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Abstract

Genome-scale models of metabolism and protein expression (ME) models significantly expand the scope and pre-
dictive capabilities of constraint-based modeling. ME models present considerable computational challenges: they
are much (> 30 times) larger than corresponding metabolic reconstructions (M models) and are multiscale, and
growth maximization is a nonlinear programming (NLP) problem, mainly due to macromolecule dilution constraints.
Here, we address these computational challenges. We develop a fast and numerically reliable solution method for
growth maximization in ME models using a quad-precision NLP solver (Quad MINOS). We also develop a fast,
quad-precision flux variability analysis that is accelerated via solver warm-starts. Finally, we employ the tools devel-
oped to investigate growth-coupled succinate overproduction, accounting for proteome constraints. Just as genome-
scale metabolic reconstructions have become an invaluable tool for systems metabolic engineering, we anticipate that
these fast and numerically reliable ME solution methods will accelerate the wide-spread adoption of ME models for
metabolic engineering applications.
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1. Introduction

Genome-scale metabolism and protein expression
(ME) models [1, 2] pose challenging mathematical op-
timization problems because of their size and multiscale
nature. In particular, the vastly different (∼ 106) mag-
nitudes of metabolic and expression machinery fluxes
lead to ill-conditioned problems that cause difficulties
for standard optimization solvers: feasible problems can
be reported as infeasible, or solutions may contain nu-
merical errors. Methods have been developed to en-
able off-the-shelf linear programming (LP) solvers to be
used for solving ME models [3]. Additionally, quad-
precision LP solvers have been recently applied to ME
models [4]. They present an attractive balance between
reliability and speed for practical solution of ME mod-
els.

The growth rate maximization problem for ME mod-
els is actually a nonlinear program (NLP) but it be-
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comes an LP when the growth rate µ is fixed. So far,
the NLP has been solved using binary search on µ [1],
with high-precision LP solvers [5] solving a sequence of
LP subproblems. Thus, a remaining question has been
whether NLP solvers could solve the NLP more expe-
diently. The solution of NLPs in quad-precision has
only recently become possible, with the development of
quad-precision MINOS (qMINOS) [4]. We thus report
the solution of the nonlinear growth maximization prob-
lem for multiscale ME models in quad-precision using
qMINOS. With a suitable initial estimate of µ, the quad-
precision NLP approach proves to be both fast and nu-
merically reliable.

2. Results

We developed several solution methods for solving
linear and nonlinear programs involving ME models.
These methods are listed in Table 1, and are discussed
in detail in subsequent sections.
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Table 1: Glossary of solution methods
Method Description
bisectME Maximizes growth rate µ via binary or golden

section search [6]. Uses qMINOS to solve LP
subproblems in quad precision [4]. Every LP
after the first is warm-started using the previ-
ous solution.

solveME Combined solution procedure for the nonlin-
ear growth-rate maximization problem ME-
NLP. Uses bisectME to find a feasible esti-
mate µ0, which is used to compute µ (and all
fluxes) to high precision using the qMINOS
NLP solver.

varyME Flux variability analysis [7] in quad precision
with solver warm-starts [8].

2.1. NLP formulation and its global optimum

The growth rate maximization problem in a ME
model is typically a nonlinear program because
macromolecule dilution is modeled using the
product of growth rate with a continuous reac-
tion flux [1]. Specifically, the ME problem of
maximizing growth rate is formulated as follows:

max
µ, v

µ

s.t. S v = 0, vL ≤ v ≤ vU

vdilution,ribo ≥
∑

i∈Peptide

(
lp,i

criboκτ
(µ + r0κτ) · vtranslation,i

)

vdilution,RNAP ≥
∑
i∈TU

(
lTU,i

3criboκτ
(µ + r0κτ) · vtranscription,i

)
vdilution, j ≥

1
κτctRNA, j

(µ + κτr0)vcharging, j, ∀ j ∈ tRNA

vdilution, j ≥ µ
∑

i

(
1

keff,i
vusage,i

)
, ∀ j ∈ Enzyme

additional µ-dependent constraints,

where µ is the growth rate and v is the vector of all
fluxes; lp,i is the length of peptide i and lTU,i is the length
of transcription unit i; cribo, κτ, r0, kdeg, j, keff, j, cmRNA, j,
ctRNA, j are constants; and Peptide, TU, tRNA, Enzyme
are index sets of v representing peptides, transcription
units, tRNA, and enzymes, respectively.

