non-zeros. When SA is modified by using phantom non-zeros, it is
called the Safeguarded Sequential Algorithm (8SA).

Theorem 3.4.2: SSA eliminates at least as many non-zeros from any full-rank matrix A as it would if A

satisfied (MP).
Proof: The proof of Theorem 3.3.4 becomes valid once again with SSA, which yields the guarantee. 0

OFf course, it is possible to apply SA on real problems without safeguarding by keeping phantom non-
reros, but the guarantee of Theorem 3.4.2 is lost. Letting SA “know” about more zeros hy removing the
safeguard might give it freedom to produce greater reductions, but the experiments in Section 3.5 show no
clear advantage lor either SA or SBA.
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solves such systems in time O(v) (see Duff (1977), Table 3), which would give the much better overall bound
of O{muv) for numerical operations.

As a final observation on applying the algorithms to practical problems, note that linear constraints are
usually not presented as a system of equalions as in (3.1.3), but as a mixture of inequalities and equations.
Inequalities can be converted to equalitics by adding a slack variable, so that the constraints are then in a
form which is suitable for the algorithms. Ilowever, there is another modification that can be used to save
time when inequalities are present.

First, note that an incquality row ¢ can never be used by another row, because its slack column {a unit
vector), is in the zero-section of every other row. It can be assumed without loss of genecrality that the
maximum matching in each such zero-section includes the slack entry. Since all other entries in the slack
column are zero, there is no way for row i to be labelled during the matching in that zero-section. Thus row
7 is in the U of no other row. (But row i can itself be reduced by other rows during the algorithm.} Indeed,
whenever 2 row i has a non-zero in a column which is a unit vector, row 1 is never used by any other row.
Thus, if A contains an embedded identity matrix, the algorithm does not reduee A at all.

Civen that the slack columns do not participate in the matchings, it is more efficient to create a
single “phantom” column {column 0), instead of many slack columus. In using warm-start matching, all
the inequality rows can be permanently matched to column 0 before finding M. I column Q is artificially
included among the columns of every zero-scction, all the inequality rows initially match to column 0 in
the zero-section since M is used for an initial matching. Sinee column 0 contains no non-zeros, it is never
labelled during computation of a matching in a zero-section. Therefore, none of the inequality rows is ever
labelled either, so that the inequality rows are automatically not used. Furthermore, since the inequality
rows stay matched throughout the process, this strategy effectively reduces the size of the matching problem
in each zero-section.

More imporsantly, the inequality rows can be excluded from A in determining its rank at the beginning,
because inequality rows always have full rank and are never used anyway. Therefore, the square full row
rank submabrix Apc obtained from the initial LU-factorization excluding the inequality rows is suitable
for using the restricted column option, and C is even smaller. These strategies for treating inequalities are
called phantom slacks. By using phantom slacks numerical execution time can be even further reduced.

The disadvantage of incqualities is that, by decreasing the number of rows available for use, they lead to
smaller reductions of non-zeros. The extreme case is that when all constraints are inequalities, the algorithm
is not able to climinate any non-zeros. A general rule of thumb for using SA and SSA is that the higher the
proportion of cquality constraints, the better.

Finally, potential implementors are reminded that as the rows of A are transformed, the same transfor-
mations must be applied to the right-hand side(s) b. However, any RANGES or BOUNDS (sce Murtagh (1981},
Section 9.2} do not need to be changed.

3.5, Computational Results

In this section we shall first describe the implementation of an experimental version of the algorithms
of Section 3.4. Some preliminary computational results from the implementation are then discussed.

3.5.4. An Experimental Implementation of the Algorithm

The experimental implementation of SA and SSA is a FORTRAN program called SPARSER. The program
reads A in industry-standard MPS format (sce, e.g., Murtagh {1981), Section 9.2), processes it by one of
several variant algorithms (depending on ils input parameters), and outputs the reduced A in MPS format if
desired. The MPS inpub routine is 2 modified version of the routine used by MINOS (see Saunders (1977)),
which uses Brent's (1973) version of double hashing to reduce time spent in row look-up.

The two biggest tasks for SPARSER are compubing maximum cardinality matchings in various sub-
matbrices of A, and computing the LU-factors of various rectangular submatrices of A {and solving the
resulting square subsystems). The matching is performed by a modified version of a depth-first search
look-ahead technique, as described in Gustavson (1876). Though this algorithm has poorer worst-case per-
formance than the Hoperoft and Karp (1973) algorithm, creators of sparse matrix software have empirically
observed that its average performance on typical real problems is better than other algorithms. The lack of
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: Red. z Block | Factor | Use | Total r Total | Max | Total | Max No.
- Col. | A-ize? |Transp., Safe- | Time = Gain | Grow | Used | Used Remat-
- Opt.? A?  guard? chings
N | N | 232 644, 184 751| 35 7
N Y 230 645 194 753 35 6
Y N 241 645 194) 761 37 7
. N Y | 241 46| 194 763 37 6
| N | N @ 332 648 1 155, 751 35, 11
Y Y . 331, 649 155, 753 35, 10
Y LN 326 641, 194] 750|351 10
Y 326 642 194 752 35 9
N N 175 642, 1941 751 35 9
N Y urs, ea3l 14 758, 35 8
Y N 183 642 194, 756 36 9
Y Y 180 643 194| 758 36 8
N N 234 642 672 755 36 12
Y | Y | 2390 643 o727 36 11
Y | N 235 sl 194 750| 35 10

