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Overview

e Mathematical and computational theory, and applications to combi-
natorial, non-convex and nonlinear problems

e Semidefinite programming
e Real algebraic geometry

e Duality and certificates

Topics
1. Convexity and duality

. Quadratically constrained quadratic programming

From duality to algebra

2

3

4. Algebra and geometry

5. Sums of squares and semidefinite programming
6

Polynomials and duality; the Positivstellensatz



2 Sum of Squares S. Lall, Stanford 2003.11.12.04

Discrete Problems: LQR with Binary Inputs

e linear discrete-time system x(t + 1) = Ax(t) + Bu(t) on interval
t=0... .. N

e objective is to minimize the quadratic tracking error

e using binary inputs

u;(t) € {—1,1} foralli=1,...,m, andt=0,...,N —1
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Nonlinear Problems: Lyapunov Stability

S. Lall, Stanford 2003.11.12.04

g 7 _ = N
4+ / - N -
3L A 4 5 TN \ i
Al £ / / _ \
/ 7 \

1 / - N \ _

- ol / / (o <

/ // -
1: l j | ’ i
| W _
\
4+ X =
) R NN —~, = = -



4 Sum of Squares S. Lall, Stanford 2003.11.12.04

Graph problems

Graph problems appear in many areas: MAX-CUT, independent set, cliques,
etc.

MAX CUT partitioning

e Partition the nodes of a graph in two disjoint
sets, maximizing the number of edges between

sets.

e Practical applications (circuit layout, etc.)

e NP-complete.

How to compute bounds, or exact solutions, for this kind of problems?
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polynomial programming

A familiar problem

minimize fo(x)
subject to fi(x) <0
hz(az) =0

S. Lall, Stanford 2003.11.12.04

foralli=1,...,m

forallz=1,...,p

objective, inequality and equality constraint functions are all polynomials
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polynomial nonnegativity

first, consider the case of one inequality; given f € R|x{, ..., zy]

does there exist € R" such that f(z) <0

e if not, then f is globally non-negative

f(z) >0 forall z e R"

and f is called positive semidefinite or PSD
e the problem is NP-hard, but decidable

e many applications
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certificates

the problem

does there exist x € R" such that f(x) < 0

e answer yes is easy to verify; exhibit x such that f(z) < 0

e answer no is hard; we need a certificate or a witness
I.e, a proof that there is no feasible point
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Sum of Squares Decomposition

if there are polynomials g1, ..., g9s € R|xq,..., x| such that
S
2
flx) = Z g; ()
1=1

then f is nonnegative

an easily checkable certificate, called a sum-of-squares (SOS) decomposi-
tion

e how do we find the g;

e when does such a certificate exist?
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example

we can write any polynomial as a quadratic function of monomials

f= Ag? -+ 4x3y — 7:1:23/2 — 2:Uy3 -+ 1Oy4

277 [ 4 2 ] [2?]
= |2y 2 =T7T+2\ —1| |xy

v [-A -1 10 %]
= 1Q\)z

which holds for all A € R

if for some \ we have QQ(\) = 0, then we can factorize QQ(\)
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example, continued

e.g., with A = 6, we have

4 2 —06] 0 2
on=1| 2 s5-1|=12 1 [g f_;]
—6 —1 10| |1 -3
SO
21 0 2 Ea
0 2 1
f=lzy 2 1 Ty
) 2 13| |79
K/ ] Y
B 2xy+y2 2
227 + 2y — 3y?

— (Qxy -+ y2)2 + (2x2 + xy — 3y2)2

which is an SOS decomposition
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sum of squares and semidefinite programming

suppose f € Rlxy,...,xy], of degree 2d

let 2 be a vector of all monomials of degree less than or equal to d

f is SOS if and only if there exists () such that

Q=0
f:zTQz

e this is an SDP in standard primal form

e the number of components of z is (n;d)

e comparing terms gives affine constraints on the elements of ()
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sum of squares and semidefinite programming

if () is a feasible point of the SDP, then to construct the SOS representation
factorize () = VVT, and write V' = [vl . vf,a], so that

f=2vvl;
= [V 2|

=D (17 2)°
i=1

e one can factorize using e.g., Cholesky or eigenvalue decomposition

e the number of squares r equals the rank of ()
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example

