Mathematics Department Stanford University
Math 51H Final Examination, December 7, 2015

Solutions

Unless otherwise indicated, you can use results
covered in lecture and homework, provided they are clearly stated.

If necessary, continue solutions on backs of pages
Note: work sheets are provided for your convenience, but will not be graded

Question 7 is extra credit only! Work on it only if you are done with the other problems!
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1(a) (3 points): Find (with detailed proof!) det A, det B and det(AB) if

A=

0

0
B=

0

2

S W o O
O = N W
— N W

1 2 1 2
2 1 0 1
0 0]’ 00
00 00
Solution: The determinant of a matrix C with entries ¢;j isdet C' = ¢ (signo)coy1 - - - Copn,
where the sum is over permutations of {1,...,n}. This means that each summand takes one
entry from each column of C, and the entries corresponding to different columns must come
from different rows. In particular, in the case of A there are only two non-zero summands
when we take into account that the product vanishes if any factor vanishes. Indeed, the
only non-trivial summands are those with o satisfying o1 = 4, 0o = 3, and either o3 = 1
in which case g4 = 2, or 03 = 2 in which case 04 = 1. The sign of the first permutation,

(4,3,1,2) is —1, as the number of inversions is 2 + 2 + 1, and that of the second, (4,3,2,1)
is 1 as the number of inversions is 3 + 2 + 1. Thus,

detA=-2-3-1-14+2-3-2-2=6-3=18.

Since B is upper triangular, the only non-trivial summand corresponds to the identity
permutation (1,2,3,4) (namely we need o < k for all k, but the injectivity of o means
o = k in this case), which has no inversions, so has sign 1, and thus det B = +1-1-1-1 = 1.
Since det(AB) = det(A) det(B) for all matrices A, B, in this case we have det(AB) = 18 as
well.

(b) (3 points) Suppose A : V' — W is linear where V, W are finite dimensional real vector
spaces. Let N(A) = {x € V: Az =0} and R(A) = {Az : = € V} C W. Show that
dim N(A) + dim R(A) = dim V.

Note: If you want, you may use matrices, but be specific about the correspondence between matrices and
operators. Also, this problem works over any field.

Solution: First, N(A) is a subspace of V, and V is finite dimensional, so there is a
basis eq,...,er of N(A) (with possibly & = 0), and this can be extended to a basis
€1y y€hy€hily--- 6n Of V. We claim that Aegyq,...Ae, is a basis of R(A), which will
finish the problem since in this case dim R(A) =n — k, dim N(A) = k, dimV = n.

First, Aegy1,...Ae, span R(A) because any element y of R(A) is of the form y = Ax =
A5 cjej (using that eq, ..., e, is a basis of V), thus y = 37 ¢jAe; = 370 cjAey,
where the penultimate step used e; € N(A) for j < k, so Ae; = 0. Thus, Aegy,... Ae,
span R(A).

On the other hand, Aej1,... Ae, are linearly independent for if Z;L:k_H c;jAe; = 0 then

k

0=A37 icjej 50> 0 pycie; € N(A),s0 370 40 cjej =35 djej, s0 >0 cjej =0
if we let ¢; = —d; for j < k. But eq,...,e, are linearly independent by construction,
so ¢; = 0 for all j, and thus we conclude that Aej;q,...Ae, are linearly independent,

hence they give a basis for R(A), proving the claim, and thus completing the proof of
dim N(A) + dim R(A) = dim V.
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2 (a) (2% points): Suppose that f : R” — R and let a be a given point of R". Give the
proof that if there is p > 0 such that the partial derivatives D;f(x),j = 1,...,n exist for
||z — al| < p and are continuous at a, then f is differentiable at a.