| Y | 2390 s2. 194 752 35 9

Table 3.5.1

3.5.2, Testing the Variations of SPARSER

Fach of the 16 variations of SPARSER was used to process a linear programming matrix called BANDM.
These runs held all other minor parameters fixed, and in particular set all print {lags to their lowest level and
disabled MPS output of the reduced matrix, to allow the execution time to reflect only the basic processing.
The mabrix of BANDM has m = 305, n =— 472 and contains 2494 non-zeros, a density of 1.73%. Tt has 305
equality rows, 1009 of the total. The combinatorial number of non-zeros that can be eliminated from BANDM
{the guarantee of Theorem 3.4.2) is 633, which is 22.8% of the total non-zeros {an impressive figure}.

The results of these runs are displayed in Table 3.5.1. All testing was performed while running SPARSER
interactively on VM on an 1BM 3081 at the Stanford Tinear Accelerator Center. The “total time” s in CPU
seconds while running SPARSER interactively on VM. The “tolal gain” column adds the lucky hits and
lucky non-fill-ina (each one a proof that (MP) is not satislied) to the guaranteed combinatorial gain of 633
non-zeros. Column “max grow” gives the maximum value over all rows of an MA28 output parameter called
GROW. The value of GROW estimates the extent to which the numerical operations on a row cause the entries
of A to “blow up” numerically, and so provides an indirect measure of the stability of the reduced matrix
relalive to the original matrix (see Duff (1977), pp. 17-18). Column “total used” gives )~ |U;|, an indication
of the sizes of the linear systems that were solved within 8PARSER, and “max used” gives max, I/;, which
helps to indicate whether most of the gain is coming from a few rows (“max used” nearly as big as total
used) or s spread out (“max used” very small). Finally, “no. rematchings” reporls how many times out of
the 305 cquality rows an entry of the fixed matching was hit, necessitating repair.

Starting from the less important conclusions that can be drawn from Table 3.5.1, there seems to be
little significant difference among the 16 variations of the algorithm on any of the last five columas, with two
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62 Masking Sparse Matrices Sparser Chapter 8

Name # of | # of E # of ji %% Gq. ; Orig. {% Red. m { Total | Max.
i Rows | Cols. |Non-Zs.| Rows % Den.iNon-Z.| Comb. Time | Grow
ATIRO 27 32 83 29.6 i 4.61 0.00 08

BOAC 313 298 1659 41.2 1.78 0.00 — 1.97 -
PBESOS2 2714 1426 2648 82.7 0.69 0.00 e 1.18
WEYERHSR 41 o7 706 Q?l; 16.09 .85 0.20 .23 2.82
STORESOS 68 590 2784 B6.8 6.94 2.44 .58 84 829

i ADLITTLE 56 87 383 26.8 7.05 3.39 .08 .23 45
FRESNO 208 316 1791 47.1 2.72 3.46 03 55 10.6
LEAMAV 113 1995 ¢126 ¢+ 99.1 4.08 4.95 3.07 5.62 0.0

L152D 93 1554 3862 98.9 6.84 7.16 6.76 2.28 0.0

LZILAY 108 1939 8779 99.1 : 4.19 7.34 5.08 2.32 1.0

. CAPRI 271 353 1767 52.4 1.85 8.09 01 89 6.13
CRACPBL| 143 572 4158 622 5080 837| 287 177, 00
SHARE2EB ‘ 96 79 654 13.5 ‘ 9.18 8.50 .23 .25 65

7 L2TLAV 146 2655; 11,203 : 99.3 2.89 8.84 5.78 3.99 1.0
o T‘JQQS? 223 2&5 2578 14.8 4.10 8.00 1.97 .58 1.0
o W;”AE{,}}?EB 118 225 151 75.4 4.37 13.47 12 55 1810
) BRANDY ! 220 244 2148 ‘ 75.5 3.92 14.15 30 .95 45.5
ATEH;S’T‘AR 3l 3637 1 10,613 99.0 .93 14.61 21.26 3.35 1.0
LIB2LAV a7 1989 ! 09221 9%.0 5.14 16.11 15.82 2.46 1.0

