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Block-by-BlockCommunication
PSfragreplacements

ModDetect

s(n)

H
x(n)

v(n)

r(n)
ŝ(n)

+

•avectormemorylesssystem
•r(n)=Hx(n)+v(n)

•Applications
–blocktransmissionoverISIchannels(OFDM,DMT)

–multipleantennaflatfadingchannels

–multipleantennafrequency-selectivechannels
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BlocktransmissionoverISIchannels

PSfragreplacements

ModC ED
etect

s(n)

H

v(n)ŝ(n)

+
S/P

1:M
P/S

P:1
h(n)S/P

1:P

P/S

M:1

•HiscirculantifEandCarebasedoncyclic-prefixextensions

•HisToeplitz(andfullrank)ifEandCbasedon“zero-padding”

•Relativeadvantages:
–CP:channelindep.diagonalizationviaDFT;simpleequalization

–ZP:achievesmaximumdiversitywithoutcoding;noprefix
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Multipleantennaflatfadingchannels PSfragreplacements

ModDetect

s(1),...,s(N)

H(n)

x(1),...,x(N)

v(1),...,v(N)

r(1),...,r(N)
ŝ(1),...,ŝ(N)

+

•Flatchannels:r(n)=H(n)x(n)+v(n)

•Space-timecodingbasedonaccumulatings(n)andr(n)ascolumns

•IfHisconstant,R=HX+V

•Takevec’svec(R)=(I⊗H)vec(X)+vec(V)

•HenceH=I⊗H
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Howshouldwecommunicate?
PSfragreplacements

ModDetect

s(n)

H
x(n)

v(n)

r(n)
ŝ(n)

+

Dependson

•Structureofthetransmitterandreceiver
–insingle-userandmultipleaccesstransmitterisusuallylinear,x(n)=Fs(n)

–structureofthereceiversometimesfixed

•Accuracyofchannelknowledgeatthetransmitterandreceiver
•Designobjective

–ratemaximization;performancemaximization;powerminimization
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Today’sfocus
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Detector

•Lineartransmission
•Receiver:linearequalizerwithelementwisedetection
•Accuratechannelknowledgeatbothends
•Performanceorientateddesign
•Uniformconstellationassignmentins
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Currentperformanceorientateddesigns
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Detector
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Detector

Typically,maximizeperformancesubjecttopowerboundforuniformconstellation

•MinimizeMSE(arithmeticmeanofelementwiseMSEs)
•MinimizeMSEsubjecttozeroforcingequalization
•Maximizetotalsignalpowertototalnoisepowersubjecttozeroforcing
•MaximizearithmeticmeanofelementwiseSINRs
•MaximizegeometricmeanofSINRs
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Outline
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Analysis
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•s̃=GHFs+Gv

•Chooselength(s)≤rank(H)
•ChooseGtobeazero-forcingequalizer:G=(HF)†.

•Hence,s̃=s+(HF)†v

•Designproblem:FindFthatminimizesBER
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Averagebiterrorrate

•Pe:averagebiterrorrateoverallpossibletransmittedvectors.

Pe=E{Pe|s}

•ForBPSK/QPSKsignals,Pecanbeexpressedas

Pe=
1

M

2M
∑

j=1

Psj

M∑

m=1

mPm|sj,

•Zero-forcingequalizer=⇒s̃=s+Gv.Hence

Pe=
1

2M

∑

m

erfc

(

1
√

2σ2[GGH]
mm

)

whereE{vv
H
}=σ

2
I,[GG

H
]iiistheithdiagonalentryofGG

H
,Mistheblock

size.
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KeyObservation:Convexity

•Ifφ(x)=erfc
(

1 √
2σ2x

)

,forx>0,then

d
2
φ

dx2=
1
√π(2σ

2
)−1

2exp
(

−
1

2σ2x

)(

−
3

2
+

1

2σ2x

)

x−5
2.

•Hence,ifx<
1

3σ2,then
∂2f(x)

∂x2>0.

•Therefore,if
1

σ2[GGH]mm

>3

thenPeisaconvexfunctionof[GG
H
]mm
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DesignoftheMinimumBERPrecoder

•Ourgoal:
minimize

F

Pe

subjecttotrace(FF
H
)≤p0

•IntheregionthatPeisconvex,applyingJensen’sinequality,wehave

Pe=
1

2M

∑

m

erfc

(

1
√

2σ2[GGH]
mm

)

≥
1

2
erfc

(

1
√

2σ2

M

∑

M
m=1[GGH]mm

)

=
1

2
erfc

(

1
√

2σ2(trace(GGH)
M)

)

,Pe,LB

equalityholdsif[GG
H
]mmareequal,∀m∈[1,M].
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DesignoftheMinimumBERPrecoderII

•Pe,LBdefinesalowerboundonPe;minimumBERprecoderscanbedesignedintwo

stages.