f =2z + 207y — 2%y* + 5y

o0 T - e o
217 [qi1 qi2 i3] [2?
= | Y d12 422 423 Ty
2 a3 o3 as3] |y

4 5 9 4
= gzt + 2q102°y + (qo2 + 2q13)2%y* + 2q032Y° + ¢33y

so f is SOS if and only if there exists () satisfying the SDP

Q>0 q11 = 2 2q19 = 2
2q12 + g9 = —1 2¢o3 = 0
q33 =
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convexity

the sets of PSD and SOS polynomials are a convex cones; i.e.,

fy9 PSD — Af 4 pg is PSD for all A, > 0

let P, 4 be the set of PSD polynomials of degree < d
let 2, 4 be the set of SOS polynomials of degree < d

e both P, yand X, 4 are convex cones in RN where N = (n;d)

o we know X, 4 C P, 4, and testing if f € P, ;is NP-hard

e but testing if f € X, ;is an SDP (but a large one)
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polynomials in one variable

if f € Rz, then f is SOS if and only if f is PSD

example

all real roots must have even multiplicity, and highest coeff. is positive

=29 —102° + 512" — 1662° + 3422° — 400z + 200
= (z—2*(x — 2+1) (z — 2 —19)(z — (1 +30) (z — (1 — 3))

now reorder complex conjugate roots

= (z—2)*(z — 2+1) (z — (1 +30) (z — (2 — 1)) (z — (1 — 34))
= (z — 2)2((:1:2 —3x — 1) —i(dx — 7)) ((a:2 —3x — 1) +1(dx — 7))
= (x — 2)2((:1:2 — 3z —1)° + (4o — 7)2)

so every PSD scalar polynomial is the sum of one or two squares
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quadratic polynomials

a quadratic polynomial in n variables is PSD if and only if it is SOS

because it is PSD if and only if
f=azlQu
where () > 0

and it is SOS if and only if
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some background

In 1888, Hilbert showed that PSD=SO0S if and only if

e d =2, i.e., quadratic polynomials

e n =1, i.e., univariate polynomials

e d=4,n=2,i.e., quartic polynomials in two variables
N2 4 6 8

yes yes yes yes

yes yes no no

yes no no nho
yes no no nho

S~ 0N =

e in general f is PSD does not imply f is SOS

S. Lall, Stanford 2003.11.12.04
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some background

e Connections with Hilbert's 17th problem, solved by Artin: every PSD
polynomial is a SOS of rational functions.

e If fis not SOS, then can try with gf, for some g.

e For fixed f, can optimize over g too

e Otherwise, can use a “universal’ construction of Pdlya-Reznick.

More about this later.
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The Motzkin Polynomial

A positive semidefinite polynomial,

. s
Winggy
that is not a sum of squares. i
. 7
‘\j‘ ‘ S O I U O O 0020 2 25225257
2,4 42 2.2 o\ Sk
_ _ 7 W\ ' CSOLIKL
M(x,y) =xy" + 2"y +1—3z%y AW A
/7 ! % "‘ 'l"'l""ll
- L\ XN
\ N"/I[,,';l

e Nonnegativity follows from the arithmetic—gyeometric inequality
applied to (z%y?, z*y?, 1)

e Introduce a nonnegative factor % + y* + 1
e Solving the SDPs we obtain the decomposition:

(2% +y* + 1) M(z,y) = (2%y — y)* + (xy* — 2)* + (2%y* — 1)*+

| 5
+ i(afy3 — 27y)? + Z(CUCUS + a3y — 2ay)?
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The Univariate Case:

f(x) = ao+a1x+a2x2+a3x3+---+a2dx2d
T - o - -
1 q00 901 - -- 9od 1

_ | * q01 4911 --- 4914 L
2 | aad @ - qaa ]| [ 2]
d .

-3 (3 )
=0 Njtk=i

e In the univariate case, the SOS condition is exactly equivalent to non-
negativity.

e The matrices A; in the SDP have a Hankel structure. This can be
exploited for efficient computation.
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About SOS/SDP
e The resulting SDP problem is polynomially sized (in n, for fixed d).

e By properly choosing the monomials, we can exploit structure (sparsity,
symmetries, ideal structure).

e An important feature: the problem is still a SDP if the coefficients of
F" are variable, and the dependence is affine.

e Can optimize over SOS polynomials in affinely described families.

