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Abstract

We present a novel distributed computing framework that is robust to slow compute

nodes, and is capable of both approximate and exact computation of linear operations.

The proposed mechanism integrates the concepts of randomized sketching and polar

codes in the context of coded computation. We propose a sequential decoding algorithm

designed to handle real valued data while maintaining low computational complexity

for recovery. Additionally, we provide an anytime estimator that can generate prov-

ably accurate estimates even when the set of available node outputs is not decodable.

We demonstrate the potential applications of this framework in various contexts, such

as large-scale matrix multiplication and black-box optimization. We present the im-

plementation of these methods on a serverless cloud computing system and provide

numerical results to demonstrate their scalability in practice, including ImageNet scale

computations.

1 Introduction

The utilization of distributed computing has become a crucial aspect in various scientific

and engineering applications that involve the manipulation of large-scale data and models.

Despite its advantages, distributed computing poses several challenges in algorithm design,
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including inter-node communication, handling of malfunctioning or slow nodes, and main-

taining data privacy.

In distributed computing, the presence of straggling nodes can significantly impact the

overall computation time of an algorithm. To overcome the problem of stragglers, the idea

of adding redundancy to computations using error-correcting codes has been explored in the

literature by many recent works [3], [4], [5]. Error-correcting codes not only help speed up

computations by making it possible to compute the desired output without waiting for the

outputs of the straggling workers, but also provide resilience against crashes and timeouts,

leading to a more robust distributed computing framework.

In this study, we propose a novel method that incorporates the principles of anytime

computing [6] with coded computation and randomized sketching. The anytime computing

approach allows for the generation of approximate solutions that improve in accuracy over

time. Our method utilizes this concept by enabling exact recovery when the available outputs

are decodable. In situations where the available outputs are not decodable, our method can

provide accurate unbiased estimates for the desired computation at any point in time. These

anytime estimates can be applied in machine learning and optimization as they can provide

sufficient inexact gradients for these applications.

Our approach incorporates the use of polar codes for computation [1] and randomized

sketching to achieve provable improvements in performance. Polar coding, a method for

error-correcting code construction, has been shown to achieve the capacity of symmetric

binary-input discrete memoryless channels [7]. As a result, we propose a flexible distributed

computing method that is highly robust against stragglers and able to provide accurate

approximations when exact recovery fails due to the high number of stragglers. The formal

statement of our main result could be found in Theorem 2.2.

Serverless computing is a novel cloud-based computational model that enables users to

execute computations within the cloud environment without the need for provisioning or

managing servers. In order to ensure straggler resilience within this model, it is essential
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for the scheme to be scalable, as the number of nodes may vary greatly. As the number of

worker nodes increases to the scale of hundreds or thousands, two considerations become

particularly salient. The first one is that encoding and decoding of the code must be low

complexity. The second one is that one must be careful with the numerical round-off errors

if the inputs are not from a finite field, but instead are full-precision real numbers. To clarify

this point, when the inputs are real-valued, encoding and decoding operations introduce

round-off errors. Polar codes show superiority over many codes in terms of both of these

aspects as we will show in the sequel. They have low encoding and decoding complexity

and both encoding and decoding require only a small number of subtraction and addition

operations without any multiplication operations. In addition, they are known to achieve

channel capacity in communication ([7]). The importance of this fact for coded computation

is that we assume the outputs of worker nodes are analogous to binary erasure channels and

thus the number of worker outputs needed for decoding is asymptotically optimal.

The distinction between serverless and server-based computing is crucial in understanding

the utility of polar coding based approaches. Serverless computing requires a larger number

of compute nodes to perform equivalent computation compared to server-based computing.

This design consideration highlights the need for efficient encoding and decoding algorithms

to address the increased computational requirements. For instance, for a distributed server-

based system with N = 8 nodes, using maximum distance separable (MDS) codes with

decoding complexity as high as O(N3) can be computationally feasible. However, this be-

comes a limitation when transitioning to a serverless system, as the number of functions N

required to achieve the same level of computation may increase to several thousand. The

reason for this is the limited resources such as low RAM and short lifetime that each func-

tion is restricted to have in serverless computing. Hence, it is imperative to employ codes

with efficient decoding algorithms, such as polar codes. Despite lacking the MDS properties,

polar codes exhibit a diminishing performance gap in terms of recovery threshold as the

block-length of the code increases.
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1.1 Related Work

Coded matrix multiplication has been introduced in [3] for speeding up distributed matrix-

vector multiplication in server-based computing platforms. In [3], it was shown that it is

possible to speed up distributed matrix multiplication by using MDS codes. MDS codes

however have the disadvantage of having high encoding and decoding complexity, which

could be restricting in setups with large number of workers. The work in [4] attacks this

problem by introducing a coded computation scheme based on d-dimensional product codes.