Solution: As in lecture let h = (hi,...,hy,)" and define h; = (hy,...,h;,0,...,0) for
j=1,....n,and hg = 0. Then

fla+h) = fla) = (fla+hj) = fla+hj-1)) =Y h;iD;f(hj-1+0;hje;)

J=1 J=1

for some 6; € (0,1) by the mean-value theorem from 1-variable calculus. Thus for 0 <
||| < p we have

1f(a+h) = fla) =Y hiDifl@) =1 {L,j“(Djf(a + hj—1+0;hje;) — Djf(a))ll
j=1 Jj=1

< (Djfla+ hj1 + Oihje;) — Dif(a))]| — 0
j=1

as h — 0 because D; f(x) is continuous at x = a.

(b) (33 points): State (without proof) the Lagrange multiplier theorem, and use it (to-
gether with any other theorems from lecture that you need) to find a point where the
function zy + 22 takes its maximum subject to the constraint that z* 4+ y* + 2* = 1, and
justify your answer.

Note: Your discussion should include the reason that the maximum exists.

Solution: The Lagrange multiplier theorem states that if ¢1,...,gx are C! functions on
U C R” open, with linearly independent differentials on their joint zero set S = {x € U :
g1(r) = ... = gi(z) = 0} then at any critical point z of f|g for any C* function f : U — R,
there exists \; € R, j =1,...,k, such that Df(z) = Z§:1 AjDgj(x).

Let g(x,y,2) = 2+ y* + 2% — 1 defined on R3, and let S = {(z,9,2) : g(x,y,2) = 0}. If
(x,,2) € S, then z* + y* + 2* = 1 shows that z*,3*, 2* < 1 since all summands are non-
negative. Thus, |z|, |y|,|z| < 1, so S is bounded. On the other hand, the map g is C*°, so in
particular continuous, so g~*({0}) = S is closed since {0} C R is closed. Correspondingly
S is compact (as it is closed and bounded), so any continuous function, such as f|g, attains
its maximum and minimum on S.

We have g is C® and Dg(z,y,2) = (423,4y>,423), so the vanishing of Dg means z =
y = z = 0, and thus Dg does not vanish on S. Correspondingly, by the implicit function
theorem, S is a C* submanifold of R3. Further, any critical points p of f|g, which includes
all local maxima and minima, satisfy that D f(p) = ADg(p) for some A € R by the Lagrange
multiplier theorem. Since Df(x,y,2) = (y,z,322%), this means that y = 4 \z3, z = 4\y?,
322 = 4)\z3. If A = 0, this gives (z,y, z) = 0, but this is not in S, so to find critical points
of f|ls we may assume \ # 0. Substituting y from the first equation into the second gives
x = 256\*2?, so either x = 0 or 256\%2® =1, i.e. Az? = :I:i; it also gives y = (4 \z?)x = +ux,
so 2zt =1—2z%.

If x = 0, we have y = 0 as well, thus z = +1 on S, in which case by the third equation
3 = 4X\(£1)3, which has a solution A € R, thus (0,0,41) are critical points of f|s and
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f(0,0,1) =1, f(0,0,—1) = —1. Note that for a open set O containing (0,0,+1), such as
O = {(z,y,2): z>0},0on 0ONS we have z = +(1 — z* — y*)'/4, and thus f|s(z,y,2) =
ry £ (1 — 2% — y4)3/ 4 with the last term having vanishing first and second derivatives
by the chain rule. Thus, the quadratic approximation of f at (0,0,%1) is xy + 1, and
zy = 1((z+y)? — (z —y)?) is a quadratic form with mixed type (taking y = z gives a local
minimum, y = —z a local maximum), so these points are not local minima or maxima.

On the other hand, if \2? = :l:%, so x # 0, so 4\ = 22, the third equation gives 32% =
+23 /22 ie. 22(2432%) = 0,50 2 = 0 or z = +322%. Now if z = 0 (and x = +y), so 22* = 1 by
being on S, and thus z,y = £2- 14, so (271/4,271/4 (), (271/4, =214 0), (-2~ 1/4,271/40)
and (—2_1/4,—2_1/4,0) are critical points of f|g, and f(2_1/4,2_1/4,0) =212 <1 and
f(=2-V4 —2-1/4 ) = 2-1/2 < 1, while at the other two crititcal points the value is the
negative of these so > —1, so in view of f(0,0,+1), these are not maxima/minima of f.