For instance, if we have p(z) = po(x) + api(x) + Bpa(x), we can
“easily” find values of «, 3 for which p(x) is SOS.

This fact will be crucial in everything that follows. . .
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Global Optimization

Consider the problem

with

min f(z, y)

S. Lall, Stanford 2003.11.12.04

f(x,y) = dr® — Zpt 4 220 4y — 42 + 4t

e Not convex. Many local minima. NP-hard.
e Find the largest v s.t. f(x,y) — v is SOS
e Essentially due to Shor (1987).

e A semidefinite program (convex!).

e |f exact, can recover optimal solution.

e Surprisingly effective.

Solving, the maximum -y is -1.0316. Exact value.
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Coefficient Space

S. Lall, Stanford 2003.11.12.04

Let fo5(z) = 2* + (o + 38)2° + 2B2° — ax + 1.
What is the set of values of (o, 3) € R? for which fap is PSD? 5057

To find a SOS decomposition:

fa,ﬂ(x>

T

' q11 912 q13 |
d12 422 423

413 923 933

q11 + 2q127 + (g2 + 2q13)7

2

1 — ax + 262 + (a + 38)2° + =

4
+ 2q032° + q33

The matrix () should be PSD and satisfy the affine constraints.



S. Lall, Stanford 2003.11.12.04

24 Sum of Squares

The feasible set is given by:
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What is the set of values of (o, 3) € R? for which Jas PSD? 5057

Recall: in the univariate case PSD=SQ0S, so here the sets are the same.

36 a° b+4 a%+192 a?+576 a b-512 b%+...-288 b° = 0
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Defined by the curve: 2883° — 36028 + 1164a3* + 19313* — 1320333 + 10360283 + 1956033 — 259233 — 1120432 +

4320332 4+ 11920232 — 1728032 + 51232 — 360° 3 + 72048 + 36008 — 576023 — 57603 — 408 + 600 — 19202 — 256 = 0
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Lyapunov Stability Analysis

S. Lall, Stanford 2003.11.12.04

u=-3x+y

To prove asymptotic stability of # = f(z), 1,7 2 R =
/ S
z: 3 , g - \\ \\
— \
V(ir) >0 x#£0 B 2N i

<0, x#0 TEINN

e For linear systems = =

! Py

P >0,

Az, quadratic Lyapunov functions V(z) =

AP+ pPA <.

o With an affine family of candidate polynomial V', V is also affine.

e Instead of checking nonnegativity, use a SOS condition.

e Therefore, for polynomial vector fields and Lyapunov functions, we can
check the conditions using the theory described before.
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Lyapunov Example

A jet engine model (derived from Moore-Greitzer),

with controller:

| 359 14
r = —y 2:13 2:1:
Yy =3r—y

Try a generic 4th order polynomial Lyapunov function.

Vie,y) = D cpaly
0<j+hk<4

Find a V(z,y) that satisfies the conditions:

o V(x,y)is SOS.

o —V(x,y)is SOS.
Both conditions are affine in the c;.. Can do this directly using SOS/SDP!
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Lyapunov Example

After solving the SDPs, we obtain a Lyapunov function.

5

S. Lall, Stanford 2003.11.12.04
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V = 4.58192% — 1.5786zy + 1.7834y* — 0.127392° + 2.5189z%*y — 0.34069x7°
+0.61188y> +0.47537x* — 0.05242423y +0.4428922y* +0.0000018868zy° 4+ 0.090723y*
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Lyapunov Example

Find a Lyapunov function for

t=—c+(1+2)y
y=—(1+2x)x.

we easily find a quartic polynomial

Viz,y) = 62> — 2xy + 8y° — 2y° + 3z + 62°y° + 3y

Both V(z,y) and (=V(z,vy)) are SOS:

-T r

T 6 —1 00 O x . T 10 1 -1 | .
Y -1 8 00 —1 Y 1 92 1 -2 y
V(z,y)= | 2? 0 030 0]/ a? —V(z,y) = 52 Ll olls
Ty 0O 006 O Ty - 1 -2 0 6 -
y? 0 -1 00 3|/ Y Y

The matrices are positive definite, so this proves asymptotic stability.



