CHAPTER I

A Nested Decomposition Algorithm for SDLP

Stochastic dynamic linear programs have natural subdivisions correspond-
Ing to the separate decisions made in each period under various scenarios.
These divisions give SDLP a special structure that can lead to improved
efficlency in its solution. In the next three chapters, we present three methods
employing distinct optimization techniques, each of which exploits the pro-
gram’s stiucture. The structure is essential for our development. It is the

basis of each technique: decomposition, partitioning, and basis factorization.

These methods have been used extensively in large—scale structured
programming, but their application in solving stochastic programs has been
limited. In our presentation, we demonstrate how these techniques can be
applied to the stochastic version of the multi-stage linear program. We will
then show that our algorithms may yield substantial savings over straight-
forward, “brute-force” techniques by using the program structure effectively

in reducing the computational cost.

The first method we present is called a nested decomposition algorithm
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2. The Master-Subproblem Relationship

The decomposition algorithm we discuss below relies on certain fun-
damental properties of the multi-stage program under uncertainty. These
properties concern the convexity of the objective function and the repre-
sentation of the solution set as a convex polyhedron. Wets first observed
these attributes in [61] and [62]. These are reviewed below.

We begin by formulating the equivalent convex program to SDLP. We
then use this formulation to examine how we can find the set of linear
constraints that constitute the solution set. This procedure involves inducing
feasibility in the subproblems and finding the conditions for optimality. The
section concludes with an explanation of how the cutting planes for these
operations are constructed.

Every stochastic dynamic linear program (with continuous or discrete
distribution of the random variables) is equivalent to a convex program with

linear constraints, as we state in the following theorem of Wets:

Theorem 1 The stochastic dynamic linear program SDLP, as defined in

Chapter 1, is equivalent to a program of the following form:

minc;z; + @1(z1)
subject to
Ajzy = &1,
z1 € Dy, (ECP)
zy 2 0,
where @1(z,) Is a convex function and D, is a convex polyhedron.

Proof. See Wets [62].
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ECP(t, 5) is used in the subsequent analysis to develop the master sub-
problem relationships that are encountered in the nested decomposition al-
gorithm. We first want to find a method for constructing Dg so that 2:{ will
be feasible for its descendant scenarios. Let 7 be a descendant of 7 in period

t 4+ 1 for a given solution 2:;2-'0 of ECP(t, 7). We have

S 7 7
MIN 2% g = Ce4127 4 Q(zt+1)

subject to
A¢_1_1:I:;, = €§+1 -+ sz':’o,
D7, el 20 (ECP(T +1,7)

1 20,

Now, if ECP(t + l ]) has no feasible solution, then by Farkas’s lemma,

there exists a vector 12 Uf , J such that

[+ J

10';?_;_1—4;‘—}-1 -2 Uﬁ ., D, <0, (3)
(—207.,) <0, (4)

and
1034 (6lL, + Beal®) o0l DL >0 (5)

So, in order for ECP(t + 1,7) to have a feasible solution z{ must be

chosen such that

—(10 t-,»le)IJ >+ 7 15t+1 T2 Ut+1>‘t+1 (6)

This implies the following lemma:

Lemma 1. For every descendant scenario of j, 7, in period t - 1 and for
all 10 i, and 20 1., satisfying (3) and (4) if zJ is feasible in SDLP, then it
satisfles the inequality (6).
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and
p -

pa(23°) = Ee,, [ 7h(z30,7) - (075 (E,)) (11)

k=1

Now, for W(x3+1,]) optimal in ECP(¢ + 1, j) for any xH_l, the following
inequality must hold

- . p ~
w2l DL + Bead) + 3 wh(ed, Dol () >
k=1
: k =5,k
1(2:]’ )(§f+1)BfI ) Z T ( .7)53' ( t4-27 (12)
k=1
and, since fr(z{, 7) is optimal, we have
o S = . i R i
Q(zi,7) = 7"1(22’:.7')(5;—{—1) =+ B:zi) + Z Wg(zg)j) ' Uii}-l(ft-m)- (13)
k=1
Therefore, by taking expectations,
Qzl) > p1(2]°) + p2(2d%) + 71(27°) - Bizd. (14)

Letting p(z]°) = p1(zd%) + p2(23'0) in (14), we have the following lemma.