It remains to consider z = +3x2, which gives 22* + 8128 = 1 by being on S, thus z* =
%27 V.gf"gl = & (—1+/82). Since 2% > 0, we must have the + sign in +, and thus z is
given by £ the 4th root of this, while 3 is +x. Since 9 < /82 < 10, we obtain a number
zt e (%, 8%), so z* < 1/2, and 1 — 22* > 0, hence there is a corresponding point z with
(z,y,2z) € S, namely z = £(1 — 2m4)*1/4. Rather than computing the values to find the
biggest one, note that when y = +x, z = +32%, f(x,y,2) = 22 £ 2725 which is the
largest for fixed |z| when all signs are +, and the smallest when all signs are —. Thus,
the maximum of f is attained at the point (z,z,32?) when z = :l:%(—l + 1/82)1/4 and the

minimum at (z, —z, —32?) when z = (-1 + V82)1/4,
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3(a) (3 points): Suppose (X,dx) and (Y,dy) are metric spaces (if you wish, you may
assume X C R", Y C R™ with the relative metric). Show that f : X — Y is continuous if
and only if for all U C Y open, f~}(U) = {x € X : f(x) € U} is open.

Solution: Suppose first that f is continuous, and let U C Y be open. Suppose x €
f71(U), i.e. f(x) € U. Then as U is open there exists ¢ > 0 such that B.(f(x)) C U, i.e.
dy (y, f(z)) < e implies y € U. But f is continuous, so there is § > 0 such that dx (z',z) < ¢
implies dy (f(z'), f(z)) < €. Correspondingly, if z’ € Bs(x) then f(z’) € B:(f(z)) C U,
and thus 2’ € f~1(U). Thus, Bs(x) C f~1(U). Since z € f~1(U) was arbitrary, this shows
that f~1(U) is open.

Conversely, suppose f : X — Y has the property that the inverse image under f of any
open set is open. If x € X and ¢ > 0, then B.(f(z)) is open in Y, and thus f~(B.(f(z)))
is open in X. Hence, as z € f~1(B.(f(z))) (since f(x) € B:(f(z))) there exists § > 0 such
that Bs(z) C f~1(B:(f(z))), i.e. if ' € Bs(x) then f(z') € B-(f(x)), i.e. if dx(z'z) < §
then dy (f(x'), f(x)) < €, which proves the continuity of f.

(b) (3 points) Assume sin x, cos x are defined as usual by the power series > > ((—1)" (92”72:;11)!
and Zfzo(—l)”% respectively. Then (i) prove % sinz = cosz and % cosz = —sinz,

and (ii) prove the identity sin(x + a) = sinx cos a + cos x sin a.

Hint for (ii): For fixed a define f,(x) = sin(z + a) —sin x cos a — cos x sin a and start by showing that
%fa(x)hzo =0foralln=0,1,2,....

Solution: (i) Both series have infinite radius of convergence (e.g., if = # 0 we have

|2 (A = 22/((2n + 3)(2n + 2)) — 0 as n — oo, so we have absolute conver-

(2n+3)!/ \ (2n+1)!
2n+1

gence of Zfzo(—l)"m for all = by the ratio test, and a similar argument holds for the

other series). By the relevant theorem from lecture we thus have that all derivatives of the

series exist and can be obtained by termwise differentiation, whence % sinz = cosx and

d
dzx

(ii) By the chain rule and (i), f/(z) = cos(z + a) — cosxzcosa + sinzsina, f)(x) =

—sin(z+a)+sinz cos atcoszsina = — fo(x), f)'(x) = — cos(z+a)+cosz cosa—sinzsina =

cosx = —sinx.