Collecting all linear and nonlinear constraints, we
formulate the nonlinear ME problem in the following

generalized form (ME-NLP):

max
µ, x

µ (ME-NLP)

s.t. µAx + Bx = 0

f T x = µ, S x = 0, xL ≤ x ≤ xU ,

where the constraints µAx + Bx = 0 are quasiconvex.
An optimal solution µ∗ can be found using binary

search (bisection) as in [1]. Dattorro [9] proves that
µ∗ is a global optimum. With a < µ∗ < b and initial
estimate µ0 ∈ [a, b], bisection converges to specified ac-
curacy ε in log2((b − a)/ε) iterations. We implemented
binary search as Algorithm bisectME using the simplex
method in quad precision (qMINOS [4]).

Faster convergence to the global optimum is possible
with an appropriate NLP solver. Specifically, qMINOS
is a quad-precision implementation of MINOS [10]. For
problem ME-NLP, MINOS solves a sequence of lin-
early constrained subproblems defined by linearizing
the constraints at a sequence of approximate solutions
{µk, k = 0, 1, 2, . . . }. (The objective function for each
subproblem is an augmented Lagrangian.) If MINOS
converges, it will be to a global optimum µ∗. Further-
more, the subproblems converge quadratically when µk

is close enough to µ∗ (Robinson [11]).
We tested the effect of µ0 and the MINOS scaling op-

tion on the computation time and final solution. Empir-
ical tests showed that µ0 = 0.0 should be avoided, as
should µ0 > µ∗ (Fig. 1). The latter is understandable in
terms of the algorithm used by MINOS to handle non-
linear constraints [10]. By definition, the constraints are
infeasible when µ > µ∗. Hence, if the constraints are lin-
earized at µ0 > µ∗, they will be infeasible. The MINOS
algorithm is not well-defined in this circumstance. As
expected, the solution time was generally shorter when
µ0 was closer to µ∗.

2.2. solveME: Combined solution procedure for growth
maximization NLP

Because qMINOS must solve ME-NLP with µ0 < µ∗

(and is faster when µ0 is closer to optimal), we devel-
oped a combined solution procedure that uses a coarse
bisection via bisectME to identify µ0 < µ∗, then pro-
vides the corresponding basis to warm-start qMINOS
on the NLP. This procedure is described in Algorithm 1.

For the bisectME phase, we implemented golden sec-
tion search (GSS) [6] for improved efficiency (fewer
quad-LP evaluations). Specifically, we found that for
3-decimal precision in growth rate, GSS required 81
seconds, while binary search required 98 seconds, rep-
resenting a 17% speedup. Whether using golden sec-
tion or binary, bisectME produces a basis compatible
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Figure 1: Effect of initial solution and solver scaling option on the
solution of ME-NLP using qMINOS.