Lemma 2. If (27, 87) is a feasible solution to ECP(t, j) written as in (8), then
67 > p(z°) + (m1(23°)By)ai.

This lemma enables us to form additional constraints, as
(71 By)zl + 69 > pt (15)

) r = -
for successive !, where 7y = m1(z?') and p! = p(zg'l). These cuts are then

also added to ECP(t, 7) whenever we find that a solution (z2}, 69 is such
49
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where we set p = g = O initially and let 9{ = —o0, if ¢ = 0. If (17) is
infeasible, stop. If (17) is feasible and unbounded, go to Step 2/. If (17) is
feasible and bounded, go to Step 2.

Step 2. For (z{"’)ﬁg"') a solution of (17), solve the Phase 1 problem of
ECP(t + 1,7):

minw’ = ey -} eu™
subject to

7 | — 7 | ,
At+lzf+l + v = £¢+1 ‘T-thi )

DIzl +Iut —Iu= =)
z§+1,v,u+,u“ > 0.

(18)

For each 7, such that w/ > 0 in (18), use the resultant multipliers to

build a cut of the form in (7). Add these cuts to (17) and increment p. If

w? > 0 for any 7, go to Step 1; otherwise, go to Step 3.

Step 2'. From (17), we obtain an unbounded ray, x{’zc -+ ky{’zo, for X > 0.
Now, solve (18) for each 7, but replace £§+a + B.z]"! by Bty;f'io. If w? >0,
for any 7, add cuts as in (7) and return to Step 1. If w/ = 0 for all 7, solve
ECP(t + 1,7) for all 7 with the same replacement. Let Z'(t + 1,7) be the
expected value of the objective functions and compute «* and .

Next, solve (18) with z{'! for each 7. If w’ > 0 for any 7, add the
feasibility cuts and return to Step 1. If w? = 0 for all 7, then we check if
cfy{)z —+Zz'(t +1,7) < 0. If so, the objective function is unbounded, stop. If
crylt + Z(t +1,7) > 0, then we must eliminate y?’l as a feasible direction.
We do this by using the 7' and p' found above in forming a constraint of the

form (15) and adding it to (17). In this case, we return to Step 1.
51
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dual. In the next section, we demonstrate the relationship between OLSDLP

and a Dantzig-Wolfe decomposition form of inner linearization.
3. The Relationship to Dantzig-Wolfe Decomposition

Dantzig and Madansky [18] in their fundamental paper on programming
under uncertainty first proposed that two-stage stochastic linear programs
could be solved by applying Dantzig-Wolfe decomposition to the dual of the
stochastic linear program. In the context of our development here, we want
to apply this decomposition to the linear subproblem of SDLP at period ¢
and scenario j. We call this program LP(t, 5). (Note that in this case we
must assume that ;. ; has a discrete distribution as in SDLP.) The problem

we address is then

k 7k
mmz" = ¢y 9:3 4 pl ct+1z*+1 +..-4p c¢+1z§+1

subject to
Azl = €]+ Bi_12l_,
—-B;zt + AH-lzg’—f-l gt—i-—l
_szt + At—i—lzt-{—l §t~l
zi,zﬂ_l >0, 1=1,...,k.
This is the program for one section of SDLP. We have removed the constraints
before period t and after ¢t -+ 1.
The dual of LP(¢, 7) can be written as

maxu(fj -+ Bf__lzt__l) + ply ft-rl + - +pfu £f+1

subject to
uAy "‘PlUlBt PkUkBt < ¢,

DP(t, g
v <cuq,t=1,.. k. (DE(,J)
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to extreme point proposals. Optimality in the outer linearization corresponds
then to the absence of better proposals from the subproblems in the Dantzig-

Wolfe approach. We state these results in the following lemma:

Lemma 3. The outer linearization of the primal problem ECP(t,J) in
(17) is equivalent to solving the dual of Dantzig-Wolfe inner linearization as

applied to the dual problem of ECP(t, 7), DP(t, 7).

