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EE364a Homework 4 solutions

4.15 Relazation of Boolean LP. In a Boolean linear program, the variable x is constrained
to have components equal to zero or one:

minimize ¢’z
subject to Ax <b (1)
x; €{0,1}, i=1,...,n.

In general, such problems are very difficult to solve, even though the feasible set is
finite (containing at most 2" points).

In a general method called relaxation, the constraint that x; be zero or one is replaced
with the linear inequalities 0 < z; < 1:

minimize ¢z
subject to Ax <b (2)

0<z; <1, i=1,...,n.

We refer to this problem as the LP relazation of the Boolean LP (1). The LP relaxation
is far easier to solve than the original Boolean LP.

(a) Show that the optimal value of the LP relaxation (2) is a lower bound on the
optimal value of the Boolean LP (1). What can you say about the Boolean LP if
the LP relaxation is infeasible?

(b) It sometimes happens that the LP relaxation has a solution with z; € {0, 1}.
What can you say in this case?

Solution.

(a) The feasible set of the relaxation includes the feasible set of the Boolean LP. It
follows that the Boolean LP is infeasible if the relaxation is infeasible, and that

the optimal value of the relaxation is less than or equal to the optimal value of
the Boolean LP.

(b) The optimal solution of the relaxation is also optimal for the Boolean LP.

4.16 Minimum fuel optimal control. We consider a linear dynamical system with state
xz(t) e R", t =0,...,N, and actuator or input signal u(t) € R, for t =0,..., N — 1.
The dynamics of the system is given by the linear recurrence

x(t+1) = Ax(t) + bu(t), t=0,...,N—1,

where A € R™" and b € R" are given. We assume that the initial state is zero, i.e.,
z(0) = 0.



The minimum fuel optimal control problem is to choose the inputs u(0),...,u(N —1)
so as to minimize the total fuel consumed, which is given by

—_

F=73 f(ut)),

t=0

subject to the constraint that x(N) = x4es, where N is the (given) time horizon, and
Tges € R™ is the (given) desired final or target state. The function f : R — R is the
fuel use map for the actuator, and gives the amount of fuel used as a function of the
actuator signal amplitude. In this problem we use

_ ) ld] la] <1
f(a){ dal—1 o > 1.
This means that fuel use is proportional to the absolute value of the actuator signal,

for actuator signals between —1 and 1; for larger actuator signals the marginal fuel
efficiency is half.

Formulate the minimum fuel optimal control problem as an LP.
Solution. The minimum fuel optimal control problem is equivalent to the LP

minimize 17t
subject to Hu = Xqes

—y=u=xy
t=vy
t>=2y—1,

with variables u € RY, y € RY, and t € R", where

H:[AN—lb AN=2p ... oAb b .

There are several other possible LP formulations. For example, we can keep the state
trajectory z(0), ..., z(NN) as optimization variables, and replace the equality constraint
above, Hu = x4.s, with the equality constraints

z(t+1) = Ax(t) + bu(t), t=0,...,N —1, z(0) =0, T(N) = Tges-

In this formulation, the variables are u € RY, 2(0),...,z(N) € R", as well as y € RY
and t € RY.

Yet another variation is to not use the intermediate variable y introduced above, and
express the problem just in terms of the variable ¢ (and u):

-t =u=t 2u—-1=t -2u-1=t,

with variables v € RY and t € R".



4.30 A heated fluid at temperature T' (degrees above ambient temperature) flows in a pipe
with fixed length and circular cross section with radius r. A layer of insulation, with
thickness w < r, surrounds the pipe to reduce heat loss through the pipe walls. The
design variables in this problem are 7', r, and w.

The heat loss is (approximately) proportional to Tr/w, so over a fixed lifetime, the
energy cost due to heat loss is given by «;Tr/w. The cost of the pipe, which has
a fixed wall thickness, is approximately proportional to the total material, 7.e., it is
given by asr. The cost of the insulation is also approximately proportional to the total
insulation material, i.e., azrw (using w < r). The total cost is the sum of these three
costs.

The heat flow down the pipe is entirely due to the flow of the fluid, which has a fixed
velocity, i.e., it is given by ayTr?. The constants o are all positive, as are the variables
T, r, and w.