30 Sum of Squares S. Lall, Stanford 2003.11.12.04

Extensions
e Other linear differential inequalities (e.g. Hamilton-Jacobi).

e Many possible variations: nonlinear ‘H, analysis, parameter depen-
dent Lyapunov functions, etc.

e Can also do local results (for instance, on compact domains).

e Polynomial and rational vector fields, or functions with an underlying
algebraic structure.

e Natural extension of the LMIs for the linear case.
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Example

L1L2

minimize

x1 >0
xo >

subject to

<1
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e The Lagrange dual function is

—i AN

if Ay >

otherwise, except bdry




32 Sum of Squares S. Lall, Stanford 2003.11.12.04

Example, continued

The dual problem is
maximize  g(\) o
subject to A >0 l
Ao >0 s
1 125
Aa > —
7=

e By symmetry, if the maximum ¢(\) is attained, then A\ = X9 at
optimality

e The optimal g(\*) = —% at A* = (0,0, %)

e Here we see an example of a duality gap; the primal optimal is strictly
greater than the dual optimal
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Example, continued

It turns out that, using the Schur complement, the dual problem may be

written as
maximize Y
27 —2X3 A\ A9 |
subject to A1 203 1 [ >0
I A9 1 2A3
)\1 > ()
)\2 > ()

We'll see a systematic way to convert a dual problem to an SDP, whenever
the objective and constraint functions are polynomials.
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The Dual is Not Intrinsic

e The dual problem, and its corresponding optimal value, are not prop-
erties of the primal feasible set and objective function alone.

e Instead, they depend on the particular equations and inequalities used

To construct equivalent primal optimization problems with different duals:
e replace the objective fy(x) by h(fo(x)) where h is increasing
e introduce new variables and associated constraints, e.g.

minimize (1 — :L’2)2 + (22 — 553)2

is replaced by

minimize (1 — 5132)2 + (74 — x3)2

subject to r9 = T4

e add redundant constraints
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Example
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Adding the

L1L2

minimize

x1 >0

subject to

x9 > (

<1

2
2

3 4 @

r1T9 > 0

Clearly, this has the same primal feasible set and same optimal value as

before
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Example Continued

The Lagrange dual function is

S. Lall, Stanford 2003.11.12.04

g()\) — Hxlf (:Clllj‘g — )\15131 — )\2332 + )\3(513% + ZC% — 1) — )\451315132)

2

1
~A3— 3

T

1 —M 23

203 1 — )\4-

—1

if 203 > 1 — Ay

otherwise, except bdry

e Again, this problem may also be written as an SDP. The optimal value
is g(A\*) =0 at \*=(0,0,0,1)

e Adding redundant constraints makes the dual bound tighter

e This always happens!
inequalities.

Such redundant constraints are called valid



37 Sum of Squares S. Lall, Stanford 2003.11.12.04

Constructing Valid Inequalities

The function f : R" — R is called a valid inequality if

f(x) >0  for all feasible x

Given a set of inequality constraints, we can generate others as follows.
(i) If f{ and f5 define valid inequalities, then so does h(x) = fi(z)+ fa(x)
(ii)) If f1 and fo define valid inequalities, then so does h(z) = fi(x) fo(x)
(iii) For any £, the function h(z) = f(z)? defines a valid inequality

Now we can use algebra to generate valid inequalities.
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Valid Inequalities and Cones

e The set of polynomial functions on R" with real coefficients is denoted
Rlzy, ...,y

e Computationally, they are easy to parametrize. We will consider poly-
nomial constraint functions.

A set of polynomials P C R|xq,...,xy,] is called a cone if
(i) f1 € Pand fy € Pimplies fifo € P

(i) fi € Pand fy € P implies f{ + fo € P

(iii) f € Rlzy,...,zp] implies f2 € P

It is called a proper cone if —1 ¢ P

By applying the above rules to the inequality constraint functions, we can
generate a cone of valid inequalities
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Algebraic Geometry

There is a correspondence between the geometric object (the feasible
subset of R™) and the algebraic object (the cone of valid inequalities)

This is a dual relationship; we'll see more of this later.
The dual problem is constructed from the cone.