[5] presents a scheme referred to as polynomial codes for coded matrix multiplication with

input matrices from a large finite field. This approach might require quantization for real-

valued inputs which could introduce additional numerical issues. [8] and [9] are other works

investigating coded matrix multiplication and provide analysis on the optimal number of

worker outputs required. The polynomial code approach has been extended in [10], where a

secure, private, batch distributed matrix multiplication scheme has been proposed.

The matrix multiplication computation is partitioned into sequentially computed layers of

varying precision in [11]. Coded computing is then applied to each precision layer to make the

computation of each layer straggler-resilient. [12] considers the variability in the computation

speed across the worker nodes. The state of each worker node is modeled using Markov chains

and a dynamic computation strategy is developed. This work also has a coded computing

aspect which is based on an MDS code. Our polar code approach could be applied to [12] to

lower the complexity required for decoding in order to enable it for large-scale distributed

computing. A common ingredient in both [11] and [12] is the use of finite field data and high

complexity decoding (typically cubic complexity). Fast encoding and decoding procedures

along with the approximation property of our method enable massive scale computing. [13]

proposes an approximate coded computing algorithm with low complexity that act on real-

valued data. Authors of [13] provide theoretical guarantees for the approximation quality.

Our method not only exhibits similar desirable properties but also allows for fast exact

decoding.
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There are works in the literature on coded computation for gradient coding and different

types of large-scale linear algebra operations such as [14], [15], [16]. Straggler mitigation in

distributed computing with heterogeneous compute nodes is studied in [17]. In addition to

the coding theoretic approaches, [18] presents an approximate straggler-resilient matrix mul-

tiplication scheme where sketching and straggler-resilient distributed matrix multiplication

are combined.

Polar codes for coded computation is further studied in the work [19]. This work analyzes

the convergence properties of polarization of computation times.

Using Luby Transform (LT) codes, a type of rateless fountain codes, in coded computation

has been proposed in [20] and [21]. The proposed scheme in [21] divides the overall task

into smaller tasks of multiplication of rows of A with x for better load-balancing. The

work [20] proposes the use of inactivation decoding and the work [21] uses peeling decoder.

Peeling decoder has a computational complexity of O(N logN), however its performance

is not satisfactory if the number of input symbols is not very large. Inactivation decoder

performs better than the peeling decoder in terms of error correction, however, it is not as

fast as the peeling decoder.

Several alternative methods were proposed for designing anytime algorithms in dis-

tributed computing, capable of generating estimates and exact solutions with sufficient time

([22, 23, 24]). However, it is not guaranteed that an algorithm that provides exact recovery

is computationally efficient. Our use of a randomized version of polar codes, which have

efficient decoding algorithms as well as strong concentration properties, makes this possible.

Our approach is novel in that it enables efficient exact recovery while also offering anytime

inexact solutions with theoretical guarantees as outlined in Theorem 2.2.

Among the recent work on serverless computing for machine learning training is [25],

where serverless machine learning is discussed in detail, and challenges and possible solutions

on serverless machine training are provided. Resource allocation and pricing aspects of

serverless computing are investigated in [26]. Authors in [27] consider an architecture with
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multiple master nodes and state that for small neural network models, serverless computing

helps speed up hyperparameter tuning. Similarly, the work in [28] shows via experiments

that their prototype on AWS Lambda can reduce model training time greatly. A distributed

convex optimization mechanism based on randomized second order optimization is proposed

and studied in [29] for serverless computing.

We also investigate the application of black-box optimization methods for reinforcement

learning. The work of [30] considers the evolution strategies method in reinforcement learning

and show that distributed training with evolution strategies can be very fast because of its

scalability. The work of [31] shows that using orthogonal exploration directions leads to lower

errors and present the structured evolution strategies method which is based on a special

way of generating random orthogonal exploration directions, as we discuss later in detail.

