
  

Guide to ∈ and ⊆



  

Hi everybody!



  

In our �rst lecture on sets and

set theory, we introduced a bunch

of new symbols and terminology.



  

This guide focuses on two of

those symbols:  and .∈ ⊆



  

These symbols represent concepts

that, while related, are di�erent

from one another and can

take some practice to get used to.



  

If you're still a bit confused,

don't worry! Let's take some time

to review them and see how they

work and how they di�er.



  

First, let's start o� with this

symbol.

∈



  

Before we begin, do you remember

what this symbol means? If not,

pull up your notes or look back

at the �rst set of lecture slides.

∈



  

Before we begin, do you remember

what this symbol means? If not,

pull up your notes or look back

at the �rst set of lecture slides.

∈

(If you haven't started

taking notes in lecture, we

really recommend it! It's

extremely valuable.)



  

This symbol is the “element-of”

symbol.

∈



  

It's used to indicate that something

is an element of a set.

∈
,



  

So, in this example, we're using

the symbol to indicate that the

girl belongs to the set containing

the boy and the girl.

∈
,



  

This statement is true because if

you look inside the set on the

right, you'll see the indicated

person on the left.

∈
,



  

On the other hand, the dog on

the left is not an element of the

set on the right.

∉
,



  

The reason why is that if we look

inside the set on the right and

take a look at what's inside of it,

we won't �nd the dog anywhere.

∉
,



  

Often, when we're working with

sets in mathematics, we tend to

have sets with things like numbers

in them.



  

So we'll typically see statements

like this one, which is more

mathematical in nature, even

though the previous examples

are perfectly correct uses of

the  and  symbols.∈ ∉

1 ∈ {1, 2, 3, 4}



  

When using the  symbol, it's∈

important to keep in mind that

there's a “sidedness” to it.

x ∈ S



  

When we write something like

this expression above/

x ∈ S



  

/the thing on the right will always

be a set, and the thing on the

left is the object we're saying

belongs to the set.

x ∈ S
This object is in this set



  

So far, we've been thinking

about  symbolically – that is,∈

by writing out symbols rather than

drawing pictures.



  

However, it's often helpful to

think about the  operator by∈

drawing pictures.



  

For example, let's imagine that we

have this set S, which consists of

shapes of di�erent colors.

S = {                         }, , ,



  

We can draw S as a blob

containing each of its elements.

S = {                         }, , ,



  

Now, if we write something

like the statement above/

S = {                         }, , ,

∈ S



  

We can see that it's true because

we can point at the yellow

triangle inside of the blob for S.

S = {                         }, , ,

∈ S



  

This other statement is also true

because we can point out the

element in question inside S.

S = {                         }, , ,

∈ S



  

On the other hand we can see that

the purple octagon isn't in the

set/

S = {                         }, , ,

∉ S



  

/because we can look at all the

elements in S and we won't see

it there.

S = {                         }, , ,

∉ S

nope!

nope!

nope!

nope!



  

To recap things so far/



  

We use the  symbol to indicate∈

that some object belongs to

some set.

x ∈ S
This object is in this set



  

With that said, let's switch to

talking about this symbol for

a while.

⊆



  

Before we talk about it, look at

your notes and see what this

symbol means. If you don't

remember, quickly jump back to the

lecture slides to get the

answer.

⊆



  

So this is the “subset-of” symbol

⊆



  

This expresses a relation that

can hold between two sets.

S ⊆ T



  

Speci�cally, this statement means

“every element of S is an element

of T.”

S ⊆ T
Every object in this set is in this set



  

Let's do an example.



  

Here we have two di�erent

sets.

,, ,



  

We can say that this �rst set

is a subset of the second set/

,, ,

⊆



  

/because every element of the

�rst set is also an element in

the second set.

,, ,

⊆



  

Here's another quick example.



  

Here are two sets, which just

happen to be the same set.

, ,



  

We say that the �rst set is a

subset of the second set/

, ,

⊆



  

/because every element of the

�rst set is also an element of

the second set.

, ,

⊆



  

Let's do one more example before

we move on.



  

Here are two sets that we talked

about earlier, but presented in

the reverse order.

,, ,



  

Notice how this �rst set contains

an element that isn't present

in the second set.

,, ,



  

As a result, this �rst set is

not a subset of the second

set.