—fX(z) ..., and in general by induction fé%) (z) = (—1)¥(sin(z +a) — sinz cosa — cos x sin a)
and fé%ﬂ)(as) = (=1)*(cos(z + a) — coszcosa + sinzsina), so f,g%)(O) = (—1)*(sina —
0 —sina) = 0 and féQkH)(O) = (=1)*(cosa — cosa + 0) = 0, so in fact the Taylor se-
ries of f, is identically 0. Also |fC(Lk) (x)] < 3 for each k = 0,1,... and each = € R, so
RFmax |, <p \fék)(m)]/k' < 3RF/K! — 0 as k — oo, and hence for each R > 0 we have a
fixed M such that 3R* max|,|< g ]fék)(a:)\/k:' < M for each k = 0,1,2,... and hence by a
Theorem of lecture the Taylor series of f, converges to f, at every point of R. Thus, f, is
identically 0, which proves the claimed identity.
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4(a) (3% points): Find all eigenvalues and corresponding eigenvectors for the matrix

5 =2
—2

1
2
1 5

2
2
Solution: Let A be the matrix above. Eigenvalues of A are roots of the polynomial
det(A — A\I), and

5— A -2 1
det(A—AI)=det| -2 2—-X 2
1 25—\
=(5-N?2-XA)—4-4-8(B-N)—(2-))
=50 — 45X + 1202 = X3 — 50 + 9X = =A% 4 12X — 36\ = —A\(\ — 6),

so the eigenvalues of A are 0 and 6. The zero eigenspace is just the nullspace; for nicer
computations it is convenient to switch rows 1 and 3 then row reduce:

5 =2 1\rmmers /1 2 5 1 2 5 1 2 5

-2 2 2 -2 2 2|re—=re+2r1 [0 6 12 ro > 19/6 0 1 2

1 2 5 5 =2 1/r3—r3—5r1 \0 —12 —-24/r3+—1r3+2r5 \O 0 O
Thus, elements of the nullspace satisfy xo = —2x3 and 7 = —2x9 — b3 = —x3, so they

are of the form z3(—1,—2,1)", and thus the 0-eigenspace is Span(—1, —2,1)". On the other
hand, the 6-eigenspace is N(A — 61), so row-reducing A — 61 gives

-1 -2 1 -1 -2 1

-2 —4 2 Jor—>ro+42r 0 0 0

1 2 —1)rs—ry3+nr 0 0 O

so N(A — 61) consists of vectors with —x; — 2x9 + x3 = 0, i.e. x1 = —2x9 + 3, SO it is
Span((—2,1,0)",(1,0,1)"), with the two given vectors linearly independent in view of their
last two components.

(b) (13 points): Prove that the quadratic form Q(h) = 5h? — 4hihy + 2h3 + 2h1hs +
4hohs + 6h§ is positive definite.

Hint: compare @ with the quadratic form of the matrix in part (a).

Solution: Let @; denote the quadratic form of the matrix A above. Then Q(h) = Q1(h) +
h%. Now, as the eigenvalues of A are >0, Q1(h) > 0 for all h, and Q1(h) = 0 if and only if
h € N(A). Thus, Q(h) > 0 (as h3 > 0), and = 0 if and only if h € N(A) and hs = 0. But
by the above calculation the only element of N(A) with vanishing 3rd component is 0, so
@ is positive definite as claimed.
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5(a) (3 points): Suppose that {M,,}22, is a sequence with M,, > 0 for all n, and > > | M,
converges. Show that if {z,,}7°; is a sequence in a complete normed vector space (V/||.||)
(if you wish, you may take V' = R™ with the standard norm) and ||z, || < M, for all n, then

ZZOZI x, converges in V, i.e. limg oo Z’I:LZI xy, exists. (This is the Weierstrass M-test.)

Solution: Since ||z, | < M, for all n, >, ||z, || converges (in R) since it is a series with
non-negative terms, and its partial sums are bounded by those of Y >° | M, which are in
turn bounded by their limit, Y >° | M,.

Now, we claim that the partial sums s, = Y ,_; } form a Cauchy sequence in V. If we
show this, the completeness of V' implies that they converge, i.e. that Y 7, x) converges,
completing the proof.