Having completed the analysis of this basic algorithm, we would like to
show how it is implemented in solving the entire program, SDLP. Further
complications enter into OLSDLP because of possible degeneracy in the
subproblems. In the next section, we discuss these difficulties and how they

relate to stochastic programs. We also propose ways for resolving them.
4. The Degeneracy Problem

One weakness of decompositicn techniques is that much of the work to
optimize subproblems can be wasted, because the final inputs from the sub
to the master differ so much from the initial ones. This can lead to many
iterations from master to subprdblem that a method with more interaction
between the problems might be able to avoid. The next two methods we
present have a more unified framework, and hence, fit this description. In
this section, we will show how to make OLSDLP more responsive in the

subproblems to changes in the master.

One property that might cause unnecessary iterations in decomposition
schemes is the fact that excess columns in the basis of the master problem
(that is,more than those required to meet the original set of constraints) cause
degeneracy in the solution of the subproblems. Dantzig and Abrahamson

55
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Now, let AF_H be a feasible basis for (19). By applying ZH_1 to this, we find
o’ A;g 2B =oi(¢., +B z0*) =0 (21)
P11 tASt1 o .

We have 0‘—&—1‘415 < 0, but Gg-%-l f+1 7 0 for A~t+1 a basis, hence, there

exists some zg_l’j = 0, proving the result. §

This lemma implies that a degeneracy will occur in any subproblem that
has forced a tight feasibility cut on the master problem. The constraints in
§ which enter the optimality conditions can also cause degeneracies in the
subproblems. The difficulty with these degeneracies, however, is that they
may enter in any subproblem, and we may not be able to determine which

one. We state this degeneracy result in the following lemma.

Lemma 5. If two constraints of the form (12) are binding at the optimal
solution (z{'*, 9{’*) to (1 7) then every solution of (19) for all 7 which satisfies
the optimality criterion, Zt—{—l > 6“' , includes a degenerate solution for some

7.

Proof. Let the binding constraints be
—('B)z” 4 67% = o', (22)

and

—(7?By)zl" + 67" = . (23)

Let the optimal set of bases for {31, . .']"k} be {Af_;_'f, .. Aiﬁf} Associated
with these bases are prices {x1*,..., 7*%}. These prices may be the same
as those for one of (22) or (23). Without loss of generality assume they are
identical with the prices in (23). They must be distinct from (22) because,
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subproblem and allowing the subproblems to determine the weights of these
surplus columns in the master problem. We present below an application of
this technique to SDLP and discuss its weaknesses in the case of stochastic
programs.

We assume an optimal solution, :z:g’*, of (17) is partitioned as

:c{'* = (xf, z3) (28)

where ztB corresponds to a square nonsingular submatrix of Ag, AtB, and z;

corresponds to AS. We can write zZ in terms of z¢ as

-

rf = (AP)THEL + Berani, ) — (A7) T Alz?. (29)
So, we can let z§ vary as long as z¥ > 0. We then can write (19) for
each 7 as
min c¢+1z§+l
subject to
Aciarl =€l +BP(AB) e + Biiel_))
- BIP) ATl £ Bl
zg+l > 0, xf > 0,
(30)
or, letting

~ S — ] 7 —1rgd | ]
B, = B{ —BY(AY)T'Af and &y = &1, +BY (A7) T (¢ + Beazi_y),,

as

min Ct+1$§'+1
subject to
At+1$§+1 - Bizf = 5§+1:
i, >0,25 >0,(z8 >0),

(31)
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OLSDLP with (32) in place of (17). We would do this after solving the sub-
problems of the form (31), which have generated tight feasibility cuts for (17)
and in which we know degeneracies must occur.

The use of this method of passing some columns for tight feasibility cuts
and then determining the other z{ by using (32) in OLSDLP depends on
the difficulty of solving the first master problem. If the repeated solution
of (17) has indicated that some variables, zf, are persistent in the basis,
then the solution of (32) could obtain the optimal values without involving a
reoptimization of (17). Furthermore, if the number of surplus variables, z¢ is
small, (32) may become significantly easier to solve than (17). This alternative
method then is one that must be adopted to the individual problem and
its requirements. The complications of creating an additional optimization

problem in (32) may outweigh the savings in solving this smaller problem.