VH*IU, 85 1086 | 4677 98.8°  5.07 17.96 9.12 1.50 1.0

LIAMAV 33 1750 7294 98.9 i 4.481 21.02 15.85 5.49 0.0
BANDM 305 472 2494 100.0 ‘ 1737 25.78 .02 2.04 | 194
REAC(;:?‘J‘E“D 1738 ¢ 262 3375 ' 80.9 7451 6406 .80 1.05 | 136

Table 3.5.2

determined without running SPARSEIL The “orig. density” is the density of the original matrix, based on
relevant non-zeros, relevant rows and relevant columns,

The linear programs in Table 3.5.2 arc listed in increasing order of “% deer. in non-zeros,” which is
the total reduetion in non-zeros achieved by SPARSER (both combinatorial and lucky) as a percentage of
relevant non-zeros, I ranges from zero {or the first three matrices, to an astounding 64.06% reduction for
BEACONFD. The © (:‘xkxv T eolumn lists the relative contribution of combinatorial gains and lucky gains to the
total gain. For example, BANDM had a combinatorial gain of 533 non-zeros and a lucky gain of 10 non-zeros,
for a ralio of 10/633 = 02, the second-smallest value listed. The “total time” and “max grow” columns
have the same meaning as in Table 3.5.1. The discrepancy in time for BANDM between Tables 3.5.1 and 3.5.2
is due to the fact that the two sets of runs which are summarized in the tables were done several months
apart. Thus times are comparable within tables but not between tables,

The rung summarized in Table 3.5.2 produced other interesting statistics. First, the total number of
rematehings over all 23 linear programs was only 44, with BEACONFD alone accounting for 23. Thus, having
to repair the fixed matehing in warme-slart matehing does nob result in large additional overhead. Qo a
related note, when the bound on the combinatorial running time of SPARSER with warm-start matching
was computed in Seevion 34, a key fact that was used is that the nunber of unmatched rows (alter copying
the fixed matching) is bounded by the number of non-zeros. In practice, the number of unmatched rows
averaged out as less than 12% of the non-zeros.
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64 Making Sparse Matrices Sparser Chapter 3

Name % Redn. | Orig. Redue. 1% Redn.|% Redn.| [Itn.

in Non- | Time Time |in Time | in Time | Ratio
Zeros (sec.) (sec.) | (corr.) | (uncorr.)| (or/red)
L152D 7.16 8.42 7.8 3.98 5.06 1.04
L21LAV 7.34 9.81 9.38 4.18 4.94 1.00
CAPRI 8.09 2.04 2.00 1.25 2.19 1.60
CRACPRI 8.37 2.70 1.93 —7.39 —~4.69 1.62
SHARE2D 8.50 .55 .53 8.10 9.57 RE)
L27LAV 8.84 12.72 12.60 A0 1.07 1.00
E226 $.00 7.041 6.80 3.20 3.57 1.00
SHAREIB|  13.47 171 161 521 6.36 1.00
BRANDY 14.15 2.13 1.98 | 6.16 7.92 1.00
AIRFSTAR 14.61 5.83 5.90 6.87 10.50 .88
L152LAV 16.11 7.85 6.84 ! 19 3.20 1.18
LP4L 17.96 3.80 3.32 5.94 8.84 1.07
L94MAV 21.02 6.36 6.28 4,17 11.65 .90
BANDM 25.78 4.31 3.68 13.87 15.76 1.00
BEACONFD 64.06 90 .63 9.42 49.17 1.00

Table 3.5.3

MINOS to solve the original and reduced problems respectively, starting from the same initial feasible basis,
with MINOS running as a batch job on VM.

The last column of Table 3.5.3 gives the number of iterations for the original problem divided by the
number of iterations for the reduced problem. It shows that starting the original and reduced problems at
the same feasible basis docs not always produce the same number of iterations in practice; where they differ,
there is no discernible bias favoring cither the original or reduced problem.

Columns 5 and 6 of Table 3.5.3 give estimated percent reductions in the time required to bring the
starting feasible basis to optimality. An estimate {derived from SPARSER) of time spent inputting the MPS
file was subtracted from the times reported in columns 8 and 4, in order to make the comparison more nearly
reflect actual differences in time per iteration (the actual time spent ilerating in MINOS is not currently
available). The time spent in MPS input depends on the size of the linear program. Since a matrix reduced
by SPARSER can have considerably fewer non-zeros than the original matrix, inputting a reduced MPS file
can take less time than inputting Lhe original MPS file. The MPS input time used to ealeulate the percent
reduction in column 5 has been “corrected” by the ratio of number of reduced non-zeros to the number of
original non-zeros to try to account for this difference. The percent reduction on column 6 has not been so
corrected.