Now the problem: maximize the total heat flow down the pipe, subject to an upper
limit Cp.x on total cost, and the constraints

Tmin S T S Tmaxa T'min S r S Tmax, Wmin S w S Wmax, w S 0.1r.

Express this problem as a geometric program.

Solution. The problem is

maximize 47>
subject to a1 Trw™ + aor + aszrw < Cpax
Tiin < T < Thax
Tmin <7 < Tmax
Winin < W < Winax
w < 0.1r.

This is equivalent to the GP

minimize
subject to

(1/ay)T1r2

(1 /Crnax) Trw ™ + (o) Crax )T + (3 Crpax ) 7w < 1
(1/Tpa)T <1, TpinT7'<1

(1/rmax)” <1, rpinr ™t <1

(1/wma)w <1, wppw™ ' <1

10wr—t <1

(with variables T, r, w).

4.40 LPs, QPs, QCQPs, and SOCPs as SDPs. Express the following problems as SDPs.

(a) The LP (4.27).



Solution.

minimize ¢’z +d
subject to diag(Gx —h) <0
Ax =b.

(b) The QP (4.34), the QCQP (4.35) and the SOCP (4.36). Hint. Suppose A € S”_,
C €S’ and B € R™°. Then

A B T -1
= - =
[BT C]_O<:>C B*A7'B = 0.
For a more complete statement, which applies also to singular A, and a proof,
see §A.5.5.
Solution.

1.

ii.

iii.

QP. Express P = WW7T with W € R"™*".

minimize ¢+ 2¢7x +r

: I Wty
subject to TW 4] =0
diag(Gz — h) <0
Ar =0,

with variables z, t € R.
QCQP. Express P, = W,WI with W; € R™"".

minimize  tg+ 2qép T+ T
subject to  t; +2¢ x+1r; <0, i=1,....,m
I Wl
Pl =0, i=0,1,...
leWi tZ[ = 07 ? 0717 , M
Ax =0,

with variables z, t; € R.
SOCP.

minimize T
(Az; + b)) (cfz+di)I
T

c
subject to [
F

By the result in the hint, the constraint is equivalent with [|A;x + b2 <
cFx + d; when cf'x + d; > 0. We have to check the case cfx + d; = 0
separately. In this case, the LMI constraint means A;x 4+ b; = 0, so we can
conclude that the LMI constraint and the SOC constraint are equivalent.



(c) The matrix fractional optimization problem
minimize (Az + b)TF(x)~1(Az + b)
where A € R™", b e R™,
Fz)=Fo+xFi+ -+ x,F,,

with F; € S™, and we take the domain of the objective to be {z | F(x) = 0}. You
can assume the problem is feasible (there exists at least one x with F'(z) > 0).
Solution.
minimize ¢
F(z) Az +b
.
A+ ¢ | =0

with variables x, t € R. The LMI constraint is equivalent to

subject to

(Az + b)) F(z) ™ (Ax +b) < t

if F(x) > 0.
More generally, let

fo(z) = (Az + b)) F(x) "' (Az + ), dom fy(z) = {z | F(x) > 0}.

EO}-

We have

o= {(x’t) |F(I) -0 l(Ai(f)b)T Ared

Then cl(epi fo) = epig where g is defined by

epig = {(x,w H(Ai(—f)b)T Ao+

|
g(z) = inf{t H(Af;(f)b)T Axt+b zo}.

We conclude that both problems have the same optimal values. An optimal
solution for the matrix fractional problem is optimal for the SDP. An optimal
solution for the SDP, with F'(z) > 0, is optimal for the matrix fractional problem.
If F(x) is singular at the optimal solution of the SDP, then the optimum for the
matrix fractional problem is not attained.

Y

5.1 A simple example. Consider the optimization problem

minimize 22 + 1
subject to (z —2)(z —4) <0,

with variable z € R.



(a) Analysis of primal problem. Give the feasible set, the optimal value, and the
optimal solution.

(b) Lagrangian and dual function. Plot the objective 2 + 1 versus z. On the same
plot, show the feasible set, optimal point and value, and plot the Lagrangian
L(z, \) versus x for a few positive values of A. Verify the lower bound property
(p* > inf, L(z, ) for A > 0). Derive and sketch the Lagrange dual function g.

(c¢) Lagrange dual problem. State the dual problem, and verify that it is a concave
maximization problem. Find the dual optimal value and dual optimal solution
A*. Does strong duality hold?