1.2 Overview of Our Contributions

• We introduce a novel approach for distributed computation of linear operations that

is resistant to slow or “straggler” nodes while also providing approximate solutions

when exact decoding is not possible. The method unifies polar codes and randomized

Hadamard sketches to achieve this goal. This allows for robustness and flexibility in

computation and highly efficient fast decoding, making it a versatile solution for large

scale linear operation computations.

• We present methods for coded computation and black-box optimization using polar

codes. We develop efficient algorithms for encoding and decoding over real numbers.

• We have extended the previous results on polarization of computation times into kernels

of arbitrary size. Arbitrary size kernels could be useful when the number of nodes is

not a power of 2.

• We present numerical results on large-scale data including ImageNet ([32]) that show

the scalability of the proposed methods. We have implemented and tested the methods
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for the serverless computing service AWS Lambda.

2 Coded Computation using Polar Codes

2.1 Problem Setup

In this section, we will use the distributed computation of the matrix-vector multiplication

operation Ax as a motivating example for the discussion. Suppose that A ∈ Rn×d is a large

data matrix partitioned to s sub-matrices Ai of size
n
s
-by-d over its rows:

A =


A1

...

As

 , where Ai ∈ R
n
s
×d, i = 1, . . . , s. (1)

To keep the presentation simple, we will assume that x ∈ Rd is a vector of manageable size

and is not partitioned or encoded. For a detailed discussion of the general setting where x

is a matrix and also encoded, the reader is referred to Appendix D. Our goal is to compute

exactly or approximately the product Ax using N worker nodes that run in parallel. In our

model, worker nodes are allowed to communicate only with the central node. We will assume

the encoded data blocks are denoted as Ãi:

Ã =


Ã1

...

ÃN

 , where Ãi ∈ R
n
s
×d, i = 1, . . . , N. (2)

The output of worker node i is then Ãix. Figure 1 presents a visual representation of

the computing model. When worker node i finishes its assigned computation, we say that

its output is available. The set of nodes whose outputs are available will be denoted as

S ⊆ {1, . . . , N}. We will assume that the worker node outputs can be either “unavailable”
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worker node 1: Ã1x

worker node 2: Ã2x

worker node 3: Ã3x

...

worker node N : ÃNx

central node

Figure 1: Distributed computing model.

or “available and correct”. In other words, if an output is available, we will assume it is

error-free. Consequently, the worker nodes can be modeled as real-valued erasure channels.

2.2 Main Result

Our primary contribution is a novel technique for introducing redundancy in computation

that effectively eliminates the straggler effect in exact recovery and at the same time, provides

approximation guarantees for the anytime estimates. Our scheme enables finding an unbiased

estimator for the matrix-vector product Ax that provides guaranteed approximation results

when the set of available outputs is not sufficient for exact decoding of the result. An

essential aspect of our analysis is the synthesis of two distinct areas of research: Polar codes

and the concentration of measure for randomized Hadamard sketches.

The proposed method is summarized in Algorithm 1. Our encoder acts on the blocks

Ai of the data matrix A and returns the encoded data blocks Ãi. Details of the encoding

procedure are given in Section 2.3. The worker nodes are assigned tasks such that worker

node i computes the product Ãix. Then, the central node monitors the available node

outputs and updates the set S and approximation of the computation accordingly. Once S

becomes decodable (see Definition 2.1), the decoder recovers the desired result Ax exactly.

We will provide the details of the encoding and decoding algorithms in the sequel.

Definition 2.1 (Decodable set). Let S denote the set of nodes that complete their assigned

computation. We say S is decodable whenever it is possible to exactly recover the desired
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result from the outputs of nodes in S using our sequential decoding procedure (Algorithm 2).