5. The Complete Methods

We are prepared now to present the algorithm NDSDLP for the entire
stochastic problem. This method involves repeated use of the algorithm
OLSDLP, and proceeds through the tree of possible scenarios in SDLP in a
forward and backward manner. Our presentation here does not include the
resolution of the degeneracy problem as discussed in Section 4, but this may

be added as a modification to OLSDLP. The algorithm follows.

NDSDLP

Step 0. Set up a problem of the form (17) with no extra constraints for each

scenario j in each period t of SDLP.

Step 1. Solve (17) for period T (written 17-1). Use the result z3, and solve
61
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This algorithm follows an iterative procedure as in dynamic program-
ming. We pursue this relationship more closely in Chapter VI. NDSDLP also

terminates in a finite number of steps as we state in the following theorem.

Theorem 3. The method, NDSDLP, terminates in a finite number of steps
with an optimal solution to SDLP or the unbounded or infeasibility conditions

from OLSDLP.

Proof. From Theorem 2, we know that each implementation of OLSDLP
must terminate in a finite number of steps. Since the algorithm proceeds
backwards after each period’s scenarios are solved by OLSDLP, the terminal

conditions in Step 4 must be met in a finite number of steps. §

Several improvements can be made to NDSDLP to aid in its efficiency.
We have already mentioned the second decomposition possible in OLSDLP
as a resolution to the degeneracy problem. We may also want to proceed be-
tween the periods without completely satisfying master-suboptimality. This
modification may help efficiency, but it must be done carefully in order to
avoid any excessive number of iterations among the periods.

Another possibility for speeding the search for a feasible primal solution
in Step 1 is that SDLP may have inequality constraints. In this case, the
subproblem at period ¢t is

minc:Ts

subject to

Az > €] + B 1z¢y,
Tt Z O;
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Chapter IV

A Piecewise Strategy

1. Introduction

The decomposition algorithm, NDSDLP, in the last chapter broke the
stochastic program SDLP into a sequence of master-subproblem relations.
A drawback to NDSDLP could come from wasted effort in optimizing sub-
problems without affecting the master problems’ inputs. The approach in
this chapter, the piecewise strategy for SDLP, or PCSDLP, also separates the
program into master and subproblems, but it allows for only one optimization
of the subproblems without the master’s involvement. This method, which
maintains some ties among the separate scenarios, forms a bridge between
the decomposition approach in Chapter III and the local basis factorization
of Chapter V.

The method is called “piecewise” because it relies on the piecewise
linear property of the objective function. Piecewise methods in general
(see Geoffrion [27]) follow an optimizing trajectory across the regions of the
feasible set. For a convex funct.ion, an optimization is performed on each
region that leads either to a boundary or interior solution. If the solution
is interior, then that point is optimal. If a boundary point is optimal, one
optimbizes on the adjacent region and repeats the process. (See Figure 1.) If
no direction in an adjacent region is improving, then the current point again
is optimal.

The piecewise strategy has been applied to large-scale linear program-
ming through a method, called “partitioning”, for which, J. B. Rosen [53]
has been most responsible. Our use of the strategy in this chapter will be to
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min ¢%(z;) = ¢ 24
subject to  Ajzi= by, (1)
z1> 0.