–Stage1:MinimizePe,LBsubjecttothepowerconstraintandtheconvexcondition.

minimize
F

Pe,LB

subjecttotrace(FF
H
)≤p0

[GG
H
]mm<

1
3σ2,∀m∈[1,M]

–Stage2:ShowthataparticularsolutionforStage1achievestheminimizedlower

bound.
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SolvingStage1

•ParameterizeviaSVD:F=U[
Φ
0]V;H=Q[

Σ
0]W

•IfnumbercolumnsofF≤rank(H),thenzeroforcingequalizersexist

•InthosecasesGG
H
=V

H
Φ−1

Z(U)Φ−1
V,

whereZ(U)=[IM0]UH
WΣ−2

W
H

U
[

IM
0

]

•RecallthatPe,LB=
1
2erfc

(

(

2σ
2
trace(GG

H
)/M

)

−1/2
)

•Exploit:monotonicityoferfc(·);
•Hence,minimizingPe,LBisequivalenttominimizingtrace

(

Φ−2
Z(U)

)
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Reformulation

•MinimizingPe,LBsubjecttopowerandvalidityconstraintsisequivalentto

minimize
U,Φ,V

trace
(

Φ−2
Z(U)

)

subjecttotrace(Φ
2
)≤p0

[

V
H
Φ−1

Z(U)Φ−1
V
]

mm<
1

3σ2,∀m∈[1,M]

•Awkwardduetothelastconstraint
•Lemma:ForsymmetricA≥0,withA=ΨΓΨ

H
,

min
VVH=I

max
m

[V
H

AV]mm=
trace(A)

M

andaminimizingV=ΨD,whereDistheDFTmatrix.
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RemainingProblem

•Tocompleteminimizationoflowerboundwemustsolve:

minimize
U,Φ

trace
(

Φ−2
Z(U)

)

subjecttotrace(Φ
2
)≤p0

(2)

•SolutionistheMMSEprecoderforzero-forcingequalization

U=W;Φ=ΦMMSE-ZF=

√

p0

trace(Σ−1)
Σ−1/2

where,forsimplicityweassumedthatlength(s)=rank(H).

•Hence,iftrace
(

Φ−2
MMSE-ZFZ(W)

)

>M/(3σ
2
)then

Fmin,LB=WΦMMSE-ZFD

otherwiselowerboundisnotvalid
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MinimumBERPrecoder

•WenowhavethatFmin,LB=WΦMMSE-ZFD

•DoesthePeforthisFachievethelowerboundthatitminimizes?

•Yes!All[GG
H
]mmareequal!

•Thatis
FMBER=WΦMMSE-ZFD

•Interpretation:

–ThesetofallMMSEprecodersforzero-forcingequalization

FMMSE=WΦMMSE-ZFV

foranarbitraryunitaryV.

–ThereareotherchoicesofVwhichresultinminimumBER

–Allthatisneededis
∣

∣

[V]ij
∣

∣

=1/
√
M
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InterpretationII

•ForsimplicityassumethatHandF,andhenceGaresquare

•Recall:G=D
H
ΨQ

H
;H=QΣW

H
;FMBER=WΦMMSE-ZFD

•Hence,GHF=V
H
ΨΣΦV;ṽ=Q

H
v

1

PSfragreplacements
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P/S

S/P

P:1

1:P

M:1

Detector
y

r

x

s

s̃

ŝ

+

Detector

VV
H s

ṽ1ṽmṽM

+

+

+ [ΣΦ]11

[ΣΦ]mm

[ΣΦ]MM

[Ψ]11

[Ψ]mm

[Ψ]MM

s̃

Detector

Detector

Detector

•Optimalityofstructurewhichsynthesizesparallelsub-channelsistypical
•However,toachieveminimumBERwemustlinearlycombinethesesub-channels
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InterpretationIII

•Recall:G=D
H
ΨQ

H
;H=QΣW

H
;FMBER=WΦMMSE-ZFD

•ΦMMSE-ZF∝Σ−1/2
;Ψ=(ΣΦMMSE-ZF)−1

∝Σ−1/2

•Hence,equalizationeffort“balanced”betweentransmitterandreceiver
•Transmitterallocatespowertocompensateforpoorsub-channels
•DecisionpointSNR:

SNRm=
1

2σ2[GGH]mm

∝
1

[DΣ−1DH]mm

•ChoiceofV=DmakesallSNRmequal

•ChoiceofΦ=ΦMMSE-ZFmakesthisSNRlevelassmallaspossible
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Sub-channeldroppingscheme

•WedefineblockSNRρ,p0/(Pσ
2
).

•OuranalyticMBERprecoderisvalidformoderate-to-highSNR,

ρ≥
3
(

trace(Σ−1
)
)

2

PM
,ρc,

•ThisconditioncanbetestedbeforetheminimumBERprecoderisassembled
•Thisconditioncanbeensuredby

–increasingtransmittingpower

–droppingthelower-gainsub-channels,reallocatingtransmissionpoweronthe

survivingchannels.
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MinimumBERprecodersforCPSystems

•ApplyingouroptimumdesignFMBERtotheCPsystem,wehave

FCP-MBER=D
H
∆MMSE-ZFD

where∆MMSE-ZFistheMMSEpowerloadingmatrixforZFequalization.

