MATH 215B HOMEWORK 5 SOLUTIONS

1. (10 marks) Show that the quotient map S* x S — S? collapsing the subspace
S1v St to a point is not nullhomotopic by showing that it induces an isomorphism
on Hy. On the other hand, show via covering spaces that any map S% — S x !
is nullhomotopic.
Solution

S1vStis a subcomplex of the CW-complex St x S, In particular, (S*x St, Stv
S1) is a good pair with S* x S1/S'v St = S2. This last fact is obvious considering
the representation of S x S1 as a square with sides identified, which makes St x S!
into a CW-complex with one 0O-cell, two 1-cells and one 2-cell. Let ¢ : ST x St — 52
be the quotient map. We look at the following piece of the long exact sequence for
this pair:

. — Hy(S'V SY) — Hy(S' x SY) 2% Hy(8%) — ...

St v St is a 1-dimensional CW-complex, so Ho(S* vV S') = 0 and therefore
¢« is injective. By example 2.36, Ho(S! x S1) = Z. Recall Hy(S?) = Z so q.
defines an injective map Z — Z. Thus g, can not be the zero map and so ¢ is not
nullhomotopic.

This is enough to show ¢ is not nullhomotopic, but the exercise says that g,
induces an isomorphism on Hs. This is true because the next terms in the long
sequence are Hy(S?) — Hi(S'V S') — Hy(S* x S1), where the second map is
induced by the inclusion. The inclusion is a cellular map, so we will look at the
map HEW (St v 81) — HEW (S x S'). This map takes the two 1-cells of S* v S*
to the two 1-cells of S' x S, so it is an isomorphism. Since maps induced by
cellular maps are natural with respect to the isomorphism of cellular homology and
singular homology, the map H;(S!V S') — H;(S! x S!) is an isomorphism. This
implies the map H2(S?) — H;(S! Vv S1) is the zero map (since the image must be
the kernel of the next), and therefore the image of g, is the kernel of the zero map,
that is, the whole Hy(S?).

Let p: R?2 — S' x S be the universal cover of S* x S'. Given a map f: S? —
St x S, we have f.(m1(S?,20)) = p«(m1(R?, 21)) for any zo € S? and x; € R? with
p(z1) = f(z0), since S? is simply-connected and R? is contractible. Therefore, f
has a lift g : S? — R? which is nullhomotopic because R? is contractible, hence f
is nullhomotopic.

2. (8 marks) Let f : S™ — S™ be a continuous map such that || f(p) —p|| < 1 for all
p € S™, where || || denotes the canonical norm in R"*!. Show that f is surjective.
Solution

f is homotopic to the identity by the following homotopy:

 tp+ (1 -1)f(p)
hi(p) = ltp+ (1 —1t) f(p)]|
1
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Clearly, hg = f and h; = 1 g». To check that it is well-defined, note that

lltp+ (1 =t)f()I| = |If(p) +tp — f()I|
> [f)l] = lltlp — f@)]

=1—tlp— fp)ll

>1—|lp— fo)ll

>1-1 by our hypothesis about f
=0

f is homotopic to 1, so deg f = 1.

If f were not surjective, then we could choose a point z € S™ — im(f); and
composing f with a deformation-retraction of S™ — x obtain a nullhomotopy of f.
So in this case f would have degree 0. But the degree of f is 1, so f must be
surjective.

3. A continuous map f : X — Y between CW complexes is called cellular if
f(X™ Cc Y™ for all n > 0, where X™, Y denote the n-skeleton of X and Y,
respectively.

(a) (4 marks) Show that f induces a map between the cellular chain complexes
of X and Y. Deduce from this fact that f induces maps in cellular homol-
ogy, fCW : HSW(X) — HEW(Y) for all k > 0.

(b) (8 marks) Show that this map is natural with respect to the isomorphism of
singular and cellular homology, that is, if @y : Hy(X) — HSW(X) is the
isomorphism given in the proof of theorem 2.35 in page 139 of Hatcher’s
book (or in class), then fEW dx = Oy f..

(¢) (6 marks) Using parts (a) and (b), and a suitable CW-structure on S™, show
that a reflection r : S — S™ across a hyperplane in R™*! that contains
the origin has degree —1.