For equality constraints, there is another algebraic object; the ideal
generated by the equality constraints.

For optimization, we need to look both at the geometric objects (for
the primal) and the algebraic objects (for the dual problem)
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Cones

e For S C R", the cone defined by S is

C(S):{fE]R[:El,...,xn]|f(x)20fora|lx€5}

e |f P; and P, are cones, then sois P| N P

e A polynomial f € Rlxy,...,xzy| is called a sum-of-squares (SOS) if

r

flz) =) si(z)’

1=1

for some polynomials sq,...,s, and some r > 0. The set of SOS
polynomials X is a cone.

e Every cone contains 2.
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Cones

The set monoid{fi,..., fm} C Rlzy,...,z,] is the set of all finite
products of polynomials f;, together with 1.

The smallest cone containing the polynomials f1,..., fy, is
r
cone{fi,..., fm} = {257;% | 50, ..., 8 €2,
1=1

g; € monoid{fi,..., fm} }

cone{f(,..., fm} is called the cone generated by f1,..., fm
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Explicit Parametrization of the Cone

e If f1,..., f;, are valid inequalities, then so is every polynomial

in cone{ fi,..., fm}

e The polynomial h is an element of cone{ f1, ..., fi,} if and only if
h(z) Jrz:sZ Vil@) + ) rij(a) filx) fi(a) + ...
17]

where the s; and r;; are sums-of-squares.
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An Algebraic Approach to Duality

Suppose f1, ..., fm are polynomials, and consider the feasibility problem

does there exist £ € R" such that

filx) >0  forallz=1,....,m

Every polynomial in cone{ f1, ..., fi;u} is non-negative on the feasible set.

So if there is a polynomial ¢ € cone{ f1, ..., fi} which satisfies
glr) < —e <0  forallz e R"

then the primal problem is infeasible.
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Example
Let's look at the feasibility version of the previous problem. Given ¢t € R,
does there exist z € R? such that
r1r9 <1
x% + x% <1
x1 > 0
xo >

Equivalently, is the set .S nonempty, where

S:{xERn]fi(:c)ZOforallizl,...,m}

where

— 27 — 25

fi(z) =t — 2129 fo(x)
f3(z) = 21 fa(z)

1
L2
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Example Continued

Let q(z) = fi(x) + %fg(x). Then clearly ¢ € cone{ fy, fo, f3, f4} and

¢(z) =t — 2129 + 3(1 — 2% — 23)

So for any t < —l the primal problem is infeasible.

This corresponds to Lagrange multipliers (1, ) for the thm. of alternatives.

Alternatively, this is a proof by contradiction.

o If there exists = such that f;(x) > 0 for ¢ = 1,...,4 then we must
also have g(x) > 0, since g € cone{f1,..., f1}

e But we proved that ¢ is negative if ¢ < —%
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Example Continued
We can also do better by using other functions in the cone. Try

q(z) = filz) + f3(x) falz)
=

giving the stronger result that for any ¢ < 0 the inequalities are infeasible.

Again, this corresponds to Lagrange multipliers (1,1)

e |n both of these examples, we found ¢ in the cone which was globally
negative. We can view ¢ as the Lagrangian function evaluated at a
particular value of A

e The Lagrange multiplier procedure is searching over a particular subset
of functions in the cone; those which are generated by /inear combi-
nations of the original constraints.

e By searching over more functions in the cone we can do better
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Normalization
In the above example, we have
q(x) =t + 5 — 5(x1 + 22)°
We can also show that —1 € cone{fq,..., fi4}, which gives a very simple

proof of primal infeasibility.

Because, for t < —%, we have

2
—1 = apq(z) + a1(z1 + 22)
and by construction ¢ is in the cone, and (21 + 23)? is a sum of squares.

Here ag and aq are positive constants

_9 1
awp=——  a]=——-
0= or+1 L= 5



48 Sum of Squares S. Lall, Stanford 2003.11.12.04

An Algebraic Dual Problem

Suppose f1,..., fm are polynomials. The primal feasibility problem is

does there exist x € R" such that
filx)>0 foralli=1,...,m

The dual feasibility problem is

ls it true that — 1 € cone{fy,..., fin}

If the dual problem is feasible, then the primal problem is infeasible.

