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Dikin’s method

e a simple proto interior-point method, originally for solving LPs

invented by Dikin in 1967, but ignored/unknown for decades

also called affine scaling method

e has very simple interpretation
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Standard form LP

primal problem: dual:
minimize ¢’z maximize —bTv
subject to Az =b subject to ¢+ ATv =0
x>0

optimality conditions:

e primal feasibility: Az =b, x = 0
e dual feasibility: ¢+ ATv >0

e zero gap/ complementarity: 27 (c + ATv) = T2 +bTv =0
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Dikin ellipsoid

o for y = 0, Dikin ellipsoid is
Ey)={z|(z-y)"Hz—-y) <1}, H=diag(y)

e £(y) C RY; follows from
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Dikin's method

e start with (strictly feasible) 20 = 0, Az° =b
e 2%*+1 s solution of
minimize c’x
subject to Ax =1b
x € E(xF)

1

e there's a simple formula for z*+*
e maintains feasibility
e converges to solution

Y/
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Dikin update

e with H = diag(z*)~2, zF*1 is solution of
minimize clw
subject to Ax =1b
(x—2")TH(x—2%) <1

e find Az¥ = 2#*1 — zF via KKT system

&)l -

where 1 is chosen after the solve to enforce the ellipsoid constraint
e more explicitly:

Vo= —(AH'ATYT'AH e
¥ = —H e+ ATVF)
pF = 1/VskTHsk

Agk = pkgk
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Comparison with barrier method

e barrier method centering problem:

minimize  tc’z — Y log;
subject to Ax =b

o Newton step Az” given by

HF  AT] [Az]|  [—tc+ diag(z®)~11
A 0 |tv| 0

where H* = diag(z*)~2
e with ¢ = p, same as Dikin update except for centering term
diag(zF)~11
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Stopping criteria

e Dikin iterates always primal feasible: Az* = b, z¥ = 0
o dual feasibility and zero duality gap only satisfied in the limit

e reasonable stopping criteria are
min(c + ATVk) > —ear, \CT:z:k + le/k\ < €gap

(second term is a pseudo-gap; it is only the true gap when
c+ ATVF = 0)
o pulc+ ATVR) = —HFAzk = — (Aol /(a})?, ..., Axk /(2h)?)

e stopping criteria can be written

AN 1 Azk
max - < €df, - ’ < €gap
oo (af)? o Z b
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Long step Dikin’s method

e long step given by 2**! = 2% + 7 Azk
o 7 =0.95max{t | x + tAxz = 0}
e j.e., step in Dikin direction, 95% of the way to boundary
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Short step example

m = 100, n = 400
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—pos (—min (c+ ATv))
— Tz + b7y
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m = 100, n = 400

10

Long step example

6

—pos (—min (c+ ATv))
— Tz + b7y
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Larger example

m = 4000, n = 16000, A 0.8% dense (500000 nonzeros), long step
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Generalized Dikin's method

Generalized Dikin's method
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Dikin ellipsoid for general constraints

¢ is self-concordant barrier for set C
foryeint C, (z —y)TV3(y)(z —y) <1 = z€C
for C =R,

Zlog (x4), V24 o(y) = dialg(y)_2

for C=8"_,

H(X) = —logdet X, VZp(YV)(AX) =Y '(AX)Y !

for direct product C = Cy X --- X Cg, use barrier
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SOCP Dikin ellipsoid

e C={z=(v,t) e R" xR | |Jv|l2 < ¢t}
o ¢(z) = —log(t? — vTw)

I 0 —v
° v2¢(x) = t272’UT’U |:0 _1:| + (t273TT)2 |: " :| [—UT t]
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Dikin’s method with general constraints

minimize Tz
subjectto Ax =10
zel

e ¢ is self-concordant barrier for C

k+1

o I is solution of

minimize ¢’z
subject to Az =1b
(x —aMTHF (2 — 2%) <1,

where H* = V2¢(z¥)
e long step update: move 95% towards boundary
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Inequality form LP

minimize Tz

subject to Ax <b

o d(z) = =327, log(b; — af x)
o H=V?¢(x) = AT diag(b — Az)2A
e Dikin step is

Generalized Dikin's method

18



Inequality form LP cont.

e dual
maximize —bT\

subject to ¢+ ATA =0

A>=0

e stopping criteria
\ = diag(b — Az)?As > —eqr,

where s = —H !¢
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Inequality form LP example (long step)

m = 1500, n = 500
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SDP

SDP in inequality form

minimize ¢’z

subjectto > x;A4; < B
B,A; € S™
¢(x) = —logdet (B — 31| ;A;)

Hessian given by

Hy; =tr(S7'A;S7'4;), S=B- ZxA

step identical to inequality form LP
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SDP cont.

e dual
maximize —tr(BZ)
subject to ¢; +tr(4;2) =0, i=1,...
Z>0

e stopping criteria
7 = —eqgtl, |z 4+ tr(BZ)| < €gap;

where Z =31  S71A;S7ls;, s=—H ¢
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SDP

m = 100, n = 100

10

example (short step)
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