,, ,

⊆"



  

We denote this by using this

special “not a subset” symbol. It's

basically the subset symbol with a

slash through it.

,, ,

⊆"



  

Earlier, we saw a visual intuition

for what the  symbol meant.∈

Let's take a few minutes to

get a visual intuition for .⊆



  

As before, let's look at this set

S, which consists of a bunch of

colorful shapes.

S = {                         }, , ,



  

Also as before, we'll draw S as a

blob containing each of its

elements.

S = {                         }, , ,



  

So imagine that we're given the

above statement and asked to

determine whether it's true.

S = {                         }, , ,
S = {                         }, , ,

{      ,       } ⊆ S



  

This is equivalent to asking whether

every element in the set on the

left happens to be in the set S.

S = {                         }, , ,
S = {                         }, , ,

{      ,       } ⊆ S



  

{      ,       } ⊆ S

In this case, we can see that this

is indeed the case. Notice that

both objects are in S.

S = {                         }, , ,
S = {                         }, , ,



  

{      ,       } ⊆ S

Therefore, the above statement

is true.

S = {                         }, , ,
S = {                         }, , ,



  

So let's try out a new statement.

S = {                         }, , ,
S = {                         }, , ,



  

⊆ S

Here's a statement that we're not

sure about, which is why we have

a question mark above the  symbol.⊆

S = {                         }, , ,
S = {                         }, , ,

?



  

⊆ S

So/ is this statement true or false?

S = {                         }, , ,
S = {                         }, , ,

?



  

⊆ S

Before you move on, make a guess!

There's no risk involved – you're still

learning!

S = {                         }, , ,
S = {                         }, , ,

?



  

⊆ S

So you have a guess about whether

this statement is true or false? Like,

really? Because if you haven't guessed yet,

you totally should do that before moving on.

S = {                         }, , ,
S = {                         }, , ,

?



  

⊆ S

Okay, so let's see whether this is true or false.

S = {                         }, , ,
S = {                         }, , ,

?



  

⊆ S

Earlier, we said that the  relation means⊆

that every object in the set on the left-hand

side is an element of the set on the

right-hand side.

S = {                         }, , ,
S = {                         }, , ,

?

S ⊆ T
Every object in this set is in this set



  

⊆ S

An important detail here is that the thing on

the left-hand side of the  relation⊆

has to be a set for the relation to even

make sense.

S = {                         }, , ,
S = {                         }, , ,

?

S ⊆ T
Every object in this set is in this set



  

⊆ S

Otherwise, it would be like asking whether

gira�e < 137 – it's a meaningless statement

because you can't compare gira�es to

numbers using less-than.

S = {                         }, , ,
S = {                         }, , ,

?

S ⊆ T
Every object in this set is in this set



  

⊆ S

In this particular case, the object on the

left-hand side of the subset symbol isn't

a set/

S = {                         }, , ,
S = {                         }, , ,

?



  

⊆" S

/ so the initial statement was false.

S = {                         }, , ,
S = {                         }, , ,



  

⊆" S

This might seem a bit counterintuitive at �rst,

because the red circle is in the set S.

S = {                         }, , ,
S = {                         }, , ,



  

⊆" S

But we have a di�erent way of expressing

that idea!

S = {                         }, , ,
S = {                         }, , ,



  

∈ S

We can always say that the red circle is an

element of the set S, even if it's not

a subset of the set S.

S = {                         }, , ,
S = {                         }, , ,



  

∈ S

So remember that  and  aren't the same∈ ⊆

thing. You can be an element of a set without

being a subset and vice-versa.

S = {                         }, , ,
S = {                         }, , ,



  

So now we've seen a little bit about

the  and  relations.∈ ⊆



  

We've seen that you use  to ask whether∈

objects belong to sets and  to ask⊆

whether one set is a subset of another.



  

Things get a little bit more interesting

when we start talking about sets that

contain other sets.



  

For example, take a look at this set.

{ 1, {2, 3}, 4 }



  

This set has three elements/

{ 1, {2, 3}, 4 }



  

/ the number one, /

{ 1, {2, 3}, 4 }



  

/ the set {2, 3}, which contains the

numbers two and three, /

{ 1, {2, 3}, 4 }



  

/ and the number four.

