Stochastic Model Predictive Control

e stochastic finite horizon control
e stochastic dynamic programming

e certainty equivalent model predictive control
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Causal state-feedback control

e linear dynamical system, over finite time horizon:
xt+1:Axt—|—But—|—wt, tIO,,T—l

— x; € R" is state, u; € R™ is the input at time ¢
— wy is the process noise (or exogeneous input) at time ¢

o X; = (xg,...,x:) is the state history up to time ¢

e causal state-feedback control:

w = $4(X0) = Pu(z0, w0, - wy 1), t=0,...,T—1
o ¢, : R  R™ called the control policy at time ¢

Prof. S. Boyd, EE364b, Stanford University



Stochastic finite horizon control

e (zg,wp,...,wr_1) is a random variable

e objective: J =E ( tT:_Ol Ce(e, ug) + ET(CUT))

— convex stage cost functions /; : R" x R"™" — R, t=0,...,T —1
— convex terminal cost function /7 : R® — R

e .J depends on control policies ¢g, ..., o711

e constraints: u, e Uy, t=0,..., T —1

— convex input constraint sets Uy, ..., Ur_1

e stochastic control problem: choose control policies ¢g,...,pr_1 to
minimize J, subject to constraints
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Stochastic finite horizon control

e an infinite dimensional problem: variables are functions ¢q,...,pr_1

— can restrict policies to finite dimensional subspace, e.g., ¢; all affine

e key idea: we have recourse (a.k.a. feedback, closed-loop control)

— we can change u; based on the observed state history g, ..., x;
— cf standard (‘open loop’) optimal control problem, where we commit
to ug,...,ur—_1 ahead of time

e in general case, need to evaluate J (for given control policies) via
Monte Carlo simulation
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‘Solution’ via dynamic programming

o let V;(X;) be optimal value of objective, from ¢ on, starting from initial
state history X;

[ ) VT(XT) — KT(xT); J* — EVO(ZIJQ)
e V, can be found by backward recursion: fort =1"—1,...,0

Vi(Xy) = 1}2{{ {li(ze,v) + E(Vig1 ((Xe, Axy + Bv +wy)) | Xy) }

o Vi, t=0,...,T are convex functions

e optimal policy is causal state feedback

¢:(Xt) = argrgin{ﬁt(a:t, ’U) -+ E(‘/;+1((Xt, A.’L‘t + Bv -+ wt))|Xt)}
US
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Independent process noise
® assume xg, Wy, ..., wWr_1 are independent
e 1} depends only on the current state x; (and not the state history X;)
e Bellman equations: Vp(zr) = bp(xp); fort =T —1,...,0,

Vi(xy) = 12(1; {li(x¢,v) + EVin1(Axy + B+ wy)}
e optimal policy is a function of current state x;

¢* () = argmin{l;(zs,v) + EVip1(Azy + Bv + wy) }
velU
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Linear quadratic stochastic control

e special case of linear stochastic control
o Z/{t = R™
® 1o, Wy, ..., wr_1 are independent, with

Exzg=0, Ew:=0, ExoajOT:E, Ewtth:Wt

e Et(xt,ut) — x;‘ertZIft + Ug’Rt’UJt, with Qt t O, Rt >~ 0

° KT(J?T) = CB%QTZ‘T, with QT ~ 0

Prof. S. Boyd, EE364b, Stanford University



e can show value functions are quadratic, i.e.,

Vi(zy) =2 Paxy+q, t=0,...,T

e Bellman recursion: Pr =Qp, gqr =0;fort=1—-1,...,0,
Vi(z) = inf{z'Q:z +v' Rw

+E((Az + Bv + w) ! Piy1(Az + Bv + wy) + qey1)}

e works out to

P, AP, A— A"P, . B(B'"P, 1B+ R,)"'B"P, 1A+ Q,
¢ = Q1+ Tr(WiPiyy)
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e optimal policy is linear state feedback: ¢} (x;) = Ky,
Ky = —(BTPt+1B + Rt)_lBTPt—l—lA
(which, strangely, does not depend on 3, Wy, ..., Wpr_4)

e optimal cost

J* — EVQ(x())
= Tr(XFR) +
T—1
= Tr(SR)+ Y Tr(WPi)
t=0
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Certainty equivalent model predictive control

e at every time t we solve the certainty equivalent problem

minimize S L l(zy,ur) + bp(@r)
subjectto w,ec€U,, T=1t,....T—1
Tr41 = Ar, + Bur + ., 7=1,...,T -1

with variables xyy1,..., 21, U, ..., ur—1 and data zy, Wy, ..., Wr_1)

® wWyt,...,Wp_q¢ are predicted values of wy,...,wr_1 based on X;
(e.g., conditional expectations)

e call solution 53,54_1, ce ,53T, ’&t, co ,’&T_l

o we take ¢™P°(X;) = uy

— ¢™P¢is a function of X; since wy, ..., wr_1; are functions of X;
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Certainty equivalent model predictive control

e widely used, e.g., in ‘revenue management’

e based on (bad) approximations:

— future values of disturbance are exactly as predicted; there is no
future uncertainty
— in future, no recourse is available

e yet, often works very well
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Example

e system with n = 3 states, m = 2 inputs; horizon 7" = 50
e A, B chosen randomly

e quadratic stage cost: £i(z,u) = ||z||5 + ||ul|3

e quadratic final cost: {7(z) = ||z||5

e constraint set: U = {u | ||u||oo < 0.5}

® xg,wo, ..., wr_1 iid N(0,0.257)
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Stochastic MPC: Sample trajectory

sample trace of x; and u;
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Cost histogram
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Simple lower bound for quadratic stochastic control

® g, Wo,...,wWr—_1 independent
e uadratic stage and final cost
e relaxation:

— ignore Uy; yields linear quadratic stochastic control problem
— solve relaxed problem exactly; optimal cost is Jrelax

° J* Z Jrelax
e for our numerical example,

— J™MP¢ = 224.7 (via Monte Carlo)
— J®% = 271.5 (linear quadratic stochastic control with saturation)
— Jrelax = 141.3
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