Solution

(a) Recall that the cellular chain groups are defined as CFW (X) := Hy(X*, X*k=1).
f induces a homomorphism f, : Hy(X*, X*~1) — H,(Y* Y*~1) and we
will call it fg W This homomorphism commutes with the cellular boundary

maps:
COV(X)i= H(XH XA e ey (XF) T iy (XL XR2) = CE ()
| |
g™ lf* if* lf* Lrg"
\i 8 j A
CEW(Y) = Hy(YE Y1) —— H, (YY) —— H, (Y1 YF2) = CEW(Y)

The top and bottom rows are the cellular boundary maps. The horizontal
arrows are part of long exact sequences of pairs, and the two middle squares
commute because the long exact sequence of a pair is natural.

So we have induced homomorphisms fg W of cellular chain complexes.
Just as in simplicial or singular homology, this induces homomorphisms
FEW on cellular homology.



(b)
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Recall the diagram from page 139 of Hatcher:

/O
XnJrl) Hn(X)
\ Xn/
/ dn+1 \
Hn+1(Xn+1 Xn ( X” 1)

The maps labelled i and j come from inclusions of the form X" «— Xn+1
and (X", 0) — (X", X"~1) and the diagonals are short exact sequences of
pairs. The isomorphism between singular homology and cellular homology
is defined as follows: Starting with a class * € H,(X), there is a unique
preimage (under i) in H, (X"™*!). Choose one preimage of that in H, (X")
and call it y. Then j(y) € H,(X™, X" 1) is a cellular chain. Theorem 2.35
says that j(y) is in fact a cycle, so it determines a cellular homology class
[7()], and this class is unique despite the freedom we had in choosing y.
The homomorphism z — [j(y)] is the isomorphism between singular and
cellular homology.

Now since f is cellular, it restricts to maps of pairs f : (X?, X"71) —
(Y™, Y"~1) for all n, and all the maps in the above diagram are natural
with respect to the induced maps f.. In particular, we have a commutative
square:

H,(X") —— H,(X)

-

H,(Y") ——

If y € H,(X™) is a preimage of z € Hn(X)7 then f.(y) € H,(Y") is
a preimage of f.(z) € H,(Y). And by naturality of j, we have that
F(fs)] = [f«(Gw)] = f([i(y)])- So f« commutes with the isomorphism
between singular and cellular homology.

Given the reflection r, the points fixed by r is an equatorial (n — 1)-sphere.
For simplicity’s sake we will give it a structure with one 0-cell and one
(n — 1)-cell, attached by the unique map S"~! — . The remainder of S™
is two hemispheres which are n-cells, whose attaching maps are the identity
Sn=1 — S§7=1  Our cellular chain complex looks like this:

o022 -2 —-0—---—0—->2Z—0

Choosing generators for the cellular chain groups is the same as choosing
orientations on the cells. Let us choose orientations for the n-cells so that r
takes the orientation on one n-cell to the orientation on the other. And the
attaching maps of the n-cells are identical. We now know enough to write
down integral matrices for the homomorphisms in the following diagram,
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which displays the chain complex homomorphism 7.4:

(11)

0—>ZOL—>7—

The cycle (1,—1) € CS™ (S™) represents a generator of the homology, and
74 takes it to (—1,1). Therefore 7, : HSW (S™) — HZW (S™) is multiplica-
tion by —1. So r is of degree —1.

4. (12 marks) Show that H;(S™ — X) = H,,_;_1(X) when X is homeomorphic to
a finite connected graph. [First do the case that the graph is a tree.]
Solution

First we prove it when X is homeomorphic to a tree T' via a map h: T — X.
Since T is contractible, we need to show that H;(S™ — X) = 0 for all 4.

We will use induction on the number k of vertices of T. If £ = 0, then X =
D° and by proposition 2.B.1, f[l(S” — X) =0 forall &. If Kk =1, then X is
homeomorphic to D! and by proposition 2.B.1., H;(S™ — X) = 0 for all i. Now
assume the result is true for a tree with k vertices. If T is a tree with k4 1 vertices,
pick a vertex vy that has only one edge f coming out of it. This makes T =T"U f
where T” is a tree with k vertices, and 7" N f = vo. Let Y = h(T') and e = h(f).

