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Dual averaging with general norms

distance generating function h, 1-strongly-convex w.r.t. ||-||:

1
h(y) = h(z) + Vh(z)" (y — ) + 7 llz = yl®
Fenchel conjugate

h*(0) = ilelg {67z — h(z)} , VR*(0) = argéncax {6z — h(z)}

Vh, Vh* take us “through the mirror” and back
Vh
xr —— 0
Vh*
Dual averaging subgradient method
(1) get subgradient g*) € o f (x(*))
(2) 9*+D = gtk) _ . g(R)
(3) ) = Vhr(gk+D)

h(zx) = % ||x||§ recovers standard case



Convergence analysis

Dual averaging:
g e 8f(x(k)) , QD) — k) _ o g(F) (kD) — Vh*(G(k“))
Bregman divergence
Dy (0"« 0) = h*(0') — h*(0) — VL*(0)T(0' — 6)
Let 6* = Vh(x*),

Dy (0%« 6%) = Dy, (8% < 6*)
+ (%D — gNT (TR () — VA (6*))
+ Dy (D gR)

and

00+ — 00N T (T (60) = Vi* (67)) = —ang® (2P — o)



Convergence analysis continued

From convexity and g(®) € 9 f(z(*)),

F@®) — f(a*) < g®" (@® — )
Therefore

o [f(@™) = f(@")] < Di= (0F) < ) = Dy (041 - 07)
+ Dy (00T gR))

Fact: h is 1-strongly-convex w.r.t. ||-| & Dy(z/ « z) > 5 |2’ — z|?
h* is 1-smooth w.r.t. |-||, & Dy (0 < 0) < L0 —0)?

Bounding the Dj,- (8t — §(¥)) terms and telescoping gives

k
Zai[f(w(“)—f( I < D (00 < 67) + Za2||g()||2



Convergence guarantees

Note: Dh* (9(1) — 0*) = Dh(x* — x(l))
Most general guarantee,
k

k
> alf@?) = @) < Due” - 2V) + ;Zla%g“)ni

i=1
Fixed step size a, = «

1 ,
—Da(a* < a™) +  max [}

1< ,
> s - fa) <

in general, converges if

e Dp(z* « zM) < o0
e Y ,ap=o00and o =0
e forall g € df(z) and z € C, ||g||, < G for some G < 0

Stochastic gradients are fine!



Mirror descent

Y = argmin {akg(k)T:c + Dp(z « x(k))} = Vh* (Vh(x(k)) - akg(k))

z€C
Dual averaging Mirror descent
O+ = k) _ gk O*+D) = g(k) _ () g(F)
2RHD) Vh*(e(k+1)) 2+ — g (gD

0(k+1 _ Vh(l' k+1))

Analysis essentially the same:
_ 2
Dy (%D < %) < Dy (0 = 0%) = (£ (@®) = (") + 1 912
To telescope, we note that
Dy, (9(k+1) - 9*) < Dy~ (é(k+1) - 0*)

Hence, the guarantee we derived holds for mirror descent as well.



Mirror descent examples

e Usual (projected) subgradient descent: h(z) = 3 Hx||§

e With constraints of simplex, C'= {z € R | 17z = 1}, use
negative entropy

h(z) = Z z; log x;
i=1

(1) Strongly convex with respect to ¢1-norm
(2) With (V) = 1/n, have Dy, (z* « (1)) <logn for z* € C
(3) If [|9]loc £ G for g € 0f(x) for z € C,

logn

e — 1<
«

& o
best + §GOO

(4) Can be much better than regular subgradient decent...



Example

Robust regression problem (an LP):

minimize f(z) = [[Az —b||; = Z lalx — by
i=1
subject toz € C = {z € R} |17z =1}

m

subgradient of objective is g = Y"1 | sign(al'z — b;)a;

e Projected subgradient update (h(xz) = (1/2) Hx||§) homework
e Mirror descent update (h(z) = >, z;log x;):
ki) _ o exp(—agM)

x; ~
ijl m;k) exp(—ag](-k))




Example

Robust regression problem with a; ~ N (0, I;,x») and
b; = (ai1 + aiz2)/2 + ; where g; ~ N(0,1072), m = 20,n = 3000

— Entropy
— Gradient|]

stepsizes chosen according to best bounds (but still sensitive to
stepsize choice)