(d) Sensitivity analysis. Let p*(u) denote the optimal value of the problem

minimize 22 + 1
subject to (z —2)(z —4) < u,

as a function of the parameter u. Plot p*(u). Verify that dp*(0)/du = —\*.

Solution.

(a) The feasible set is the interval [2,4]. The (unique) optimal point is z* = 2, and
the optimal value is p* = 5.

The plot shows fy and f;.
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(b) The Lagrangian is

L(z, \) = (1+ N)a? — 6z + (1 + 8)).

The plot shows the Lagrangian L(z, \) = fo + Af1 as a function of x for different
values of A > 0. Note that the minimum value of L(x,\) over z (i.e., g(\)) is
always less than p*. It increases as \ varies from 0 toward 2, reaches its maximum

at A = 2, and then decreases again as A\ increases above 2. We have equality
p* =g(A) for A = 2.
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For A > —1, the Lagrangian reaches its minimum at & = 3\/(1+ \). For A < —1
it is unbounded below. Thus

—ON/(1+AN)+148\ A>—1

which is plotted below.
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We can verify that the dual function is concave, that its value is equal to p* =5
for A = 2, and less than p* for other values of \.

(c) The Lagrange dual problem is

maximize —9A?/(1+ ) + 1+ 8\
subject to A > 0.

The dual optimum occurs at A = 2, with d* = 5. So for this example we can
directly observe that strong duality holds (as it must — Slater’s constraint qual-
ification is satisfied).



(d) The perturbed problem is infeasible for u < —1, since inf,(z* — 6z + 8) = —1.
For u > —1, the feasible set is the interval

B—VItu3+VItul,

given by the two roots of 22 — 62 + 8 = u. For —1 < u < 8 the optimum is
z*(u) = 3 — /1 +wu. For u > 8, the optimum is the unconstrained minimum of
fo, i.€., *(u) = 0. In summary,

00 u<-—1
pu)=9 l14+u—6/1+u —1<u<8
1 u > 8.

The figure shows the optimal value function p*(u) and its epigraph.
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Finally, we note that p*(u) is a differentiable function of u, and that
dp*(0
Oy
du

5.5 Dual of general LP. Find the dual function of the LP

minimize 'z

subject to Gx < h
Ax = b.

Give the dual problem, and make the implicit equality constraints explicit.

Solution.
(a) The Lagrangian is
L(x,\v)

e+ (G — h) + v (Az — D)
= (' + MG+ v Az — hAT —v7Th,

8



which is an affine function of z. It follows that the dual function is given by

“MNh—vTb c+GTN+ ATy =0
—00 otherwise.

g\ v) =inf L(z, A\, v) = {

(b) The dual problem is
maximize g(\,v)
subject to A > 0.

After making the implicit constraints explicit, we obtain

maximize —ATh —v7Tbh
subject to ¢+ GTA+ ATy =0
A>=0.



Solutions to additional exercises

1. Simple portfolio optimization. We consider a portfolio optimization problem as de-
scribed on pages 155 and 185-186 of Convexr Optimization, with data that can be
found in the file simple_portfolio_data.m.

(a) Find minimum-risk portfolios with the same expected return as the uniform port-
folio (z = (1/n)1), with risk measured by portfolio return variance, and the
following portfolio constraints (in addition to 17z = 1):

e No (additional) constraints.

e Long-only: z >~ 0.

e Limit on total short position: 17(x_) < 0.5, where (z_); = max{—z;,0}.
Compare the optimal risk in these portfolios with each other and the uniform
portfolio.

(b) Plot the optimal risk-return trade-off curves for the long-only portfolio, and for
total short-position limited to 0.5, in the same figure. Follow the style of figure
4.12 (top), with horizontal axis showing standard deviation of portfolio return,
and vertical axis showing mean return.

Solution.

(a) We can express these as QPs:

e No (additional) constraints:

minimize 7Yz
subject to 1Tz =1, plax=p’(1/n)1

e Long only
minimize 27Xz
subject to x>0, 1Tz =1
p'z=p"(1/n)1
e Limit on total short position:
minimize 2’z
subject to 1Tz =1, p'ax=p"(1/n)1
172z <05

Although the two portfolios have the same expected return, their risk profiles
differ drastically. The standard deviations are:

e uniform: 8.7%
e long-only: 5.1%
e limit on total short position: 2.1%

10



e unconstrained: 1.9%.
Notice that as the size of the feasible set increases, the objective value improves.