Algorithm 1: solveME
Data: ME model; required decimal points, d, for

bisectME
Result: Optimal growth rate, µ∗, and flux vector, x∗

check feasibility at µ = 0.0
if infeasible then

stop
else

run bisectME to d decimal points for µ to
determine growth rate µbs ≤ µ∗, solution vector
xbs, and basis hbs

µ0 ← µbs

x0 ← xbs

h0 ← hbs

max µ using qMINOS(µ0, x0, h0) to determine
µ∗ and x∗

end

with the NLP solver, enabling warm-start of the NLP.
Hence we used GSS to find a low-precision estimate
µ0 for the NLP. The resulting basis and approximate
µ were used to warm-start ME-NLP reliably and effi-
ciently at a µ0 < µ∗. The combined solveME proce-
dure took 68 to 85 seconds (Fig. 2), depending on the
accuracy requested in bisectME. Empirically, zero deci-
mals led to the longest solve time, while the fastest solve
was achieved when one decimal was requested (two
decimals when protein-per-RNA ratio was µ-dependent)

P/R: constant P/R: mu−dependent
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Figure 2: Performance of the combined solveME procedure. Colored
bands represent the range of solution times (3 replicate runs) for the
binary or golden section search methods with growth rate convergence
to 3 or 6 decimal points. Points show solution time for the combined
solveME procedure (3 replicate runs each) for varying decimal points
required at the bisectME phase. The protein-per-RNA ratio (P/R) in
the ME model was either constant (left) or growth-rate dependent as
in [1] (right). Uptake rates were free in both cases, such that proteome
limitation eventually constrained uptake rates.

(Fig. 2). For more decimals, the time spent in bisectME
offset the advantages of starting the NLP closer to the
optimum.

Compared to the combined solveME, bisectME (with
golden section search) took an average of 75 and 103
seconds for 3 and 6 decimal points respectively, while
binary search (not GSS) required an average of 93 and
124 seconds for 3- and 6-digit precision in growth rate.
All runs were performed in quad-precision using qMI-
NOS.

In summary, the combined solveME was up to 10%
and 34% faster than golden section search, or 27% and
45% faster than binary search, for 3- and 6-digit accu-
racy in growth rate. Another advantage of the combined
solveME over bisection methods was that the growth
rate was always returned to about 15 digits because of
the tolerances set for qMINOS; therefore solution time
was not a function of final solution precision. To reach
the same precision, bisection would require about 50
iterations, or over 400 seconds. Furthermore, double-
precision solvers would have difficulty achieving even 6
or 7 digits.

2.3. varyME: quad-precision ME variability analysis

In addition to growth rate maximization, we devel-
oped quad-precision flux variability analysis (FVA) [7]
for ME models, referred to as varyME. As with the
fastFVA method [8] for metabolic reconstructions, we
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decreased the computation time by warm-starting qMI-
NOS using the basis from previous LP solutions.

2.3.1. Improved solution reliability via quad-precision
Empirical tests demonstrated the importance of quad-

precision when FVA is applied to ME models. Specifi-
cally, without quad-precision, errors such as maximum
flux being less than the minimum flux were observed
(Table 2). Another example is the varyME result for
translation of b0071 and b0072, encoding for LeuC and
LeuD, respectively. LeuC and LeuD are the two sub-
units for the isopropylmalate isomerase complex. The
formation of this complex is the only sink for the two
translation products, other than dilution; therefore, FVA
should return equal values for the two translation fluxes.
Indeed, qMINOS correctly determined equivalent FVA
solutions for b0071 and b0072, while double-precision
runs using CPLEX led to different FVA solutions (Ta-
ble 2). Additionally, at maximum growth rate, the ME
model showed essentially zero variability in the trans-
lation rates because of the tendency of ME models
to choose only the most efficient proteins. This phe-
nomenon was accurately captured in quad-precision but
not in double-precision (Table 2).

When varyME was performed at growth rates be-
low the maximum, non-zero flux variability was ob-
served (Fig. 3). Again, double-precision ran into nu-
merical difficulties. For example, at lower growth
rates, the flux variability of most reactions should be
wider, as correctly predicted by qMINOS; however,
double-precision (CPLEX) runs sporadically predicted
narrower ranges at lower growth rates, presumably due
to the numerical difficulties associated with the multi-
scale ME model. Collectively, these results emphasize
the importance and practical utility of quad-precision
for ME models.