But if n > m (with n < m following by relabelling, and n = m being automatic),

n n
lsn = smll =1 D all < > lall-
k=m-+1 k=m+1

On the other hand, if o, = Y _; ||, then on, — 00 = > p_, 1 [l2x]| as well. Since
{00}, converges, it is Cauchy, so given € > 0 there is N such that n,m > N implies
|or, —om| < e. Thus, for n,m > N, ||sp, — sp|| < |on —om| < €, proving the claimed Cauchy
property, and thus completing the proof.

(b) (8 points): Show that the series > "7, # cos(nz) converges uniformly to a C'! function

f(z) on [0,27] and f'(z) = — > 02| 5 sin(nx).

4sinnx, are C'. Next, the

Solution: First, observe that the terms of the series, f,(x) =n~
term-by-term differentiated series has terms g, satisfying |g,(z)| = [n=3sinnz| < 1/n3, so
sup |gn| < 1/n3. Let M, = 1/n3, so 322 | M,, converges. Thus by the Weierstrass M-test,
applied in C([0,27]) taking into account that C([0,2x]) is complete, > 7, g, converges
to some continuous function g uniformly (i.e. the partial sums so converge). Moreover,
|fo(x)] <n% and Y 0% | n=* also converges, so the Weierstrass M-test shows that > °° | f,,
converges to some continuous function f uniformly. Then by a homework problem, f is dif-
ferentiable and f’ = g; indeed, with Gy, = > 1| gny Fy = Yo', fn, we have F,, is C1 (the
sum is finite!) and Fy,(2) = Fn(0) + [ Fy, = Fin(0) + [ Gm; since lim F,,(0) = £(0), and
since Gy, — g uniformly so lim [ G, = [1 g, f(@) = lim Fy,(z) = lim F,, (0) +lim [ Gy =
f(0)+ foz g, and then by the fundamental theorem of calculus f is differentiable with deriva-
tive ¢ which is continuous, so f is C'!, with derivative g = Yo g == n~3sinna.
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6(a) (3 points): Suppose V is a finite dimensional real vector space, and eq, . .., e, is a basis
for V. Show that the linear maps f; : V — R, i =1,...,n, defined by fz(z Lajej) = a;
give a basis (called the dual basis) of V* = L(V,|R).

Solution: First, the maps f; are indeed linear, and they are linearly independent for if
Yoy cifi =0, then for any j, 0 = Y_I" | ¢;fi(ej) = ¢;, so the linear combination is trivial.
On the other hand, if £ € L(V,R), then

0 aje) = ajlle;) ny Zakek () = (D Llep) (D anew),
i=1 j=1 i=1 = P

so £ = Z?:l {(ej) f; is a linear combination of the f;, and thus the f; span V. Correspond-
ingly, fi,..., fn is a basis of V.

(b) (3 points): Suppose that A € L(V, V) is linear, V', etc., as above. Show that trace A =
>_j—1[fi(Ae;) is independent of the choice of the basis of V', and if A is symmetric, then
trace A is the sum of the eigenvalues of A, counted with multiplicity, i.e. if Ay,..., \x are
the distinct eigenvalues, then trace A = Z?Zl Ajdim N(A — \;1).

Note: fj(Ae;) is the jj entry of the matrix of A in the basis e1, ..., en, so the trace is the sum of the diagonal
entries of the matrix.

Solution: Consider a different basis ef, ..., e, of V, and write f{,..., f; for the dual basis.
Thus, writing e; = > _)_, ckjer, we have f/(e;) = /(o r_y crjer) = cij = Yop_y Cikfr(ej);
since this is true for all j, thus for all linear combinations of the e;, we have f/ = > "1 cir f-
Thus, fj(Aej) = fj(AY 11 crjer) = D p_q Ckjfj(Aer). Summing over j and interchanging

the two sums: .
ij (Aej) chkﬂfﬂ (Aep) = Zf (Aey,).
k=1

k=1 j=1

Since the two sides are exactly the expression of the trace in two arbitrary bases, we conclude
that the trace is defined independently of the choice of basis. If A is symmetric, there is an
orthonormal basis consisting of eigenvectors of A, say e1,...,e, with Ae; = pje;. Then by
definition of the trace, trace A = 3%, fj(uje;) = >0 pj, as claimed.
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7 (6 points extra credit only): Suppose a;,, > 0 for m,n > 1 integer. Show that the
set {3 (imn)ep @mn, B C Nt x N, B finite} is bounded above if and only if for each m,