Algorithm 1: Randomized polar coding based anytime distributed computing

Input: Data A, x
Ã = encoder(A) (see Section 2.3.1)

Assign Ãix to worker node i, i = 1, . . . , N
Initialize S = {}
while S not decodable do

update S
form the approximate anytime estimator Tx(S) := vec

(
1
|S|
∑

i∈S zi(Ãix)
T
)

Ax = decoder(S) (see Algorithm 2)
return Ax (exact computation)

We defer the analysis of exact decodability via sequential decoding to Section 2.6. When

S is not decodable, we will show that it is possible to construct approximate solutions using

the estimator Tx(S) defined as

Tx(S) := vec

(
1

|S|
∑
i∈S

zi(Ãix)
T

)
∈ Rn (3)

where z1, ..., z|S| ∈ Rs are column vectors corresponding to the |S| rows of the randomized

polar code matrix Z = [z1, ..., zN ]
T as defined in Section 2.3.1 that correspond to the nodes

that complete their assigned computation. In the above formula, the vec(·) operation vector-

izes the s× n
s
matrix 1

|S|
∑

i∈S zi(Ãix)
T columnwise into a size-n vector to provide an anytime

estimator for Ax ∈ Rn.

We now present our main result on the quality of the anytime estimator.

Theorem 2.2 (Main result). Suppose that the worker run times are independently dis-

tributed. Algorithm 1 returns the matrix-vector product Ax exactly for decodable1 S in

O(N logN) decoding time. In the case when S is not decodable, the approximation (3)

1The distribution of the time at which exact computation is possible can be found in closed form as we
show in Section 2.6
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is unbiased and for any fixed collection of vectors x, x′, c we have

(1− ϵ)∥A(x− x′)∥22 ≤ ⟨Tx(S)− Tx′(S), A(x− x′)⟩ ≤ (1 + ϵ)∥A(x− x′)∥22, (4)

and

−ϵ(∥c∥22 + ∥Ax∥22) ≤ ⟨c, Tx(S)− Ax⟩ ≤ ϵ(∥c∥22 + ∥Ax∥22), (5)

with probability at least 1 − s exp (−C2|S|) when at least C1 log(N)4/ϵ2 workers finish their

computation2. Here, Tx(S) and Tx′(S) are approximations of Ax and Ax′ respectively. In

addition, the estimator Tx(S) can be computed in O(N logN) time.

The proof is presented in Sections 2.4.1 and 2.5. The bound (5) shows that the inner-

product cTAx can be replaced with cTTx(S) with small error for any fixed vector c. A

corollary of the approximation in (4) is that 1− ϵ ≤ ⟨Tx(S), Ax⟩ ≤ 1+ ϵ for any x satisfying

the normalization ∥Ax∥2 = 1. The main significance of Theorem 2.2 is that it shows there

exists a strategy of encoding data that allows for unbiased estimates at anytime and eventual

exact recovery. Moreover, the complexity of encoding and decoding with exact recovery, and

also approximate recovery is only O(N logN), which is significantly faster than standard

computational codes [3].

2.3 Encoding

Here we describe the randomized polar coding construction underlying our computational

scheme. We will use U1, . . . , UN to denote the input data blocks to the encoder. Some of the

inputs will be set to zero and others will be set to the data blocks Ai. This is to control the

redundancy of the code, analogous to the frozen and data bits in traditional polar codes.

Consider the construction given in Figure 2 for N = 2 data blocks. The rectangles

M1 and M2 correspond to worker nodes 1 and 2. The input blocks U1 and U2 are first

2C1, C2 are constants independent of dimensions.
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M1

M2

+

+×
−1

D1U1 +D2U2

D1U1 −D2U2

(D1U1 +D2U2)x

(D1U1 −D2U2)x

D1U1

D2U2

Figure 2: Randomized polar code construction for N = 2.

multiplied by the diagonal matrix D = Diag(D1, D2) where the diagonal entries Di are

sampled from a scalar Rademacher distribution with ±1 i.i.d. entries. This is then input to

the Hadamard kernel. The outputs are the encoded data blocks and equal to D1U1 +D2U2

and D1U1 −D2U2. The worker nodes are tasked with multiplying these encoded blocks by

x. The variables Di are generated only once during the construction of the code and kept

fixed during the decoding.

Remark 2.3. Note that the encoding shown in Figure 2 is for the Hadamard kernel
[
1 1
1 −1

]
,

whereas the polar code kernel is given by
[
1 1
0 1

]
. Encoding and exact decoding procedures work

similarly for both kernels. However, approximate recovery is only possible via the Hadamard

kernel due to the connection to randomized Hadamard sketches as shown in the sequel.