2.3.2. Proteome-accounting for growth-coupled bio-
chemical overproduction

ME models have imminent utility for metabolic engi-
neers and synthetic biologists. In particular, biochem-
ical overproduction strain design often involves gene
knockouts and modulating the expression of produc-
tion pathways. These genetic manipulations impact host
fitness in part by forcing reallocation of the host pro-
teome away from growth and stress response functions.
ME models now allow genome-wide accounting of pro-
teome reallocation for engineered strains.

To demonstrate, we analyzed the overproduction of
succinate using growth-coupled designs that had been
found using a metabolic reconstruction [12, 13]. In
particular, the designs involved succinate dehyrogenase
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Figure 3: Comparison of FVA in quad- and double-precision at vary-
ing growth rates (from 10% to 100% of the maximum). Lines span
the minimum and maximum fluxes, while points show the mid-point
between these ranges. The y-axis is in log-scale.

(sdhCDAB) knockout, together with overexpression of
fumarate reductase (frdABCD), isocitrate lyase (aceA),
or both.

To delete sdhCDAB, we set zero upper bounds for
the translation reactions of the four sdhCDAB subunit
genes. Overexpression of frdABCD and aceA was per-
formed in three steps. First, we determined the maxi-
mum growth rate with sdhCDAB deleted. We then used
varyME to determine the feasible flux ranges for the
complex formation fluxes of the overexpressed enzymes
with growth rate fixed to a small fraction (i.e., 0.05) of
the maximum. We then set the lower bound of complex
formation fluxes to linearly spaced fractions of the max-
imum expression flux, from 0.05 to 0.95. Since we were
investigating two production pathways, we sampled a
grid of 11 by 11 samples for a total of 121 combina-
tions of pathway expression levels. For each expression
combination, we solved ME-NLP for maximum growth
rate. Because the strain designs were growth-coupled,
we observed varying amounts of succinate production
(Fig. 4).

The ME model revealed trends in proteome re-
allocation with increasing product yield. Specifi-
cally, we traced the relative mass fraction of five pro-
teome sectors, by summing the product of translation
rate (mmol/gDW/h) with the protein molecular weight
(g/mol) over all proteins in each sector. The core pro-
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Table 2: Comparison of FVA in quad- and double-precision at maximum growth rate. Note that the flux units are in nanomoles/gDW/h.
Quad-precision Double-precision

Reaction Protein vmin (nmol/gDW/h) vmax (nmol/gDW/h) vmin (nmol/gDW/h) vmax (nmol/gDW/h)
translation b0169 RpsB 30.719225 30.719225 30.715011 30.712581
translation b0025 RibF 0.210161 0.210161 0.212807 0.211712
translation b0071 LeuD 0.303634 0.303634 0.303304 0.765585
translation b0072 LeuC 0.303634 0.303634 0.303304 0.681146
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Figure 4: Growth-coupled succinate production performance predicted by solveME. (A) Mass fraction of proteome sectors as a function of product
yield. (B) Product yield vs. maximum growth rate. (C) Product yield vs. product flux. Colors in (B) and (C) are proportional to the FRD fraction,
which is the mole fraction of translation flux to FRD vs. total flux to succinate production pathways (FRD and AceA).

teome and glucose-niche proteome sector definitions
were based on [14]. The core proteome mass fraction,
which is critical for cell growth under all conditions, de-
creased steadily with increasing product yield (Fig. 4A).
The niche proteome, which is required for growth on
specific environmental niches (in this case, glucose min-
imal medium), showed more variation with increasing
product yield. The two production pathway protein sec-
tors (frdABCD and aceA) increased with product yield,
as expected. Interestingly, the remaining (Other) pro-
teome increased in mass fraction up to four-fold, from
1.6% to 6.7%, as product yield increased. Therefore,
production pathway overexpression entailed a signifi-
cant proteomic cost.