We use Mayer-Vietoris with A = S"—e and B = S"—Y. Then ANB = 5" —h(vo)
and AUB = S"— X.

.= ~i+1(5" - h(’Uo)) — f[l(S” - X) — f[l(S” - e) D ﬁl(S” - Y) — ...

By the case k = 0, H;;1(S™ — h(v)) = 0 and by the inductive assumption and
k=1, H(S"—e)®H;(S"—Y) = 0. Therefore we have proved that H;(S"—X) =0
for any ¢ and for any X homeomorphic to a finite tree, as we wanted.

Now assume that X is homeomorphic to a finite graph G via a map h: G — X.
Let T be a maximal subtree of G. We will show the result by induction on the
number m of edges of G that are not on 7. If m = 0, then G is a tree and so the
result holds by our previous work.

Assume it holds for m, and let G be a graph with m+ 1 edges not in the maximal
subtree. Let f be one of those edges, so we can write G = G’ U f, and G’ is a graph
with m edges not in the maximal subtree and G’ N f is two vertices vy and vy (it
must be two since the maximal tree contains all the vertices). Let Y = h(G’),
e =h(f) and R = h(vo L vy).

By the induction hypothesis, H;(S"—Y) = H,,_;_1(Y) = Zr  ifn - ‘T 1=

P e 0 otherwise
because Y is a 1-dimensional complex and so it only has nonzero reduced homology
in dimension 1. In dimension 1, it is the abelianization of the fundamental group,
which is a free group of rank m, so it is the free abelian group of rank m. And so
S™ —Y only has nonzero reduced homology in degree i = n — 2.

Now we use Mayer-Vietoris with A = S™ —e and B = 5" —Y, so that AN B =
S*"— Rand AUB=5" - X.
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g ~i+1(Sn—€)@ﬁi+1(Sn—Y) — ~H_l(Sn—}%) — FI,(S“—X) — ﬁz(S"—e)GBﬁz(S"—Y) —

(ST~ R) — ...
Note that e is homeomorphic to a tree, so by the result for trees, this sequence
becomes simpler:

o= Hi 1 (S"=Y) — Hi 1 (S"—R) — H;(S"—X) — H;(S"~Y) — H;(S"—R) — ...
Note that R = h(voIlvy) = S, so by proposition 2.B.1, H;(S™— R) is isomorphic
to Z if i = n — 1 and 0 otherwise. So if i # n — 2, then H;;;(S™ — R) = 0. We
also have fIZ(S” —Y) = 0 by the induction hypothesis. Therefore, if i # n — 2,
Hi(S" - X)=0.
When i =n — 2,

L= ~n_1(S”—Y) — ~n_1(S"fR) — ~n_2(S"7X) — ~n_2(S"7Y) — ~n_2(S”—R) — ...

} H, 1(S"-Y)=0 and~ﬁn_2(5” —Y) = Z™ by induction hypothesis. But now
H,_1(S™— R)2Z, and H,_5(S™ — R) = 0. So we have a short exact sequence:

07— H, o(S" - X)—=Z" -0

Since Z™ is free abelian, this sequence splits, hence f]n_g(S” - X) = zmth
Therefore we have proved:

= om Zmtt ifi=n—2
Hi(S" - X) = { 0 otherwise
7Zmtl it —i—1=1

which is isomorphic to I:In_i_l(X) = { 0 otherwise

5. Let U(2) denote the group of all unitary 2 x 2 matrices over C and SU(2) the
subgroup of U(2) of unitary matrices with determinant one. We endow both sets
with the topologies induced by the inclusions SU(2) C U(2) c C* c R®.

(a) (5 marks) Show that SU(2) is homeomorphic to S3.
(b) (8 marks) Compute H,(U(2)).

