HOMOTOPIC MAPS INDUCE CHAIN-HOMOTOPIC MAPS

Lemma 1. If f, g: X — Y are homotopic, then f; and g4 are chain-homotopic.

Proof. First we break A" x I = [vg,...,v,] X I into (n 4 1)-simplices.

Let v; = (v;,0) and w; = (v;,1). Then we claim that A" x [ = U[Uo, ey Uiy Wiy ey Wl
i=0

=0 =0

Any element of A™ x [ is of the form (Z tiv;, t) with Zti =1,allt;,>0and 0 <t < 1.

Since 0 <t < Z t;, there must be some j such that Z t; <t < Z t;.

i=0 i=j+1 i=j
Then consider the following element of [vg, ..., vj, wj, ..., wy]
7j—1 n n n
Ztﬂ]l—i-(ztl—t) Uj—i‘(t— ZQ) U)j"i‘ thwzz
i=0 i=j i=j+1 i=j+1

n

t— >t

i=j+1

'Uj‘l‘

-1
=0

(2”: tﬂ)i, t>
=0

n
So <Ztivi,t> € [vo,...,vj,wj,...,w,] and this proves A" x [ = U[vo, ey Uy Wiy ey W
i=0

1=0

z": t; —t
i=j

Uj—i— Zn: tiUi, [t— zn: tz‘

1=7+1 i=j+1

i=j+1

Let H: X x I — Y be such that Hy = f and H; = ¢g. Given o : A" — X let us abbreviate

H? = Ho (0 x 1j). Define
1
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P(O’) = Z(_1)iH[(?L-)O,...,v¢,wi,...,wn}

and extend it by linearity to a map P : C,(X) — Cpiq(Y).

n A n n+1
8P<O-) = Z(_]')Z Z(_1)]Hﬁ)o,...,@,.‘.,Ui,wi,...,’wn}+Z(_1)Z Z (_1)]H[[;O,...,vi,wi,.‘.,w/j,\l,‘..,wn] =
i=0 =0 i=0 j=i+1

We separate the first sum into two parts, when j7 = ¢ and when 57 < . We separate the
second sum into two parts, when j = ¢+ 1 and when 5 > ¢+ 1.

n n n

i+ z+] i+i+1
Z( 1) H[vo, 03, Wiy Wiy +ZZ Uo,..,@,..A,vi,wi,...,wn]+§ ( 1) H[vo, RRITRTIENN ,wn]+
i=0 i=1 j=0 i=0
n—1 n+l

(_1)i+chr o —

(V04 Vi Wiy W —T yev W]

i=0 j=i+2

Now note that the terms with 7 > 0 in the first summation H[v0 Bt emsi0m)]

are the same
except for the sign as the (i — 1)th term of the third summation —H, . Also
[00 sV 1, Wi 150 0yW

wa] = 9:(0 )andwhenz-nin

g

note that when ¢ = 0 in the first summation, we get H,

[UO wo,. .., W
the third summation, we get —Hf = = —fi(0).
n—1 n+1
'L+] R E ’L+J o —
+ § : 2 : [U07 e T 5oV Wiy Wi ] + z : [U07 VWi ey W1 yeeesWr]
i=1 j=0 =0 j=i+42

Make a change of variable k = j — 1 in the fourth summand:

n
—|— HJ _ _|- ”3 _
vo, 30 yeeyVi Wi yeess W] vo, < V3, Wi ooy W5y Wi |

1,1]0 ZOkz—l—l

n

We now compute P(0dc). Recall do = Z(_l)jg[vo,...,ﬁ},“.,vn}- Note that:
=0



HOMOTOPIC MAPS INDUCE CHAIN-HOMOTOPIC MAPS 3

H[C;O e sV s Wi yeees W3 5y Wiy ] if i < ]
Ho (U[vo,‘..,vAj,..‘,vn] X 11)[”0:"'7”i7wi,~..wn] = o yeens Uiy Wiseo oy Wy N
[’UO“"”&}7"'7Ui+17wi+17-~.,’wn] 1I 2 = J
Therefore:
- . n n—1
P((?G) = Z(_l)J (_1)zHﬁ)O,...,vi,wi,...,{v\j,...,wn]+Z(_]-)] Z(_1)1H[(:’07~--ﬂ7}7~~~,Uz‘+1,w¢+1,...,wn] —
J=1 i=0 =0 py

In the first summation, make k& = j and interchange the order of summation. Since: < j = k,
now k ranges between ¢+ 1 and n. In the second summation, make k£ = 741 and interchange
the order of summation. Since 7 <17, now j < k and j ranges between 0 and k£ — 1.

n k-1
z+k J+k 17
Z Z [vo, Uiy WiyeeeyWh gy Wr | + Z Z vo, 0 5oy Ve W e, Wi ]
1=0 k=i+1 k=1 5=0

Now note that the first summation is identical to the fourth summand of 0P(o) with opposite
sign, and the second summation is identical to the second summand of P (¢) with opposite
sign. Therefore:

0P(a) + P(90) = g;(0) — fy(0)

That is, OP + PO = gy — f;, which proves the lemma. 0J