{ 1, {2, 3}, 4 }



  

Restated using our new notation/

{ 1, {2, 3}, 4 }



  

/we can say that 1 is an element of

the set, /

1 ∈ { 1, {2, 3}, 4 }



  

/ that the set {2, 3} is an element of

the set, /

{2, 3} ∈ { 1, {2, 3}, 4 }



  

/ and that the number 4 is an element

of the set.

4 ∈ { 1, {2, 3}, 4 }



  

However, it isn't true that 2 is an element

of this set.

2 ∉ { 1, {2, 3}, 4 }



  

So why is that?

2 ∉ { 1, {2, 3}, 4 }



  

Remember, the set on the right has three

di�erent elements: the number 1, the

set {2, 3}, and the number 4.

2 ∉ { 1, {2, 3}, 4 }



  

None of the terms highlighted in blue

is exactly equal to the number two.

2 ∉ { 1, {2, 3}, 4 }



  

In other words, you can't point at

something in the set and say “that thing

right there is the number two.”

2 ∉ { 1, {2, 3}, 4 }



  

While it's true that the set {2, 3} contains

the number 2, that doesn't mean that

the set as a whole contains 2.

2 ∉ { 1, {2, 3}, 4 }



  

Let's look at another statement.

{ 1, {2, 3}, 4 }



  

Is this statement true or false?

{4} ∈ { 1, {2, 3}, 4 }
?



  

Before moving on, take a guess and try

to give a justi�cation for it.

{4} ∈ { 1, {2, 3}, 4 }
?



  

So you've made your guess? Like, really?

Because if you haven't, you totally should!

{4} ∈ { 1, {2, 3}, 4 }
?



  

Okay, now that you've got your guess,

let's see what the answer is.

{4} ∈ { 1, {2, 3}, 4 }
?



  

The question is whether {4}, the set

containing the number 4, is an element of

the set on the right-hand side.

{4} ∈ { 1, {2, 3}, 4 }
?



  

To answer this question, we can just

go one element at a time through the

set and see if any of them are {4}.

{4} ∈ { 1, {2, 3}, 4 }
?



  

Well, this element isn't equal to {4},

so that doesn't help us.

{4} ∈ { 1, {2, 3}, 4 }
?



  

This one isn't equal to {4} either.

{4} ∈ { 1, {2, 3}, 4 }
?



  

So what about this one?

{4} ∈ { 1, {2, 3}, 4 }
?



  

It's a 4, which looks pretty similar to {4}.

{4} ∈ { 1, {2, 3}, 4 }
?



  

But remember – the number 4 is not

the same as the set containing the number

4!

{4} ∈ { 1, {2, 3}, 4 }
?



  

Generally speaking, no object is ever

equal to the set that contains it.

{4} ∈ { 1, {2, 3}, 4 }
?



  

So that means that even though this 4

looks a lot like the set {4}/

{4} ∈ { 1, {2, 3}, 4 }
?



  

/ this element isn't equal to {4} either.

{4} ∈ { 1, {2, 3}, 4 }
?



  

So we've gone through all the elements

of the set, trying to see if any of them

are equal to {4}, and it looks like none

of them are.

{4} ∈ { 1, {2, 3}, 4 }
?



  

That means that {4} is not an element

of the set.

{4} ∉ { 1, {2, 3}, 4 }



  

If you thought that {4} was an element

of the set, don't worry! It's a reasonable

thought. It just happens to not work

given how we've chosen to de�ne sets

and the  symbol.∈

{4} ∉ { 1, {2, 3}, 4 }



  

Going forward, remember that x and {x}

are di�erent things – x is an individual

object, while {x} is a set containing the

object x.

{4} ∉ { 1, {2, 3}, 4 }



  

With that idea in mind, let's move

forward to looking back at the subset

relation.

{ 1, {2, 3}, 4 }



  

Take a look at this statement. Do you

think it's true or false?

{1} ⊆ { 1, {2, 3}, 4 }
?



  

As before, take a minute to come up with

a guess before moving on. You'll be

happier if you do.

{1} ⊆ { 1, {2, 3}, 4 }
?



  

So you've got your guess? Great!

{1} ⊆ { 1, {2, 3}, 4 }
?



  

To determine whether {1} is a subset of

{1, {2,3}, 4}, we need to ask whether

every element of {1} is also an element

of {1, {2,3}, 4}

{1} ⊆ { 1, {2, 3}, 4 }
?