Larger size constructions can be obtained by recursively applying the size 2 constructions.

For instance, the construction for N = 4 is shown in Figure 3. The recursive construction

enables fast encoding and decoding operations, making it suitable for large-scale computing.

We now discuss the procedure for determining which inputs Ui to freeze, i.e. set to zero,

and which ones to send in data blocks. Let us denote the erasure probability of each worker

node by ϵ, and assume that the erasures are independent. The calculation of the erasure

probabilities for the transformed nodes is similar to traditional polar codes, which we show

with the example of N = 2: Suppose that a sequential decoder in the first stage recovers

D1U1 from the outputs of M1 and M2 in Figure 2, and then recovers D2U2 given D1U1 in

the second stage. The probability that the first stage fails is given by

P[output M1 is erased or output M2 is erased] = F+(ϵ) := 1− (1− ϵ)2,
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since any erasure makes the recovery of D1U1 impossible. On the other hand, the probability

that the second stage fails is given by

P[output M1 is erased and output M2 is erased] = F−(ϵ) := ϵ2,

since D2U2 can be recovered either from the output of M1 or M2 given the knowledge of

D1U1. For larger construction sizes, the above calculation can be extended recursively. For

N = 4, the erasure probabilities of the transformed nodes are given by

{
F+(F+(ϵ)), F+(F−(ϵ)), F−(F+(ϵ)), F−(F−(ϵ))

}
,

(see e.g., [1]). Based on the erasure probabilities of the transformed nodes, we select the

best ones for data, and freeze the rest (i.e., set to zero matrices). These transformed nodes

are analogous to virtual channels in polar coding for communication [7].

After computing the erasure probabilities for the transformed nodes, we choose the N(1−

ϵ) nodes with the lowest erasure probabilities as data nodes. The remaining Nϵ nodes are

frozen. For example, for N = 4 and ϵ = 0.5, the erasure probabilities of the transformed

nodes are calculated to be {0.938, 0.563, 0.438, 0.063}. It follows that we freeze the first two

inputs, and the last two inputs are set to data blocks. This means that in Figure 3, we set

U1 = U2 = 0n/2×d and U3 = A1, U4 = A2.

Note that unlike the XOR operation of polar codes in binary communication channels, in

this work we consider real numbers and linear polarizing transformations over real numbers.

As it will be shown in the sequel, the channel polarization phenomenon in finite fields carries

over to the reals in an analogous manner. We note that the encoding procedure has com-

putational complexity O(N logN). This can be seen by observing that there are log2N + 1

vertical levels in the code construction and N nodes in every level.
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+

+×

+

+×

−1

−1

+

+

+

+

×

×

−1

−1

D1U1

D2U2

D3U3

D4U4

M1

M2

M3

M4

D1U1 +D2U2

D3U3 +D4U4

D1U1 −D2U2

D3U3 −D4U4

Figure 3: Randomized polar code construction for N = 4.

2.3.1 Randomized Polar Code Construction

We define the following randomized linear code

Z := HDR , (6)

where H is the N×N Hadamard matrix, D ∈ RN×N is a diagonal matrix containing uniform

±1 Rademacher random variables, and R ∈ RN×s is a 0–1 matrix whose certain rows are

set to zeros. The matrix R pads zero entries to frozen data locations, which are determined

according to polarized erasure probabilities. The matrix R can be constructed by taking an

s× s dimensional identity matrix and padding all-zero rows at the frozen data indices.

For the case of s = n, the encoded data is defined as Ã := ZA. For the general case of

matrix data A ∈ Rn×d, we partition A into blocks of size n
s
× d as A = [A1; . . . ;As], where

the semicolons indicate that blocks are stacked vertically. The encoded data is defined as

Ã = encode(A) := [Ã1; . . . ; ÃN ] ∈ RNn/s×d, where

[vec (Ã1), . . . , vec (ÃN)]
T := Z[vec (A1), . . . , vec (As)]

T , (7)

where vec(·) is the columnwise vectorization operator. In the case of the encoded matrix-

vector product task, the workers are assigned to compute Ãx. The encoding function can
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be equivalently rewritten using the Kronecker product as follows:

Ã = encode(A) := (Z ⊗ In/s)A , (8)

where In/s is the (n/s)× (n/s) dimensional identity matrix.