At lower product yields, the molar ratio of frdABCD
vs. aceA translation rates varied strongly, such that only

one pathway was expressed at varying expression lev-
els. However, higher succinate yields were achieved
when both pathways were expressed simultaneously at
a relatively constant ratio (Fig. 4). This prediction is
consistent with experiments showing that simultaneous
expression of these two pathways (reductive TCA and
glyoxylate shunt) led to higher yields [15]. This ME
prediction is also distinct from metabolic reconstruc-
tions, which predict the highest yields from utilizing
only the most metabolically efficient pathway (i.e., re-
ductive TCA) [13]. The ME model also predicted that
product yield experiences diminishing returns with in-
creased product flux, and with decreasing growth rate
(Fig. 4B,C). Therefore, the ME model suggests that si-
multaneous expression of multiple pathways may im-
prove yield over a single metabolically efficient pathway
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when we account for pathway expression and proteome
reallocation requirements.

2.4. Simulation of growth on diverse media and gene
deletions

Our solution methods were tested on additional case
studies to highlight the potential of ME models for
metabolic engineering. First, we predicted the es-
sentiality of 1423 genes on glucose minimal medium
with 89.9% accuracy (73.5% precision, 50.5% recall,
96.8% specificity) (Table S1). We also predicted rela-
tive growth rates across carbon sources accurately. In
particular, using a growth rate-dependent protein-per-
RNA (P/R) ratio [1] led to the highest accuracy: Spear-
man rank correlation of 0.94 (p = 0.017), and Pear-
son correlation of 0.87 (p = 0.025) (Fig. 5). Using a
constant P/R ratio without hard uptake rate constraints,
or artificially constraining uptake rates, led to lower
accuracy (Fig. 5). We also observed that the growth
rate on L-proline was predicted better when proteome
limitation became the active constraint, rather than ar-
bitrary uptake rate constraints. Additionally, biomass
yield (grams dry weight per mmol substrate) was pre-
dicted accurately across eight carbon sources (Pearson
correlation: 0.94, p = 4.8 × 10−4) (Fig. S1, Table S2).

We also simulated growth on 333 different media,
each differing in a carbon, nitrogen, phosphorus, or sul-
fur source as in [14]. We then compared the predicted
mass fractions of the 1,423 proteins common between
our simulations and similar simulations performed on
the iOL1650 ME model in [14]. Overall, we observed
Pearson correlation of 0.68 (p < 10−15) and Spearman
rank correlation of 0.68 (p < 10−15). When considering
only the core proteome [14], we observed higher corre-
lation between the two models: Pearson correlation of
0.80 (p < 10−15) and Spearman rank correlation of 0.63
(p < 10−15) (Fig. 6). These results re-confirmed that
ME models (even reduced ones) accurately represent
the core proteome [14], which is critical for host cell
fitness and is thus important for metabolic engineering.

3. Discussion

Genome-scale models of metabolism and protein ex-
pression (ME models) [1, 2] have significantly ex-
panded the biological scope and predictive capabilities
of constraint-based modeling [16]. While predicting
microbial growth using genome-scale metabolic recon-
structions is now a computationally mature procedure
[17, 18, 19], growth maximization is a more difficult
nonlinear program in ME models. Furthermore, ME
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(proteome-limited growth) or constrained to −10 mmol/gDW/h. The
lines correspond to perfect agreement between measured and simu-
lated growth rates.

models are inherently multi-scale, as metabolic and pro-
tein expression processes operate at rates differing by
over 6 orders of magnitude. Thus, a major obstacle to
the widespread adoption of ME models has been the
complexity, speed and numerical reliability of simula-
tion [3]. In this paper, we developed a quad-precision

6



Figure 6: Proteome mass fraction comparision with the full (refer-
ence) ME model from [1]. The Pearson (r) and Spearman (rho) corre-
lation coefficients are shown for core and non-core proteome sectors,
as defined in [14]. Growth maximization simulations were performed
for 333 media conditions, each with a different C, N, P, or S source.
The reference protein mass fractions were obtained from [14].

nonlinear programming (NLP)-based solution method
exhibiting significant improvements in computational
speed and numerical reliability. The quad-precision
LP/NLP solver Quad MINOS (qMINOS) [4] was used
for this purpose. In addition, we developed quad-
precision flux variability analysis [7] for ME models
(varyME) using computationally efficient solver warm-
start techniques [8]. We also showed that our solution
methods were applicable to large-scale studies, includ-
ing growth simulation on over 300 different media, and
over 1400 gene deletion simulations.

