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Subgradient method

subgradient method is simple algorithm to minimize nondifferentiable
convex function f

21— () (k)

— kg

o (%) is the kth iterate
e ¢'%) is any subgradient of f at z(F)

e oy > 0 is the kth step size
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Step size rules
step sizes are fixed ahead of time

e constant step size: o, = h (constant)
e constant step length: ay, = h/||g®™]|2 (so ||z — 2(R)||, = h)

e square summable but not summable: step sizes satisfy
(©.@) ©.@)
Sat<oo,  Yap=oo

e nonsummable diminishing: step sizes satisfy

k— o0

o
lim ap =0, g Q. = OO
k=1
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Convergence results

e we assume ||g|l2 < G for all g € Of (equivalent to Lipschitz condition
on f), p* =inf, f(z) > —oc0

e define fégt = min;—q, . f(x(i)), best value found in k iterations, and

f — hmk—)OO f}glzgt

e constant step size: f —p* < G?h/2, i.e.,
converges to G?h/2-suboptimal
(converges to p* if f differentiable, h small enough)

e constant step length: f —p* < Gh/2, i.e.,
converges to Gh/2-suboptimal

e diminishing step size rule: f = p*, i.e., converges
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Convergence proof

key quantity: Euclidean distance to the optimal set, not the function value

let £* be any minimizer of f

(k+1) ZE*H% k)

o — arg® - a*|
2™ — 2*|3 = 2097 (2 — 2*) + ail|lg™|13

< 2™ —2*)3 — 205 (f () — p*) + a2 |lg®|I3

|l

using p* = f(%) = f(a®) + gPT (2* — 29)
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applying recursively, and using [|g(? |2 < G, we get

k k
2+ — )3 < o™ — 2|3 —2)  ai(f(@W) —p) + G ) af

=1
NOowW we use
k
i k
S ailf@®) —p) = (f2 —p (Z az>
1=1

to get
k) ||SU(1) — 23+ G230 o?

best — 9 Z ey
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constant step size: for ap = h we get

W o 2 — a3+ G2

best D > 2kh

righthand side converges to G?h/2 as k — oo
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square summable but not summable step sizes:
suppose step sizes satisfy

oo o0
g o < 00, g o = 00
k=1 k=1

then .
o) — %3+ G200 of
2 Z?:l Qg

as k — oo, numerator converges to a finite number, denominator
*

(k) *
best <

conver (k)
ges to 00, SO fi 5 — D
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Example: Piecewise linear minimization

minimize f(z) = max;—1,. m(a; v+ b;)

g

to find a subgradient of f: find index j for which

T _ T
a; +b; = z.:]olfla}cm(ai x+0b;)

and take g = a;

subgradient method: x*+1) = 2(*) — qyq;
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problem instance with n = 10 variables, m = 100 terms

constant step length, A = 0.05, 0.02,0.005
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éizgt — p* and upper bound, constant step length A = 0.02
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constant step size h = 0.05, 0.02, 0.005

h=0.05
h =0.02
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diminishing step rule o = 0.1/\/E and square summable step size rule
a=0.1/k.

lA — 2lodb-o]
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éizgt — p* and upper bound, diminishing step size rule a = 0.1/\/E

bound and f%). — p*

-3

10 : ‘ L !
0 100 200 300 400 500

Prof. S. Boyd, EE3920, Stanford University

13



constant step length A = 0.02, diminishing step size rule a = 0.1/\/E, and
square summable step rule a = 0.1/k
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Projected subgradient method

solves constrained optimization problem

minimize  f(x)
subject to z= € C,

where f : R" — R, C C R" are convex

projected subgradient method is given by
D = PR — a9,

P is (Euclidean) projection on C, and ¢\*) € 9 f(x(*®)
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same convergence results:

e for constep step size, converges to neighborhood of optimal
(for f differentiable and h small enough, converges)

e for diminishing nonsummable step sizes, converges

key idea: projection does not increase distance to x*

approximate projected subgradient: P only needs to satisfy

P(u) € C, |P(u) — z||l2 < ||lu— z||2 for any z € C
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Projected subgradient for dual problem

(convex) primal:

minimize  fo(z)
subject to  fi(z) <0, i=1,...,m

solve dual problem
maximize  g(\)
subjectto A >0

via projected subgradient method:

AR+D) — (AW _ akh) . hed(—g) (AR
+
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Subgradient of negative dual function

assume fy is strictly convex, and denote, for A > 0,

z*(A) = argmin (fo(z) + Auf1(2) + -+ + A fm(2))

z

so g(A) = fo(z*(A)) + Arfr(z*(A)) + - + A fm (27 (A))
a subgradient of —g at A is given by h; = — f;(z*()\))

projected subgradient method for dual:

z") = g*(AR), N = ()‘gk) + akfi(x(k)))—i—
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note:

e primal iterates (%) are not feasible, but become feasible in limit
e subgradient of —g directly gives the violation of the primal constraints

e dual function values g(A(*)) converge to p*
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Example: Optimal network flow

e connected directed graph with n links, p nodes

e variable z; denotes the flow or traffic on arc j (can be < 0)

e given external source (or sink) flow s; at node i, 115 =0

e flow conservation: Ax = s, where A € RP*" is node incidence matrix

e ¢;: R — R convex flow cost function for link j

optimal (single commodity) network flow problem:

minimize 2?21 ¢;(;)

subject to Ax = s
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Dual network flow problem

Langrangian is

L(x,v) = Z ¢i(x;) + vl(s — Ax)
= Z (6 () — Avjzs) +v's

e we interpret v; as potential at node i

e Av; denotes potential difference across link j
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dual function is

q(v) =inf L(x,v) = Z inf (¢;(z;) — Avx;) +vls
€T j:l .Cl?j
= =) ¢j(Avy) +v's
j=1

(¢7 is conjugate function of ¢;)

dual network flow problem:

maximize q(v) = —> 7_, ¢5(Av;) +v's
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Optimal network flow via dual

assume @, strictly convex, and denote
Qf;(AVj) = argmin (¢;(x;) — Av,z;)

Tj

if v~ is optimal solution of the dual network flow problem,

v = x;(Avy)

is optimal flow
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Electrical network analogy

e clectrical network with node incidence matrix A, nonlinear resistors in
branches

e variable z; is the current flow in branch j

e source s; is external current injected at node ¢ (must sum to zero)
e flow conservation equation Az = s is Kirkhoff Current Law (KCL)
e dual variables are node potentials; Av; is jth branch voltage

e branch current-voltage characteristic is z; = =7 (Av;)

then, current and potentials in circuit are optimal flows and dual variables
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Subgradient of negative dual function

a subgradient of the negative dual function —q at v is
g=Ax"(Av) — s

ith component is g; = a! *(Av) — s;, which is flow excess at node i
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Subgradient method for dual

subgradient method applied to dual can be expressed as:

Ly— * .
r; = x;(Avj)
_ T
gi = a;T —S;
vi = Vi — Qg

Interpretation:

e optimize each flow, given potential difference, without regard for flow
conservation

e evaluate flow excess

e update potentials to correct flow excesses
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Example: Minimum queueing delay

flow cost function

x .
¢j(x;) = Kl ,  domg; = (—¢j,¢5)
¢j — |z

where c¢; > 0 are given link capacities

(¢;(z;) gives expected waiting time in queue with exponential arrivals at
rate x;, exponential service at rate c;)
conjugate Is

. [0 o l=1/g
W (Vigr-1) . 1l > 1/,
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cost function ¢(x) (left) and its

(note conjugate is differentiable)
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conjugate ¢*(y) (right), c =1
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x;(AVJ‘>, for Cj =1

gives flow as function of potential difference across link
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A specific example

network with 5 nodes, 7 links, capacities ¢c; = 1
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Optimal flow

optimal flows shown as width of arrows; optimal dual variables shown in
nodes; potential differences shown on links
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Convergence of dual function

constant stepsize rule, « = 0.1, 1, 2, 3
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for a = 1, 2, converges to p* = 2.48 in around about 40 iterations
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Convergence of primal residual
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convergence of dual function, nonsummable diminishing stepsize rules
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convergence of primal residual, nonsummable diminishing stepsize rules
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Convergence of dual variables

v(%) versus iteration number k, constant stepsize rule o = 2
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(v5 is fixed as zero)
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