(b) The optimal risk-return trade-off curves can be generated by scalarizing the bi-
criterion objective, p’  — y2T Xx, over a range of values for 7. For example, the
optimal curve for the long-only portfolio is generated by solving the following
family of QPs:

maximize p’x — vz’ XNz
subject to >0, 1Tz =1

0.2 T ——

0.18 q

0.16 - q

I I I I
0.05 0.1 0.15 0.2 0.25 0.3 0.35

SD(r)
For every level of return, there is a portfolio with limits on total short positions
(red) that has greater expected return than the optimal long-only portfolio (blue).
The following MATLAB script solves this problem:

0.02 L L
0

simple_portfolio_data;
%h part i
Jminimum-risk unconstrained portfolio with same expected return as uniform
%hallocation
cvx_begin
cvx_quiet (true)
variable x_unconstrained(n)
minimize(quad_form(x_unconstrained,S))
subject to
sum(x_unconstrained)==1;
pbar’*x_unconstrained==x_unif’*pbar;
cvx_end
%h part ii
Jminimum-risk long-only portfolio with same expected return as uniform

11



hallocation
cvx_begin
cvx_quiet (true)
variable x_long(n)
minimize (quad_form(x_long,S))
subject to
x_long>=0;
sum(x_long)==1;
pbar’*x_long==x_unif’*pbar;
cvx_end
%k part iii
Jminimum-risk constrained short portfolio with same expected return as uniform
hallocation
cvx_begin
cvx_quiet (true)
variable x_shortconstr(n)
minimize (quad_form(x_shortconstr,S))
subject to
sum(pos (-x_shortconstr))<=0.5;
sum(x_shortconstr)==1;
pbar’*x_shortconstr==x_unif’*pbar;
cvx_end
%% Generate risk-return trade-off curves
sprintf ("unconstrained sd: %0.3g\n’, sqrt(quad_form(x_unconstrained,S)))
sprintf(’long only sd: %0.3g\n’, sqrt(quad_form(x_long,S)))
sprintf (’constrained short sd: %0.3g\n’, sqrt(quad_form(x_shortconstr,S)))
sprintf (’x_unif sd: %0.3g\n’, sqrt(quad_form(x_unif,S)))
novals=100;

r_long = [1;
r_shortconstr = [];
sd_long = [];

sd_shortconstr = [];
muvals = logspace(-1,4,novals);

for i=1:novals
mu = muvals(i);
%long only
cvx_begin
cvx_quiet (true)
variable x(n)
maximize (pbar’*x - mu*quad_form(x,S))
subject to

12



x>=0;
sum(x)==1;
cvx_end
r_long = [r_long, pbar’*x];
sd_long = [sd_long, sqrt(x’*S*x) ];
%constrained short
cvx_begin
cvx_quiet (true)
variables x(n)
maximize (pbar’*x - mu*quad_form(x,S))
subject to
sum(x)==1;
sum(pos(-x))<=.5;
cvx_end
r_shortconstr = [r_shortconstr, pbar’*x];
sd_shortconstr = [sd_shortconstr, sqrt(x’*S*x)];
end;

plot(sd_long, r_long);
hold; plot(sd_shortconstr, r_shortconstr, ’r’);

2. Minimum fuel optimal control. Solve the minimum fuel optimal control problem de-
scribed in exercise 4.16 of Conver Optimization, for the instance with problem data

1 04 08 1 7
A= 1 0 0], b=] 0 |, zae=| 21|, N=30.
0 1 0 0.3 —6

You can do this by forming the LP you found in your solution of exercise 4.16, or more
directly using cvx. Plot the actuator signal u(t) as a function of time t.

Solution. The following Matlab code finds the solution

close all
clear all

n=3; Y% state dimension
N=30; % time horizon

A=[ -1 0.4 0.8; 100 ; 010];
b=[ 10 0.3]’;

x0 = zeros(n,1);

xdes = [ 7 2 -6]7;

13
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Figure 1 Minimum fuel actuator signal.

cvx_begin
variable X(n,N+1);
variable u(1,N);
minimize (sum(max(abs(u),2*abs(u)-1)))
subject to
X(:,2:N+1) == AxX(:,1:N)+b*u; 7% dynamics
X(:,1) == x0;
X(:,N+1) == xdes;
cvx_end

stairs(0:N-1,u,’linewidth’,2)
axis tight
xlabel(’t’)
ylabel(’u’)

The optimal actuator signal is shown in figure 1.