More formally, denote the total original optimization time from column 3 of Table 3.5.3 by OT, the
total reduced time from column 4 by R7T, the ¥PS inpul time from SPARSER by I'T, and the iteration ratio
from column 7 by r. Then the value in columns 5 and 6 is

(OT = IT)=v(RT — [ -IT)

or —1IT
where [ is the ratio of original to reduced non-zeros for column 5, and is 1 for column 6. We belicve that
the true percent reduction in Lime lies between the values in columns & and 6.

100 -
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66 Making Sparse Matrices Sparser Chapter 3

matehing picks out a square submatrix I of A. The matrix T is composed af various pieces of B!, the
particular pieces being determined by the SP Decomposition of A. Thus A == T" A is the result of performing
only part of the Gauss-Jordan reduction of A that turns B into a diagonal matrix.

Since the SP Decomposition can be determined combinatorially, it can be known in advance which
part of the Gauss-Jordan reduction of A to perform. Instead of letting a fixed, combinatorially-chosen
matehing determine the submatrix B at the start, a partial Gauss-Jordan elimination could be performed
with dynamic, numerically-controlled pivot choices.. The pivot choices would then implicitly determine the
submatrix B, but only after the numerical operations. Such an algorithm would clearly be theoretically
optimal since it eliminates as many non-zeros from A as PA does.

More importantly, a two-pass algorithm is also practically implementable. Since its operations are driven
by numerical choices rather than by combinatorial choices, no difficulties would be encountered in applying
it to matrices without (MP). It might also have an advantage in efficiency over SA.

To see how such an advantage would arise, note that the goal of Gauss-Jordan elimination is to reduce
the partitioned matrix (B C) (whore* B is square and non-singular) to (I B~'C). In the dense case,
Gauss-Jordan elimination takes O(n %) operations. The Sequential Algorithm way to achieve the reduction
is to solve for the multipliers that reduce cach row separately, even though the multiplicrs are interrelated.
Since one such solve uses O(n?) operations in the densc case, this would give an O(n*) algorithm overall.
Similar savings might oceur in the sparse case as well.

There are two difliculties with the two-pass algorithm that have prevented its implementation and
comparison with SA. The first is that we prefer a more elegant way of computing the 5P Decomposition
than running PA combinatorially. The whole point of the SP Decomposition is that the U are ihunsolves
interrelated, and hence there should be a way to use the relationships to help compute the E/ The
ideal algorithm would globally develop the SP Decomposition, rather than generating it row by row as
the combinatorial PA does. It would be esthetically pleasing if the combinatorial phase were to parallel the
block (as opposed to row by row) nature of the numerical phase. However, such an algorithm is not yet atb
hand.

The second difficulty is that a practical implementation of the two-pass algorithm would require its
own numerical subroutine to perform the partial Gauss-Jordan reduction. The existence of MA28 allowed
implementation of SPARSER in a relatively short period of time. (Indced, a private communication with Duff
reveals that SPARSER is the only application of the eapabilities for solving rectangular systems in MA28 of
which he is aware.) Writing such a piece of software so that it is eflicient, takes full advantage of sparsity
and is numerically stable is a momentlous undertaking.

There is another possible strategy which may improve the practicality of the algorithm. The sparsity
of A is globally improved in the hope that on average the bases are then sparser. The objective of the
Sparsity Problem implicitly assumes that any column is equally likely to appear in a basis. In some situations
there is @ priori knowledge about which columns are more likely to appear in a basis than other columns.
Past experience or physical considerations of a model might lead to such knowledge. Alternatively, in an
optimization with many iterations, the frequencies with which each column appears in a basis could be
recorded in order to apply an algorithm that can take advantage of such information in the midst of the
optimization. Such a strategy would allow the sparsity of A to be dynamically adjusted to reflect information
about the columns t,fmt arc most aclive during a long optimization run.

In cither case, the problem of interest is the Weighted Sparsity Problem (WSP). The WSP is the
same as the rovula Sparsity Problem except each column has a weight which represents an estimate of
how likely that column is to be in a basis. The objective of WSP is to transform A into an A which has a
minimum weighted number of non-zcros. WSP is another area for future research.

As mentioned ab the end of Section 3.5, the computational results are only indicative, not conclusive.
It would be very interesting to assemble a large collection of typical large-scale problems with which to test
SPARSER, and to address the following questions. Are the reductions achicved by SPARSER in Table 3.5.2
typical? s there any association between the form of an optimization problem and SPA RSER’s performance
on it! (None appears obvious from Table 3.5.2, but perhaps there is a link with the source of the model or
form of the matrix.) Are the conclusions drawn from Table 3.5.1 still valid on other malrices, particularly
those with a higher ratio of “lucky gain” to “combinatorial gain?” Is there a stronger association between
reduction in nou-zeros and speed-up in optimization time than is evident in Table 3.5.37 Finally, and most
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