Solution

(a) Consider a 2 x 2 complex matrix
a b
=t )

X is an element of SU(2) if and only if the following four conditions hold:
) jaf® + e[ =1
2) B> + |d]* = 1

)

)

ab+cd=0
ad —bc=1



MATH 215B HOMEWORK 5 SOLUTIONS

If we use (3) and (4) to eliminate the variable ¢, we obtain

a(lb? +|d?) = @

Applying (2), we find that d = @. Similarly, if we use (1), (3), and (4) to
eliminate d, we obtain ¢ = —b. So the elements of SU(2) are those matrices

of the form
a b
-b @

such that |a|? + |b|*> = 1. The map

C? — {2 x 2 matrices}
wn—( % 2)

is a homeomorphism onto its image, and so we see that SU(2) can be
identified with those vectors (a,b) € C? such that |a|? + [b|? = 1. In other
words, the unit sphere in €C? ~ R*. This is the 3-sphere.
A 2 x 2 matrix X belongs to U(2) if and only if X X* = 1, where X* is the
conjugate transpose. Thus if X is a unitary matrix, (det X)(det X) =1, or
in other words | det X|? = 1. So the determinant is a continuous map from
U(2) to the unit circle in C. Let S* denote this unit circle.

The determinant is also a group homomorphism from U(2) to the mul-
tiplicative group S'. The preimage det (1) is the kernel SU(2). And for
any e** € S', the preimage detfl(ei/\) is the coset

eik/Z 0
(%9 e )sU@

We may also write e?/2SU (2) to denote this coset. Multiplication by the
scalar matrix e~**/2 gives a homeomorphism between the coset and SU(2).

So we have a map det to S! and the preimage of every point is homeo-
morphic to SU(2) ~ S3. In fact, U(2) is homeomorphic to S x §3, but this
fact is not obvious. Instead of proving it, we will apply the Mayer-Vietoris
sequence.

Let A C U(2) be the preimage under det of the set {¢** € S! | —7 <
A <}, and let B be the preimage of {¢** € S' |0 < A < 27}. For every
X € A, there is a unique A € (—, ) such that det X = e}, and this A
varies continuously with X. So we can define

e—i)\t/Z 0
(X,t) — ( 0 o—iA/2 ) X

which gives us a deformation-retraction of A onto SU(2). Similarly, for
X € B there is a unique A € (0,27) such that det X = €™, and we can
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define

eit(rrf)\)/Z 0
(X, t) — 0 pitr—n/2 | X

which gives us a deformation-retraction of B onto the coset —SU(2).

The intersection A N B has two components: Let C' be the component
det ' ({e"* € S' | 0 < XA < 7}) and let D be the component det™'({e** €
S| m < X< 2r}). Just as with A and B, one can show that C' deformation-
retracts onto the coset iSU(2) and D deformation-retracts onto the coset
—iSU(2).

Now we have the following maps, all of which are isomorphisms:

H3(iSU(2))

|

H3(C)

(The diagram might not commute.) In order to apply Mayer-Vietoris, we
will need to know the degrees of these maps. First, let us choose a generator
of H3(SU(2)) ~ Z. Then let us choose the unique generators for the other
groups such that every map in the diagram except possibly the lower right
diagonal map takes a chosen generator to a chosen generator:

Hy(iSU(2))

ln

Hs3(C)
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Now let’s consider two homeomorphisms SU(2) — —iSU(2). We have
the map f which is multiplication by the scalar matrix e**/4; this induces
the composition of isomorphisms going counterclockwise around the dia-
gram, and it is degree 1. We also have the map g which is multiplication
by the scalar matrix e~"/%; this induces the composition of isomorphisms
going clockwise around the diagram. So g = e*3™/4e~" = fo —1, the com-
position of f with the antipodal map on SU(2) ~ S3. The antipodal map
on S? is degree 1, so g is degree 1 also.

Now we'’re ready for the Mayer-Vietoris sequence. One bit of it looks
like this:

The map in the middle is
1 1
-1 -1

70672 ——Z7Z

The map is of rank 1 and so the kernel and cokernel are both Z. The other
interesting bit of the (reduced) sequence looks like

0— Hy(U(2)) = Hy(ANB) — 0
so Hi(U(2)) ~ Hy(ANB) ~ Z.

Z fOI. 7/ = 0, 1,374
H;(U(2)) = { 0 otherwise