In fact, a result called the Positivstellensatz implies that strong duality holds
here.
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Interpretation: Searching the Cone

e Lagrange duality is searching over linear combinations with nonnega-
tive coefficients

>\1f1‘|‘"“|‘>\mfm

to find a globally negative function as a certificate

e The above algebraic procedure is searching over conic combinations

_l_ZSZ ) fi(x ‘|‘ZT7,] ()"‘

i#]

where the s; and r;; are sums-of-squares
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Interpretation: Formal Proof

We can also view this as a type of formal proof-

o View f1,..., i are predicates, with f;(x) > 0 meaning that x satis-
fies f;.

e Then cone{fi,..., fim} consists of predicates which are logical con-
sequences of f1,..., fm.

e |f we find —1 in the cone, then we have a proof by contradiction.

Our objective is to automatically search the cone for negative functions;
I.e., proofs of infeasibility.
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Example: Linear Inequalities

Does there exist £ € R" such that
Az >0
L'z < —1

.
gl

Write A in terms of itsrows A = | : |,

| i

then we have inequality constraints defined by linear polynomials

fi(x) a;-rx fori=1,...,m
fmt1(x) = —1— '
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Example: Linear Inequalities

We'll search over functions ¢ € cone{f1,..., fi,+1} of the form

q(z) =Y Nifi(@) + e (@)
1=1

Then the algebraic form of the dual is:

does there exist A; > 0, u > 0 such that
q(x)=—1  forall x

if the dual is feasible, then the primal problem is infeasible
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Example: Linear Inequalities

The above dual condition is

A Az + pu(—1 — ! )= —1 for all
which holds if and only if AL\ = yc and p = 1.

So we can state the duality result as follows.
Farkas Lemma
If there exists A € R"* such that
Ty _
A" A =c and A >0
then there does not exist £ € R" such that

Az >0 and e < —1

S. Lall, Stanford 2003.11.12.04
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Farkas Lemma

Farkas Lemma states that the following are strong alternatives

(i) there exists A € R" such that ATA =cand A >0
(i) there exists € R” such that Az > 0 and ¢!z < 0

Since this is just Lagrangian duality, there is a geometric interpretation

(i) cis in the convex cone .

(AT A >0}

(i) z defines the hyperplane C- aq

{yeR" |y z=0} |

which separates ¢ from the cone
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Optimization Problems

Let's return to optimization problems instead of feasibility problems.

minimize  fy(x)

subject to  fi(x) >0  foralle=1,....m

The corresponding feasibility problem is

foralli=1,...,m

One simple dual is to find polynomials s; and r;; such that

m

t— fol)+ > si(x)fil@) + > rijl@) fi(z) fi(z) + ...

i=1 i)

is globally negative, where the s; and r;; are sums-of-squares
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Optimization Problems

We can combine this with a maximization over ¢

maximize t
subject to ¢ — fo(z) + )_ sif) i)+
i=1
> () fila) fi(x) <0 forall 2
i=1 j=1

Si,Tij are sums-of-squares

e The variables here are (coefficients of) the polynomials s;, r;

e We will see later how to approach this kind of problem using semidef-
Inite programming
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equality constraints

consider the feasibility problem

does there exist £ € R" such that

filx)=0 foralli=1,...,m

the function f : R" — R is called a valid equality constraint if

f(x) =0  for all feasible x

given a set of equality constraints, we can generate others as follows
(i) if f1 and fo are valid equalities, then so is f1 + fo
(ii) for any h € Rlzy,...,xzy), if fis a valid equality, then so is hf

using these will make the dual bound tighter
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ideals and valid equality constraints

a set of polynomials I C R|x1,...,xy| is called an ideal if

(i) fi+foelforall fi,foel
(i) fhelforall felandheR|xyq,...,x,

e given f1,..., fm, we can generate an ideal of valid equalities by re-
peatedly applying these rules

e this gives the ideal generated by f1,..., fm,

m
ideal{f1,..., fm} = {thfz | h; ER[lea"')xn]}
1=1

written ideal{ f1, ..., f;n}, or sometimes (f1,..., fm).
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generators of an ideal

e every polynomial in ideal{ fi, ..., fin} is a valid equality.