  

The set {1} only has one element (the

number 1), so we just need to see

whether the number 1 is contained in

the set on the right.

{1} ⊆ { 1, {2, 3}, 4 }
?



  

And, indeed, it is!

{1} ⊆ { 1, {2, 3}, 4 }
?



  

So that means that the set {1} is indeed

a subset of the set on the right.

{1} ⊆ { 1, {2, 3}, 4 }



  

To mix things up a bit, let's ask a

di�erent question.

{1} ⊆ { 1, {2, 3}, 4 }



  

Is this new statement true? As before,

take a minute to think it over.

{1} ∈ { 1, {2, 3}, 4 }
?



  

Got a guess? Great! Let's move on.

{1} ∈ { 1, {2, 3}, 4 }
?



  

We're asking whether the set {1} is an

element of the set {1, {2,3}, 4}.

{1} ∈ { 1, {2, 3}, 4 }
?



  

That means that we need to see if

anything in the set {1, {2,3}, 4} is equal

to the set {1}.

{1} ∈ { 1, {2, 3}, 4 }
?



  

Using our reasoning from before, we know

that 1 and {1} aren't the same thing, so

this element isn't the set {1}.

{1} ∈ { 1, {2, 3}, 4 }
?



  

And hopefully it's not too much of a

stretch to see that these elements aren't

equal to {1}.

{1} ∈ { 1, {2, 3}, 4 }
?



  

So overall we see that nothing in the

set on the right is equal to {1}, so {1}

is not an element of {1, {2,3}, 4}.

{1} ∉ { 1, {2, 3}, 4 }



  

We've gotten a lot of mileage out of

this one single set, and we're not

done yet!

{ 1, {2, 3}, 4 }



  

Here's another one to ponder.

{2, 3} ⊆ { 1, {2, 3}, 4 }
?



  

You know the drill – think it over,

take a guess, and let's move on!

{2, 3} ⊆ { 1, {2, 3}, 4 }
?



  

Got a guess? Great! Let's proceed.

{2, 3} ⊆ { 1, {2, 3}, 4 }
?



  

We're asking whether {2, 3} is a subset

of {1, {2,3}, 4}.

{2, 3} ⊆ { 1, {2, 3}, 4 }
?



  

To answer that question, we have to

see whether every element of {2, 3}

is an element of {1, {2,3}, 4}.

{2, 3} ⊆ { 1, {2, 3}, 4 }
?



  

Let's begin with this element of {2, 3}

and ask – is 2 an element of {1, {2,3}, 4}?

{2, 3} ⊆ { 1, {2, 3}, 4 }
?



  

But wait! We already know the answer

to this question. We did this earlier.

{2, 3} ⊆ { 1, {2, 3}, 4 }
?



  

We know that 2 is not an element of

{1, {2,3}, 4}.

{2, 3} ⊆ { 1, {2, 3}, 4 }
?



  

That means that the set {2, 3} isn't

a subset of {1, {2,3}, 4}, because the

set {1, {2,3}, 4} doesn't contain 2. 

{2, 3} ⊆" { 1, {2, 3}, 4 }



  

However, we could say that {2, 3} is an

element of {1, {2,3}, 4}/

{2, 3} ∈ { 1, {2, 3}, 4 }



  

/because {2, 3} is right here.

Remember,  and  ask di�erent∈ ⊆

 questions!

{2, 3} ∈ { 1, {2, 3}, 4 }



  

To conclude our little tour of  and∈

⊆, let's talk about our friend the

empty set.



  

The empty set – which we denote using

the symbol shown above – is a set that

contains no elements.

Ø



  

The empty set has a few nice properties

that are worth keeping in mind.

Ø



  

First, since the empty set has no elements,

if you take any object x, you'll know

it's not an element of the empty set.

In fact, that's how the empty set

is sometimes de�ned!

x ∉ Ø



  

Second, as mentioned in class, we

mentioned that the empty set is

a subset of any set S. This is a

consequence of vacuous truth.

Ø ⊆ S



  

Although the empty set is probably

most famous because of these two

properties, it's just a set like any other

and it obeys all the regular rules of

the  and  relations.∈ ⊆

Ø



  

It's also somewhat famous because it's

a great edge case and can be a bit

weird when you �rst encounter it.

Ø



  

To help give you a little bit of practice,

let's look at some examples.

Ø



  

First, take a look at this statement. Is

this statement true or false?