2.4 Approximate Computation

The Hadamard matrix is also used for dimension reduction in randomized approximate al-

gorithms, including the well-known Subsampled Randomized Hadamard Transform (SRHT)

[33, 34]. Until this work, the connection between polar codes and SRHT has not been un-

derstood. SRHT is constructed as SH := 1√
m
PHD ∈ Rm×N where P ∈ Rm×N is a 0 − 1

row-sampling matrix that picks m rows uniformly at random, H ∈ RN×N is the Hadamard

matrix with orthonormal columns, and D ∈ RN×N is a diagonal matrix with diagonal entries

sampled i.i.d. from the Rademacher distribution, Dii = −1 or 1 with probability 1/2. For

m < N , the sketched data matrix SHA = 1√
m
PHDA ∈ Rm×d can be used as an approximate

low dimension version of the data matrix.

We can rewrite the expression for the estimator given in (3) equivalently as follows:

Tx(S) = vec

(
1

|S|
∑
i∈S

ziz
T
i [A1x, ..., Asx]

)

= vec

(
1

|S|
DHP TPHD[A1x, ..., Asx]

)

=


ST
HSHA1x

. . .

ST
HSHAsx

 (9)

where P ∈ Rm×N , m = |S| is a uniform row subsampling matrix that encodes the |S| workers

that finished computation. Therefore, each column of DHP TPHD[A1x, ..., Asx] is identical

to an SRHT sketch applied simultaneously to the s blocks of the desired matrix product
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A1x, ..., Asx, where the sketch size equals to |S|.

As the first step of showing that the estimator provides good approximations for the true

result, we state Lemma 2.4, which shows that the approximate results that we obtain using

the estimator are unbiased estimates.

Lemma 2.4 (Unbiasedness). Suppose that the worker job completion times are i.i.d. Then,

the estimator Tx(S) provides unbiased estimates of the true result, i.e., E[Tx(S)] = Ax, where

the randomness of the expectation is with respect to the diagonal Rademacher matrix D and

the randomness in the job completion times of the workers.

Proof. Consider the expectation of the estimator Tx(S) where the randomness is with respect

to the randomness of D:

E[Tx(S)] = E vec

(
1

|S|
DHP TPHD[A1x, ..., Asx]

)
= vec

(
1

|S|
∑
i∈S

ED

[
1

|S|
DH EP [P

TP ]HD

]
[A1x, ..., Asx]

)

= vec ([A1x, ..., Asx]) = Ax . (10)

Note that the third equality follows from the fact EP [P
TP ] = |S|I due to the i.i.d. distri-

bution of worker job completion times, since the matrix P is a row-sampling matrix whose

each row is sampled i.i.d. with replacement. Finally, H2 = I and ED2 = I.

2.4.1 Analysis of the anytime estimator

Now we give a proof of the anytime estimation guarantees presented in Theorem 2.2. By the

linearity of the map Tx(S) with respect to x, we have Tx(S)−Tx′(S) = Tx−x′(S). Therefore,

we need to prove that

(1− ϵ)∥A(x− x′)∥22 ≤ ⟨Tx−x′(S), A(x− x′)⟩ ≤ (1 + ϵ)∥A(x− x′)∥22.
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Without loss of generality, we may assume x′ = 0 and it suffices to show

(1− ϵ)∥Ax∥22 ≤ ⟨Tx(S), Ax⟩ ≤ (1 + ϵ)∥Ax∥22,

for a fixed vector x.

Next, we present the following result on the Johnson-Lindenstrauss (JL) property of the

map HD after random erasures, which is a consequence of the analysis of SRHT from the

sketching literature [35]:

Theorem 2.5. Suppose that P ∈ Rm×N is an i.i.d. row sampling matrix, where m ≥

O(log(N)4)/ϵ2. Then, for any fixed vector u, it holds with probability at least 1− exp(−mc1)

that

(1− ϵ)∥u∥22 ≤ ∥PHDu∥22 ≤ (1 + ϵ)∥u∥22 ,

where C1 is a fixed positive constant.