If (1) is infeasible, the program is infeasible, and we stop. If (1) is
unbounded, then we follow Step 2' of NDSDLP to remove this case. If we
succeed, we return with the cuts that eliminate the unbounded ray and resolve
(1). Now, for 29, an optimal solution to (1), we want to find Q(z?) as ECP
of Chapter III, where

Q(z3) = E¢,[ min cazo s.t. Apzy = €5 - Byz% 2, > 0). (2)

Here, if there exists 5% such that there is no feasible solution in the
Jth scenario, then we form a cut as in (3.7) and add it to (1) as part of
1ts constraint matrix. We continue until each subproblem is feasible. Next,
associated with each 62, there exists an optimal basis, A:ZB, for the problem

in @(z9). We write @(z9) as

Z pPea((AF7) 7 el + (A5) 1By 2Y). (3)

J=1

The function @(z,) from (3) is linear for all z, feasible for AQB’. Thus,

ZP c2((A37) 7 e + (AZ) 1 Byzy) (4)
J=1
for all z such that
Ty = (AQB’)~1 7+ (Afj)flh >0, (4a)

where we have assumed a single lower bound for all z, at 0. In general,
and, for most practical purposes, both lower and upper bounds should be
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where pf is the 7th component of the vector p/. T includes the rows and
scenarios that generated a binding cut. It corresponds to the set of degeneracies
in the subproblems of NDSDLP and is directly related to the surplus columns
described in the next chapter. We next order the pairs (i, ) € T lexicographi-
cally and write T = {r(,72,..., 7p}.

Now, if T = 0, then z{ is a solution of (8), so, by our convexity result
in Lemma 2.1, 2(z9) = ;29 4+ @(z9) < ¢1z5 + Q(z1) for all feasible z;.

0

Hence, z7 is an optimal solution of this two-stage SDLP.

For T # 0, we consider subproblem j for r; = (¢, 7). Here, we have
B; N—1p7 o ( 4Bjy—
17 = (4) T e + (A7) T Buy (8)

and
227 (3) + (AP 711, ) A Y = o, (9)

where :cé\ 1s the non-basic partition of the variables, zo. We now want to
force IZB"(i) out of the basis, so we can follow a new path in the adjacent
feasible region. To maintain optimality, we find the entering variable as in
the Dual Simplex Method, (see Dantzig [16])
m__?"\;(s) e )anin —-——-——~__Eg b) , (10)
—A, (1,8) —A;(59)>0 A, (1, 7)

—N . . .
where €Y and A4, are the representations of ¢’ and AL relative to the basis,

B
A7
We can now pivot out zf—"(i) and replace it with z2Y(s). In doing this,

we keep A,f" and call the new basis Af”*, an auxiliary basis, where

(A2t = (i, )71 AZ) T, (11)
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Step 0'. Find an optimal feasible basis, Af”, for each subproblem 7 in @(z9)
by applying feasibility cuts (3.7) to (1).

Step I. Form the program (8) using the set of bases, B = {A.f’}. Solve (6)
and obtain ¢!(z}) and z}. Form 7. If T = @, stop, z§ is optimal. If 7 £ 0,
set [ =1, u =1, and, go to Step 2.

Step 2. If [ > p, stop, z¥ is optimal. For 7, = (¢, 7), find the entering variable
s in scemario j by (10). Form the auxiliary basis, Asz'*, and the program
(12) for ¢#*(z;). Using ¥ as a starting solution, solve (12) and obtain z7. If
¢h*(z]) = ¢4 (zf), set I = I+4-1 and return to Step 2. If ¢#*(z}) < ¢l (zf),

go to Step 3.

Step 3. Update T and B. Set :c‘l“:'l =zi,l=1, = pu-+1, and go to Step
2.

The following theorem states the finiteness of PCSDLP.

Theorem 1. The method described above, PCSDLP, terminates in a fnite
number of steps with an infeasible, unbounded, or optimal solution to the

two-stage (T = 2) form of the program, SDLP.

Proof. From Chapter III, we know that Steps 0 and 0’ must terminate in a
- finite number of steps. After Step 2, the solution to (6) and (12) must be
feasible in SDLP because primal feasibility of the last solution is maintained.

It is bounded because (6) and (12) are more restrictive than (1).

T is finite since the number of constraints (12b) is finite and each im-
proving solution corresponds to a new set of bases, B. Since there are a finite

number of possible basis set combinations, the algorithm must terminate. |
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This modification can significantly reduce the number of consiraints
since a large number of scenarios may have the same basis. We could again use
the Garstka-Rutenberg procedure (see Chapter I) to find the probability that
each basis is optimal in Step 0' without solving the individual problems. This
effect combined with the smaller size of (15) can lead to greater computational
efficiencies.