•TheCP-MBERprecoderisrelatedtostandardDMTinthat
–Water-fillingpowerloadingisreplacedbyMMSEpowerloading

–thesub-channelsarelinearlycombinedviaasecondDFTmatrix
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PerformanceAnalysis:Onechannel

(M,L,P)=(32,3,35);ρ=p0/(Pσ
2
)
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ZP:BER,onechannel
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FZP-OFDM∝D;SNRgain>5dB@BER=10
-4
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CP:BER,onechannel
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ZPvsCP,onechannel
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TrueSNRgainofZPislarger,asnopowerwastedsendingcyclicprefix
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BERanalysis:averageoverchannels

•Randomlygeneratedlength5FIRchannels
•i.i.d.zero-meancircularcomplexGaussiantaps
•impulseresponsenormalized
•M=16,P=20

•AverageBERover2000realizations
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ZP:BER,averageoverchannels
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CP:BER,averageoverchannels
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Outline
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Simpleextensions

•Higher-orderQAMconstellations
–WhenGraylabelled,BERdominatedbynearestandnexttonearestneighbourerrors

–OurminimumBERprecoderminimizesbothsimultaneously

•Colourednoise:
–CurrentdesignimplicitlydependsoneigenstructureofHH

H

–ColourednoisecasedependsoneigenstructureofHR−1
vvH

H
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LinearMMSEequalization

•LinearMMSEequalizer:G=F
H

H
H
(

Rvv+HFF
H

H
H
)

−1

•NowresidualISIins̃:

s̃=Diag(GHF)s+OffDiag(GHF)s+Gv

•However,asMgetslarge,ISIisalmostsurelyGaussian

•Algebramoredifficult,butthemeisthesame:
–MinimumBERprecoderisanMMSEprecoderwiththeunitarydegreeoffreedom

Vchosensothat
∣

∣

[V]ij
∣

∣

=1/
√
M.

–Performancegainsofthesameorder
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BER(ave’d):MMSEequalization,ZP
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ZF/MMSEDecisionFeedbackEqualizers

•Wehaveconsideredschemeswithfixeddetectionorder
•Wehavefoundacomputationally-efficientalgorithmforanoptimalprecoder
•However,F∝Iisoftenclosetobeingoptimal,henceperformancegainslower
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Channelunknownattransmitter

•withperfectchannelknowledgeatreceiver
•Hisunknown,butstructured

•F∝Iisoptimal

–forCPschemeswithlinearequalization,insenseofminimumBER

(LinandPhoong)

–forZPschemeswithMLdetection,insenseofminimizingChernoffboundon

pairwiseerrorprobability(Giannakis+students)

–forZPschemeswithMLdetection,insenseofminimizingworst-caseaveraged

pairwiseerrorprobability(Zhang,Davidson,Wong)

•ifHunknownandunstructured(space-timecase)anyunitaryFisoptimalinthePEP

sense
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RateAdaptiveDesign

•Today’sfocushasbeenonperformanceobjectivesforuniformconstellations
–Precodertendstocompensateforlow-gainsub-channels

•Inpractice,channelknowledgeatthetransmitterallowsjointconstellationassignment
andprecoding(powerloading)viawater-filling

–Precodertendstoallocatepowerandbitstohigh-gainsub-channels

•However,achievingreliableperformanceatratespromisedbywater-fillingrequiresideal
Gaussiancodes

•Inpractice,constellationsareassignedbyroundingtoasmallset
•Oncethatisdoneoneoughttooptimizeprecoderforperformance

–Severalad-hocmethodsavailable.Reasonableperformance

–CanalsoapplyminimumBERtechniquetogroupsofsub-channelsassignedthe

sameconstellation:SignificantSNRgains
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RateAdaptiveDesignII

•(M,L,P)=(32,4,36);iidGaussianchanneltapswithnormalization;50

realizations;

•SNR‘Gap’8dB;squareQAM;
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Speculation:Implicationsforcodedsystems

1
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ṽ1ṽmṽM

+

+

+ [ΣΦ]11

[ΣΦ]mm

[ΣΦ]MM

[Ψ]11

[Ψ]mm

[Ψ]MM

s̃

Detector

Detector

Detector

•OurdesignminimizesBERofuncodedsystem
•Whatareimplicationsforcodedsystems?
•ChoiceofV=Dmakesallsub-channelSNRsequal.

–Hencesinglecodesystemsshouldperformwell,atleastforharddecisionschemes

•ChoiceofV=Dcorrelatesoutputs

–Henceelementwisedetectionanddecodingissuboptimal;Complexityofoptimal?

–Forbeliefpropagationdecoders,correlationbetweensub-channelsmaycreateshort

loopsingraphs,andmayleadtoinferiorperformance
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Conclusion

•AnalyticexpressionforminimumBERprecoderforblocktransmissionwithuniform

constellationandzero-forcingequalization.

•ValidatmoderatetohighSNRs
•IsaspecialMMSEprecoder
•Possibleextensionsabound.Somecompleted,somebeingconsidered
•Inparticular,anadaptionoftheideatorate-adaptivedesignprovidesconsiderableSNR
gain
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