Variable metric subgradient methods

subgradient method with variable metric Hy > O:

(1) get subgradient g®) € o f (x(*))

(2) update (diagonal) metric Hy

(3) update z(*+1D) = z(®) — f-1gk)
e matrix Hj generalizes step-length «y,

there are many such methods (Ellipsoid method, AdaGrad, ...)
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Variable metric projected subgradient method

same, with projection carried out in the Hj metric:

(1) get subgradient gi*) € af(x(®)
(2) update (diagonal) metric Hy,
(3) update z(F+1D) = Pl (a®) — [t g(#)

where
115 (y) = argmin ||z — y||%
reX

and ||z||lg = VaTHz.
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Convergence analysis

since IT}* is non-expansive in the || - ||z, norm, we get

2
||x (k+1) *”Hk _ Hka ( (k) _ H; 1g(k)) _ pfk(x*) "

< a® — H g™ — a3,

= o) — 7|3, - 26)T (@) - 2) + g1

< Ja® =¥, = 2(£™) = £+ 1g®15, -

using f* = f(z*) > f(z®) + g®T (z* — z(#)
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apply recursively, use

> (5 - 1) 2 0 (5 1)

i=1

and rearrange to get

(k)
best

_f*S

k i
||37(1) - x*H%{l + Zi:1 ||9( )”2 —1

2k
k 7 * 7 *
LSk (1 =l — e~ )

2k
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numerator of additional term can be bounded to get estimates

o for general Hy = diag(hy)

k k
RE\H I+ D 91— R IH: = Hia
i=1 =2

k _ < )
Foese = 17 < 2k + 2k

e for Hy = diag(hy) with h; > h;_q for all i

k
S92,
i=1 ’

4 2
fl’)ccst . f* < Roo”thl

2k 2k

where max ||V — 2o < Roo
1<i<k
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converges if
o Ry < o0 (e.g. if X is compact)

. 25:1 ||9(i)H12q—1 grows slower than k

. Zf:z |H; — H;—1]|1 grows slower than k or
h; > h;—1 for all i and ||hg||1 grows slower than k
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AdaGrad

AdaGrad — adaptive subgradient method

(1) get subgradient g*) € o f (x(*))
(2) choose metric Hy:
o set S, = Y1, diag(¢g())2

1
e set Hy, = 15,3

T«

(3) update z(*+1) = pilx (2™ — H, ™)

where o > 0 is step-size
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AdaGrad — motivation

for fixed H, = H we have estimate:

k
1 1 ;
écst < 7{(1,(1) _ x*)TH(x(l) — ") + 5 Zl ||g( )H%F1

idea: Choose diagonal Hy, > 0 that minimizes this estimate in
hindsight:

_ : o a\T
H;, = arg}rlnm wrrqllzé)é(l y)" diag(h)(x —y) + E g Hdlag(h) 1
imal Hy = 2 di (g5")2 (g2
optimal Hj, = 7— diag Yoici(r )% 2 (gn”)

intuition: adapt step-length based on historical step lengths
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AdaGrad - convergence

by construction, H; = %diag(hi) and h; > h;_1, so

k
beat f*_QkZHg(”II g B Il

2o 17l

< el + ——R

(second line is a theorem)

also have (with o = R% ) and for compact sets C

k 2,
‘t()es)'tif % f(’){ sup (a’; ) dlag(h +Z Hg Hdlag(h) 1}

z,yeC
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Example

Classification problem:

e Data: {a;,b;}, i =1,...,50000

o a; € R0

e be {-1,1}

e Data created with 5% mis-classifications w.rt. w=1, v =0
e Objective: find classifiers w € R'°%" and v € R such that

e aTw4+v>1ifb=1

. aiTw+v< 1ifb=-1
¢ Optimization method:

e Minimize hinge-loss: 3, max(0,1 — b;(af w + v))

o Choose example uniformly at random, take sub-gradient step

w.r.t. that example

19



Best subgradient method vs best AdaGrad

10 T

sgm, a* = 10"°
adagrad, o* = 1071

10° &

*

=/ f

k
best

(f

107

2 L L L
0 1 2 3 4
nbr passes

10

o

Often best AdaGrad performs better than best subgradient method
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AdaGrad with different step-sizes a:

0 1 2 3 4 5
nbr passes

Sensitive to step-size selection (like standard subgradient method)
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