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Dikin’s method

• a simple proto interior-point method, originally for solving LPs

• invented by Dikin in 1967, but ignored/unknown for decades

• also called affine scaling method

• has very simple interpretation
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Standard form LP

primal problem:

minimize cTx
subject to Ax = b

x � 0

dual:

maximize −bT ν
subject to c+AT ν � 0

optimality conditions:

• primal feasibility: Ax = b, x � 0

• dual feasibility: c+AT ν � 0

• zero gap/ complementarity: xT (c+AT ν) = cTx+ bT ν = 0
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Dikin ellipsoid

• for y ≻ 0, Dikin ellipsoid is

E(y) = {x | (x− y)TH(x− y) ≤ 1}, H = diag(y)−2

• E(y) ⊂ Rn
+; follows from

∑

i

(xi − yi)
2

y2i
≤ 1 ⇒ (xi − yi)

2

y2i
≤ 1 ⇒ |xi−yi| ≤ yi ⇒ xi ≥ 0

E(y)

y

Dikin’s original method for LP 5



Dikin’s method

• start with (strictly feasible) x0 ≻ 0, Ax0 = b

• xk+1 is solution of

minimize cTx
subject to Ax = b

x ∈ E(xk)

• there’s a simple formula for xk+1

• maintains feasibility

• converges to solution

xk

xk+1

−c

Dikin’s original method for LP 6



Dikin update

• with H = diag(xk)−2, xk+1 is solution of

minimize cTx
subject to Ax = b

(x− xk)TH(x− xk) ≤ 1

• find ∆xk = xk+1 − xk via KKT system
[

H AT

A 0

] [

∆x
µν

]

=

[

−µc
0

]

,

where µ is chosen after the solve to enforce the ellipsoid constraint

• more explicitly:

νk = −(AH−1AT )−1AH−1c

sk = −H−1(c+AT νk)

µk = 1/
√
skTHsk

∆xk = µksk
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Comparison with barrier method

• barrier method centering problem:

minimize tcTx−∑n

i=1 log xi

subject to Ax = b

• Newton step ∆xk given by

[

Hk AT

A 0

] [

∆x
tν

]

=

[

−tc+ diag(xk)−11

0

]

where Hk = diag(xk)−2

• with t = µ, same as Dikin update except for centering term
diag(xk)−11
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Stopping criteria

• Dikin iterates always primal feasible: Axk = b, xk � 0

• dual feasibility and zero duality gap only satisfied in the limit

• reasonable stopping criteria are

min(c+AT νk) ≥ −ǫdf , |cTxk + bT νk| ≤ ǫgap

(second term is a pseudo-gap; it is only the true gap when
c+AT νk � 0)

• µ(c+AT νk) = −Hk∆xk = −
(

∆xk
1/(x

k
1)

2, . . . ,∆xk
n/(x

k
n)

2
)

• stopping criteria can be written

max
i

1

µ

∆xk
i

(xk
i )

2
≤ ǫdf ,

1

µ

∣

∣

∣

∣

∣

∑

i

∆xk
i

xk
i

∣

∣

∣

∣

∣

≤ ǫgap
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Long step Dikin’s method

• long step given by xk+1 = xk + τ∆xk

• τ = 0.95max{t | x+ t∆x � 0}
• i.e., step in Dikin direction, 95% of the way to boundary
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Short step example

m = 100, n = 400
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Long step example

m = 100, n = 400
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Larger example

m = 4000, n = 16000, A 0.8% dense (500000 nonzeros), long step
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Dikin ellipsoid for general constraints

• φ is self-concordant barrier for set C
• for y ∈ int C, (x− y)T∇2φ(y)(x− y) ≤ 1 =⇒ x ∈ C
• for C = Rn

+,

φ(x) = −
n
∑

i=1

log(xi), ∇2φ(y) = diag(y)−2

• for C = Sn
++,

φ(X) = − log detX, ∇2φ(Y )(∆X) = Y −1(∆X)Y −1

• for direct product C = C1 × · · · × Ck, use barrier

φ(x) =
k

∑

i=1

φi(xi)
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SOCP Dikin ellipsoid

• C = {x = (v, t) ∈ Rn × R | ‖v‖2 ≤ t}
• φ(x) = − log(t2 − vT v)

• ∇2φ(x) = 2
t2−vT v

[

I 0
0 −1

]

+ 4
(t2−vT v)2

[

−v
t

]

[

−vT t
]

t

v
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Dikin’s method with general constraints

minimize cTx
subject to Ax = b

x ∈ C

• φ is self-concordant barrier for C
• xk+1 is solution of

minimize cTx
subject to Ax = b

(x− xk)THk(x− xk) ≤ 1,

where Hk = ∇2φ(xk)

• long step update: move 95% towards boundary
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Inequality form LP

minimize cTx
subject to Ax � b

• φ(x) = −
∑m

i=1 log(bi − aTi x)

• H = ∇2φ(x) = AT diag(b−Ax)−2A

• Dikin step is

xk+1 = xk − H−1c√
cTH−1c
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Inequality form LP cont.

• dual
maximize −bTλ
subject to c+ATλ = 0

λ � 0

• stopping criteria

λ = diag(b−Ax)2As � −ǫdf , |cTx+ bTλ| ≤ ǫgap,

where s = −H−1c
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Inequality form LP example (long step)

m = 1500, n = 500
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SDP

• SDP in inequality form

minimize cTx
subject to

∑n

i=1 xiAi � B

B,Ai ∈ Sm

• φ(x) = − log det (B −∑n

i=1 xiAi)

• Hessian given by

Hij = tr(S−1AiS
−1Aj), S = B −

n
∑

i=1

xiAi

• step identical to inequality form LP

xk+1 = xk − H−1c√
cTH−1c
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SDP cont.

• dual
maximize − tr(BZ)
subject to ci + tr(AiZ) = 0, i = 1, . . . , n

Z � 0

• stopping criteria

Z � −ǫdfI, |cTx+ tr(BZ)| ≤ ǫgap,

where Z =
∑n

i=1 S
−1AjS

−1sj , s = −H−1c
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SDP example (short step)

m = 100, n = 100
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