With advances in ME solution methods enabling
rapid prototyping, we anticipate the acceleration of ME
model development for additional organisms, such as
phototrophs [20]. Development may be further facil-
itated by possible extension of model reduction tech-
niques [21] to ME models. Additionally, ME models
will become more accessible to metabolic engineers and
synthetic biologists, who have already stated the impor-

tance of proteome-accounting for improving strain de-
sign and optimization [22, 23].

To demonstrate the utility of ME models and our
solution methods for metabolic engineering, we ana-
lyzed growth-coupled succinate overproduction by E.
coli. Unlike metabolic reconstructions that predict max-
imal product yield when the most metabolically effi-
cient production pathway is used, the ME model pre-
dicted that simultaneous expression of multiple path-
ways led to the highest yields when proteome realloca-
tion requirements were considered. These predictions
were consistent with literature, where simultaneous ex-
pression of two succinate producing pathways led to in-
creased yield [15]. As shown here, ME models now en-
able genome-wide proteome-accounting for the simula-
tion and design of engineered strains. Thus, with their
improved predictive accuracy and expanded scope, ME
models will become increasingly valuable for metabolic
engineers. It will also be of interest to extend recent
developments in theory and algorithms for computer-
aided metabolic engineering, developed for metabolic
models [24, 25, 26], to ME models.

Looking forward, just as a phylogeny of in silico
methods has emerged around metabolic reconstructions
[27], we anticipate a similar expansion of ME modeling
applications and extensions in the near future.

4. Materials and Methods

All computations were performed on 2.70 GHz In-
tel(R) Core(TM) i7-4800MQ processors with 8 GB of
RAM and the Arch Linux operating system.

4.1. Solution of LP and NLP problems

Quad MINOS 5.6 (qMINOS) [4] was used to solve
the LP and NLP problems in quad-precision. All qMI-
NOS runs were performed with feasibility and optimal-
ity tolerances of 1e-15. To interface the Fortran-based
qMINOS shared library and custom Fortran source code
to the cobrapy [28] Python package, we used the f2py
[29] function in Numpy 1.8.1. Solution of ME mod-
els in double-precision was performed using IBM ILOG
CPLEX 12.6.0. Bisection was performed with the initial
interval [a, b] = [0, 2].

4.2. Software and data availability

The qMINOS solver is available for academic use
from the authors [4] upon request, as is the custom For-
tran code and the instructions for interfacing to cobrapy
[28] using f2py [29]. The quad-LP features of qMINOS
are available in the COBRA Toolbox [30, 31].
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To facilitate rapid algorithm testing throughout this
study, we used a reduced ME model developed sep-
arately by [32]. This model consists of 16,126 reac-
tions and 8,757 components (i.e., metabolic species or
macromolecules) and has a number of simplifications
compared to the full iOL1650 ME model of Escherichia
coli [1]. The model includes the majority of metabolic
and expression machinery processes, as well as core and
niche proteome genes needed for growth in diverse en-
vironments [14]. The full ME model by O’Brien et
al. [1] included growth rate-dependent cell wall dilu-
tion, which added a nonlinear constraint that was more
complicated than the bilinear constraints arising from
macromolecule dilution. This constraint is excluded in
the reduced model. Also excluded are explicit degra-
dation reactions for mRNA. The reduced ME model is
available from [32].
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