S2°° | @mn converges and {SM_ S ... . M > 1} is bounded above. Show moreover
that in this case

sup{ Z amn, BCNT x Nt B ﬁnite} = i iamn,

(m,n)eB m=1n=1

where both sums on the right hand side converge, and

o0 o0 o0 [ee]

Z Zamn = Z Z Amn -

m=1n=1 n=1m=1
Solution: Suppose first that for each m, S°° | Gy, converges and {37 S q,,, :
M > 1} is bounded above. Let B be a finite set, and let M = max{m : In s.t. (m,n) € B}.
Then for each m, {n : (m,n) € B} is a finite set, and (as shown in lecture, or simply because
it is bounded by a partial sum which in turn is bounded by the limit of the series since the
terms are non—negative) Z{n: (m,n)eB} @mn < fozl mn, and thus summing over m,

M oo
Z amn—z Z amngzlz mnSSUP{ZZamni > }

(m,n)eB m=1{n: (m,n)eB} m=1n=1

giving the claimed boundedness of the set of finite sums, and more over that the sup of the
right hand side (set of finite sum of sums in n) is > the sup if the left hand side (set of
finite sums).

Conversely, suppose that {Z(m,n)eB Amn, B C NT xNT, B finite} is bounded above. Then

for each m, the set of partial sums 25:1 amn is bounded above since this is a special case
of the finite sums, with B = {(m,n) : n < N}, and thus, Y " | am, converges (a series
with non-negative terms converges if and only if the set of partial sums is bounded above).
Now, for any € > 0 and any m there is N,, such that | Y 7| ampn — Zg;nl Amn| < 27™e by
the definition of convergence. Thus, taking a finite sum in m:

M oo M Np, 1_9-m
DIDITHES 3D DD ) S S S e T
m=1n=1 m=1n=1 m=1 n=1

But B = {(m,n) : m < M, n < N,,}is a finite set, and > _ S Nm g, = 2 {(mn)eB} Gmns
thus we deduce that

M oo
ZZamng Z Amn + € < €+ sup{ Z amn, B C Nt x N*, B finite},

m=1n=1 {(m,n)eB} (m,n)eB

so the set of 2%21 >0 | Gmn is bounded above, procing the claimed equivalence of bound-
edness, and moreover that for any ¢ > 0,

00
SUP{Z Zamn M > 1} <e —|—Sup{ Z mn, B C Nt x N+, B ﬁnite}.
m=1n=1 (m,n)EB
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Since £ > 0 is arbitrary, we have wp{Z%zl > g t M >1} < SUP{E(m,n)eB Qmn, B C
N* x N*, B finite}.

Combining these two results, we have, when either of the equivalent conditions hold,
M oo
sup{ Z amn, B C NT x Nt B finite} = sup{z Zamn M >1}.
(m,n)eB m=1n=1

But as > o7, amn > 0 for all m, as proved in lecture/homework, > 77 | > Gy =
SUP{Z%ﬂ D net Gnn M 21}, s0

sup{ Z amn, BCNT xNT, B ﬁnite} = i iamn.

(m,n)eEB m=1n=1

Finally, notice that the role of m and n is interchangeable (e.g. define by, = amn; the set of
finite sums is unchanged under this switch, while the iterated sums reverse order), we have

[e.e] oo
Sup{ Z amn, BCNT xNT, B ﬁnite} = Z Z Amn-
(m,n)eB n=1m=1
Combining these two statements, we deduce that
o0 o0 o0 oo
)ID IS 3 Sy
m=1n=1 n=1m=1

as claimed.
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