e ideal{f(,..., fn} is the smallest ideal containing f1,..., fm.

e the polynomials fy,..., f;;, are called the generators, or a basis, of
the ideal.

properties of ideals
e if I{ and Iy are ideals, then so is 11 N I

e an ideal generated by one polynomial is called a principal ideal
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Feasibility of Semialgebraic Sets

Suppose S is a semialgebraic set represented by polynomial inequalities and

equations

S:{xERn\fi(x)ZO, hj(:v):()forallizl,...,m,jzl,...,p}

we'd like to solve the feasibility problem

Is S non-empty?

e |mportant, non-trivial result: the feasibility problem is decidable.
e But NP-hard (even for a single polynomial, as we have seen)

e We would like to certify infeasibility
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The Real Nullstellensatz

Recall X is the cone of polynomials representable as sums of squares.

Suppose Ay, ...,y € Rz, ..., xp].

—1eY+ideal{hq,..., hm} — Ve{hi, .. hm} =0

Equivalently, there is no x € R" such that
hi(x) =0  foralli=1,...,m
if and only if there exists £, ...t € Rlxq,...,zy] and s € X such that

—1=s5+t1hy + - +tmhm
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Example

Suppose h(z) = z° + 1. Then clearly Vp{h} = (

We saw earlier that the complex Nullstellensatz cannot be used to prove

emptyness of Vp{h}

But we have
—1=s+th

with
s(z) =z and  t(z)=—1

and so the real Nullstellensatz implies Vp{h} = 0.

The polynomial equation —1 = s 4 th gives a certificate of infeasibility.
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The Positivstellensatz

We now turn to feasibility for basic semialgebraic sets, with primal problem

Does there exist € R" such that
filx)>0 foralli=1,...,m
hi(x)=0  forall j=1,...,p

Call the feasible set S recall

e every polynomial in cone{fi,..., f;} is nonnegative on S

e every polynomial in ideal{hy, ..., hp} is zero on S

The Positivstellensatz (Stengle 1974)

S

0

<~

—1 € cone{fi,..., fm} +ideal{hy,... hp}
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Example

Consider the feasibility problem S

S={(r,y) eR’| flw,y) > 0,h(z,y) =0} |

where N
fla,y) =z —y* +3 i
hz,y) =y + 2> +2 B

By the P-satz, the primal is infeasible if and only if there exist polynomials
s1,89 € X and t € R|x, y| such that

—1=s1+3s9f +1th

A certificate is given by

—_

51:%+2(y+%)2+6(:€—6)2, so =2, t=—0.
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Explicit Formulation of the Positivstellensatz

The primal problem is

Does there exist € R" such that
filx)>0 foralli=1,...,m

hi(z) =0 forall j=1,...,p

The dual problem is

Do there exist t; € R|xq,...,xy] and s;, T'ijs--- € 2 such that
—1=> hiti+so+ Y _sifi+ Y _rijfifj+--

These are strong alternatives
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Testing the Positivstellensatz

Do there exist ; € R[w1,...,xy) and 54,74, ... € X such that
—1=> tihi+so+ Y sifi+ Y rigfifj+--

e This is a convex feasibility problem in t;, s;,7;;, ...

e To solve it, we need to choose a subset of the cone to search: i.e.,
the maximum degree of the above polynomial; then the problem is a
semidefinite program

e This gives a hierarchy of syntactically verifiable certificates

e The validity of a certificate may be easily checked; e.g., linear algebra,
random sampling

e Unless NP=co-NP, the certificates cannot a/ways be polynomially sized.
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Example: Farkas Lemma

The primal problem; does there exist © € R" such that

Arx+b >0 Cr+d=0

Let f;(x) = aZ-T:E + b;, hi(z) = CZTCE + d;. Then this system is infeasible if

and only if
—1 € cone{ fy,..., fm} +ideal{hy,... hp}

Searching over linear combinations, the primal is infeasible if there exist
A > 0 and u such that

M (Az+b) + p (Cx+d) = —1

Equating coefficients, this is equivalent to

MAvul'c=0 Mb+uld=-1 A>0
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Hierarchy of Certificates
e Interesting connections with logic, proof systems, etc.

e Failure to prove infeasibility (may) provide points in the set.

e Tons of applications:
optimization, copositivity, dynamical systems, quantum mechanics...