. Numerical perturbation analysis example. Consider the quadratic program

minimize 2% + 223 — 11709 — 13
subject to 1 + 2z9 < uy

1 — 4wy < ug,

5x1 4+ 76xy < 1,

with variables x1, x9, and parameters uq, us.

14



(a) Solve this QP, for parameter values u; = —2, us = —3, to find optimal primal
variable values x7 and z3, and optimal dual variable values A}, A5 and \;. Let
p* denote the optimal objective value. Verify that the KKT conditions hold for
the optimal primal and dual variables you found (within reasonable numerical
accuracy).

Hint: See §3.6 of the CVX users’ guide to find out how to retrieve optimal dual
variables. To specify the quadratic objective, use quad_form().

(b) We will now solve some perturbed versions of the QP, with
U1:—2+(51, u2:_3+(527

where d; and 0 each take values from {—0.1,0,0.1}. (There are a total of nine
such combinations, including the original problem with d; = d2 = 0.) For each
combination of d; and &, make a prediction p5.4 of the optimal value of the
perturbed QP, and compare it to p’,., the exact optimal value of the perturbed
QP (obtained by solving the perturbed QP). Put your results in the two righthand
columns in a table with the form shown below. Check that the inequality py .4 <
Plyaer holds.

01 02 p;red Pexact
0 0
0] —-0.1
0 0.1
—0.1 0
—0.1 | —-0.1
—0.1 0.1
0.1 0
0.1 | 0.1
0.1 0.1

Solution.

(a) The following Matlab code sets up the simple QP and solves it using CVX:

Q= I[1-1/2; -1/2 2];
f=1[-10];
A=1[12;1-4; 576];
b= [-2-31]";
cvx_begin

variable x(2)

dual variable lambda
minimize (quad_form(x,Q)+f’*x)
subject to
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lambda: A*x <= D
cvx_end
p_star = cvx_optval

When we run this, we find the optimal objective value is p* = 8.22 and the optimal
point is ] = —2.33, 25 = 0.17. (This optimal point is unique since the objective
is strictly convex.) A set of optimal dual variables is A\ = 2.13, \j = 3.31 and

5 = 0.08. (The dual optimal point is unique too, but it’s harder to show this,
and it doesn’t matter anyway.)

The KKT conditions are

7+ 225 < uy, ) —4xs < uo, dxy + 76y <1
X; >0, X >0, X >0
Ny (27 + 225 —uy) =0, Ny(z7 —4das —ug) =0,  N5(5xy 4+ 7625 — 1) =0,

207 — x5 — 14+ A+ A5+ 55X =0,
das — a7 + 207 — AN5 + 765 = 0.

We check these numerically. The dual variable A}, A5 and Aj are all greater than
zero and the quantities

A*x-b
2*%Q*xx+f+A’ *xlambda

are found to be very small. Thus the KKT conditions are verified.

The predicted optimal value is given by
p;red = p* — )\1(51 — )\5(52
The following Matlab code fills in the table

arr_i = [0 -1 1];
delta = 0.1;
pa_table = [];
for i = arr_i
for j = arr_i
p_pred = p_star - [lambda(1l) lambda(2)]*[i; jl*delta;
cvx_begin
variable x(2)
minimize (quad_form(x,Q)+f’*x)
subject to
Axx <= b+[i;j;0]*delta
cvx_end
p_exact = cvx_optval;

pa_table = [pa_table; i*delta j*delta p_pred p_exact]

end
end
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The values obtained are

o1 02 | p ;red b :xact

0 0] 822 | 8.22

0] —-01] 855 | 870

0 0.1] 789 | 7.98
—0.1 0] 844 | 8.57
—0.1 | —-0.1| 877 | 8.82
—0.1 0.1 810 | 8.32
0.1 0] 801 ] 822
0.1 -0.1] 834 | 871
0.1 0.1 7.68 | 7.75

The inequality pf.q < Piyac 18 verified to be true in all cases.
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