Another efficiency can be gained from using a method similar to the
column passing technique of Chapter III. During the algorithm, we may
observe that one set of variables, {zZ}, remains in the optimal basic set,
{z{'}, while the other variables are chosen from a set, {z$}. If the columns

of the set {2} have full rank, we can take a square non-singular submatrix,

AP from (15) and find

= (AD)" b — (AB)T 453 (16)

We then eliminate z& from (15) and obtain

min ¢#*(zf) = iz
subject to
—AjzS > —(45)~1py,
(4B 1Biaf> 37 1=1,...,q,
z$ > 0,

(17)
where tilde indicates that &7, Ai, ((A,f"*a“lB;), and p"* are defined relative
to z¥ through substitution of (16) into the program (12). The definitions are
completely analogous to those in (3.32).

The optimization procedure can then continue with the reduced problem
(17) to find the optimal values ¥, given zP. Using the result of (17) in
(15) would then determine optimality. When decisions can be narrowed to
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: j kv T .7
min cp_312%_,+ Z3~=1PJCTZT

subject to
Ar_izd_, = &5, + Br—aih_,,
—Br_12%_, +Arel=¢,7=1,.. . kr,

iy >0,24>0,7=1,. . Fr,

by using PCSDLP(2).
For a solution to (18), define

g7 = {i: z};(i) is basic in subproblem 7}

and

bt

! = {¢:4is basic in row [ and (/,5) € T}.

Now, with the solution from PCSDLP(2), we want to find the optimal
basis for the full problem (18). This larger matrix will form the basis of a
subproblem for period T — 2. We first include the set of basic variables in

the master problem, {z?f_l}. The basic variables from the subproblems will

be chosen as
X§ = {z7()): i € S ¥} (19)
This definition eliminates the degenerate variables from the basic set. Since
the elements of X{;‘ are the only non-zero variables in an optimal feasible
solution to (18), if (18) is not degenerate, then the union of {z?{_l} and X%
must form a basic set of variables in (18).
If (18) is degenerate, then we must check whether the columns cor-

responding to {z?"_l} and XJ:} span the solution space. If not, we add

columns from those corresponding to

X} = {z(3) i ¢ 87 +7}. (20)
75
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and 7. In general, after solving the two-stage problem for each scenario

J in period ¢, we would again find the bases, DtB", and construct a two-

. T J_
stage problem for £ — 1 as in (25) by combining zJ with ( ,ytk““).

7
Yetor- ¥y
PCSDLP(2) would begin by optimizing
min ¢}(ed_) =leims + LHy p7d% (D)~ 18,)2]

J=1 1

subject to

- - Ey
J — J
At—-lzt_l"“‘ fé’..l + Bt—-Zzt._zy

(DtBj)_lgt—-lzj 12 pj: .’i‘ - 1:"':76-'#—-1:

to—
3
zi_,=20.

The dual pivoting operations could then be performed in any of periods ¢
through 7.

PCSDLP continues by combining master problems with subproblems
and following these iterations back to period 1. This process uses the basis
structure depicted in Figure 2b. of Chapter [, in which, we view each scenario

as starting a new problem. The steps we have described for PCSDLP follow.

PCSDLP

Step 1. Follow Step 0 and Step 1 of NDSDLP to obtain a feasible solution
to SDLP. Set ¢ = T — 1 and set up a program of the form (12) for each

scenario 7 in 7 — 1. Set j = 1.

Step 2. Follow Steps 1, 2, and 3 of PCSDLP(2) for the problem at node (7, t).
If 7 = k¢, go to Step 3. If 7 < k¢, set j = 7+ 1 and return to Step 2.

Step 3. If t = 1, stop, :z:‘l‘ is optimal. If ¢t > 1, combine the master and
subproblems of each scenario j at period ¢ and form programs as in (26) to
initiate PCSDLP(2). Set t = ¢ — 1 and go to Step 3.

The finite termination of this method is guaranteed by the finiteness of

77
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