General Scheme

Primal Feasibility

Algebraic
Lifting Duality
Lifted Problem [P 5l P_satz refutation
Duality

v v

Lifted Problem [ SDI.D > P-satz refutation
Duality

v v
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Special Cases

Many known methods can be interpreted as fragments of P-satz refutations.
e LP duality: linear inequalities, constant multipliers.
e S-procedure: quadratic inequalities, constant multipliers
e Standard SDP relaxations for QP.

e The linear representations approach for functions f strictly positive on
the set defined by f;(x) > 0.

fle)=so+s1fi+ - +snfn, si€X

Converse Results
e [osslessness: when can we restrict a priori the class of certificates?

e Some cases are known; e.g., additional conditions such as linearity, per-
fect graphs, compactness, finite dimensionality, etc, can ensure specific

a priori properties.
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Example: Boolean Minimization

A P-satz refutation holds if there is S = 0 and A € R", € > 0 such that

n
—e =2l Sr+vy—2lQu+ Z )\Z(x,? — 1)
1=1

which holds if and only if there exists a diagonal A such that ) > A,
v = trace A\ — €.

The corresponding optimization problem is

maximize trace A\
subject to Q= A
A is diagonal
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Example: S-Procedure

The primal problem; does there exist © € R" such that
xTle > ()
CCTFQCE' > ()

xszl

We have a P-satz refutation if there exists A\{,A\o > 0, p € Rand S >~ 0
such that

1 =a'Sz+ Mzl Fiz + Moz oz + u(l — .CIZTCE)
which holds if and only if there exist A{, Ao > 0 such that

MEF+ XoFy < —1

Subject to an additional mild constraint qualification, this condition is also
necessary for infeasibility.
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Exploiting Structure
What algebraic properties of the polynomial system vyield efficient compu-
tation?

e Sparseness: few nonzero coefficients.

e Newton polytopes techniques
e Complexity does not depend on the degree

e Symmetries: invariance under a transformation group

e Frequent in practice. Enabling factor in applications.
e Can reflect underlying physical symmetries, or modelling choices.

e SOS on invariant rings
e Representation theory and invariant-theoretic techniques.

e [deal structure: Equality constraints.

e SOS on quotient rings
e Compute in the coordinate ring. Quotient bases (Groebner)



73 Sum of Squares S. Lall, Stanford 2003.11.12.04

Example: Structured Singular Value

e Structured singular value 11 and related problems: provides better up-
per bounds.

e /i is a measure of robustness: how big can a structured perturbation
be, without losing stability.

e A standard semidefinite relaxation: the 1 upper bound.

e Morton and Doyle's counterexample with four scalar blocks.
e Exact value: approx. 0.8723
e Standard u upper bound: 1

e New bound: 0.895
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Example: Matrix Copositivity

A matrix M € R"*" is copositive if
Mz >0 Vre R"™, z; > 0.
e The set of copositive matrices is a convex closed cone, but...
e Checking copositivity is coNP-complete
e Very important in QP. Characterization of local solutions.
e The P-satz gives a family of computable SDP conditions, via:

(xTx)d(xTMg;> = S0+ Z S;T; 1 Z S]kilijllfk + -
i ik
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Example: Geometric Inequalities
Ono’s inequality: For an acute triangle,
4K’ > 27 (a® +b" =) (b* + ¢ — a®)* - (¢* +a® — V)

where K and a, b, c are the area and lengths of the edges.

The inequality is true if:

t=a’>+b"—c > 0
ty =P+ —a> >0 p = 4K)" >27-11 - 15 - 15
t3::02+a2—b2 Z O}

A simple proof: define
s(x,y,2) = (x' +2%y” — 2t — 22727 P2 4+ 2N H 15 (v — 2) 2w+ 2)% (22 + 2 — yP)°
We have then

(4K)® —27-#2 - 45 -t5 = s(a,b,c) -t -ty + s(c,a,b) - t1 - t3 + s(b,c,a) - ty - t3

therefore proving the inequality.