Ø ∈ { 1, {2, 3}, 4 }
?



  

Don't move on until you've got a guess/

this is a really good problem to work

through!

Ø ∈ { 1, {2, 3}, 4 }
?



  

Okay, you've got your guess? Great!

Let's take a look a this.

Ø ∈ { 1, {2, 3}, 4 }
?



  

We're asking whether Ø is an element

of {1, {2, 3}, 4}.

Ø ∈ { 1, {2, 3}, 4 }
?



  

That means we need to see whether any

of the elements of {1, {2,3}, 4} happen

to be equal to Ø.

Ø ∈ { 1, {2, 3}, 4 }
?



  

Well, this element of the set isn't Ø/

Ø ∈ { 1, {2, 3}, 4 }
?



  

/ nor is this one /

Ø ∈ { 1, {2, 3}, 4 }
?



  

/ and neither is this one.

Ø ∈ { 1, {2, 3}, 4 }
?



  

Since none of the elements of this

set are equal to Ø, we say that Ø

isn't an element of {1, {2,3}, 4}.

Ø ∉ { 1, {2, 3}, 4 }



  

Now, we could correctly say that the

empty set is a subset of {1, {2,3}, 4},

because it's a subset of every set.

But, as you've seen before,  and ∈ ⊆

represent di�erent concepts, so that

doesn't mean that Ø would be an

element of this set.

Ø ⊆ { 1, {2, 3}, 4 }



  

That previous exercise hopefully gets you

thinking about  and  as applied to∈ ⊆

the empty set.



  

Let's take a look at the above statement.

What exactly is going on here?

Ø ∈ { Ø, 137 }
?



  

This set on the right is a set that

contains two elements.

Ø ∈ { Ø, 137 }
?



  

The �rst element is the empty set. You've

seen examples of sets containing other

sets before, and in this case this set just

happens to contain Ø.

Ø ∈ { Ø, 137 }
?



  

The second element is 137, which is a

nice and pretty number.

Ø ∈ { Ø, 137 }
?



  

So is this statement true?

Ø ∈ { Ø, 137 }
?



  

The answer is/ well, �rst, make a

quick guess!

Ø ∈ { Ø, 137 }
?



  

The answer is yes/

Ø ∈ { Ø, 137 }



  

/ because the empty set is right here

inside our set on the right.

Ø ∈ { Ø, 137 }



  

So this is an example of a set that

contains the empty set. This is totally

normal – it happens all the time.

Ø ∈ { Ø, 137 }



  

I've been talking for a while now, so

let's do one �nal exercise and then

call it a day.



  

Take a minute to think about whether

this statement is true or false.

{Ø, 4} ⊆ { 1, {2, 3}, 4 }
?



  

Got a guess? Great! Let's take a look

at what the answer is.

{Ø, 4} ⊆ { 1, {2, 3}, 4 }
?



  

This is the set containing two elements,

the empty set Ø and the number 4.

{Ø, 4} ⊆ { 1, {2, 3}, 4 }
?



  

We're asking whether this set is a subset

of the set {1, {2,3}, 4}.

{Ø, 4} ⊆ { 1, {2, 3}, 4 }
?



  

As you've seen before, this means that

we need to check whether every element

of the set on the left happens to be

an element of the set on the right.

{Ø, 4} ⊆ { 1, {2, 3}, 4 }
?



  

So let's start by asking whether the

empty set is an element of {1, {2,3}, 4}.

{Ø, 4} ⊆ { 1, {2, 3}, 4 }
?



  

Something to notice here is that even

though the “top-level” question asks about

the  relation, right now we're asking⊆

whether this particular thing (the empty

set) is an element of another set, and

that involves the  relation.∈

{Ø, 4} ⊆ { 1, {2, 3}, 4 }
?



  

And, as we saw before, we know that

the empty set is not an element of

{1, {2,3}, 4}, because none of the elements

of that set are equal to Ø.

{Ø, 4} ⊆ { 1, {2, 3}, 4 }
?



  

As a result, we can say that the set on

the left is not a subset of the set

on the right, even though the above

statement involves Ø and the  relation.⊆

{Ø, 4} ⊆" { 1, {2, 3}, 4 }



  

Hope this helps!

Please feel free to ask

questions if you have them.



  

Did you �nd this useful? If

so, let us know! We can go

and make more guides like these.
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