Here, the i.i.d. row-sampling matrix P is achieved by the i.i.d. job completion times of

the workers. This result implies that the encoding a vector u as HDu followed by random

erasures preserves ℓ2 norms even though exact recovery may not be possible. Note that for

any fixed vector u, we have

∥PHDu∥22 − ∥u∥22 = uT (PHD)TPHDu− ∥u∥22

= uTST
HSHu− ∥u∥22 . (11)

It follows from Theorem 2.5 that |uTST
HSHu − ∥u∥22| ≤ ϵ∥u∥22 with high probability. Next,

we apply this bound to bound bilinear terms uTST
HSHu

′ for any fixed u and u′. We combine

the last bound with the identity

|uTQu′| = 1

2
|(u+ u′)

T
Q(u+ u′)− uTQu− u′TQu′|,
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which is valid for any symmetric matrix Q by applying (11) three times to obtain

|uT (ST
HSH − I)u′| ≤ 3

2
ϵ(∥u∥22 + ∥u′∥22). (12)

Next, we apply the high-probability bound |uTST
HSHu − ∥u∥22| ≤ ϵ∥u∥22 to each data block

by letting u = Aix for i = 1, ..., s. We obtain

P
[
∃i ∈ [S] s.t. |(Aix)

TST
HSH(Aix)− ∥Aix∥22| > ϵ∥Aix∥22

]
≤ sexp(−mC1),

where the inequality follows from the union bound and Theorem 2.5. Here, C1 is a fixed

constant. Finally, adding these inequalities we obtain with high probability the following

(1− ϵ)
s∑

i=1

∥Aix∥22 ≤
s∑

i=1

(Aix)
TST

HSH(Aix) ≤ (1 + ϵ)
s∑

i=1

∥Aix∥22 .

We have ∥Ax∥22 =
∑s

i=1 ∥Aix∥22 = 1 and therefore

(1− ϵ)∥Ax∥22 ≤ ⟨Tx(S), Ax⟩ ≤ (1 + ϵ)∥Ax∥22 ,

with probability at least sexp(−mC1), which proves the first inequality of Theorem 2.2.

Therefore, the inner product between the estimate Tx(S) and the vector Ax is close to

∥Ax∥22 with high probability.

Next, for fixed arbitrary vectors {ci}si=1 and x we apply (12) to each data block as follows

P
[
∃i ∈ [S] s.t. |cTi ST

HSHAix− cTi Aix| >
3

2
ϵ(∥Aix∥22 + ∥ci∥22)

]
≤ s exp(−mC1).

Note that we can scale ϵ and absorb the constant factors into the constant C1. Adding these

inequalities, we obtain with high probability the following
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Figure 4: Error as a function of the number of outputs used in computing the estimate. The
data matrix A ∈ R9600×1000 is synthetically generated by sampling from the standard normal
distribution. The vector x ∈ R1000 is also sampled from the standard normal distribution
and then scaled by 10−3. The vertical axis shows the squared ℓ2 norm between Ax and the
estimate. The number of worker nodes is N = 32. 24 inputs are used for data and the
remaining 8 are frozen. For this simulation, the set of available nodes becomes decodable
after 25 nodes return their output.

|cT (Tx(S)− Ax)| ≤ ϵ(∥Ax∥22 + ∥c∥22) (13)

with probability at least exp(−mC ′) where c = [cT1 , ..., c
T
s ]

T and C ′ is a fixed constant. This

proves the second inequality of the theorem. Finally, note that Tx(S) can be computed in

O(N logN) time using the Fast Hadamard Transform [7].

The empirical performance is illustrated for N = 32 in Figure 4 for a synthetically

generated dataset. The error decreases as the number of outputs increases until a decodable

set of outputs is detected.

It is worth noting that our approximate recovery result can be viewed as a unification

of sketching and coding interpretations of the Hadamard matrix. Specifically, our construc-

tion combines the diagonal random Rademacher matrix D from SRHT with the polarization

phenomenon from polar codes. As a consequence, we obtain JL embeddings with erasure re-

covery properties at O(N log(N)) encoding and decoding time. Moreover, since our construc-

tion is based on polar codes and sequential decoding, they inherit their capacity achieving
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properties under random erasures.

2.5 Exact Recovery via Sequential Decoding

In the previous subsection, we have focused on finding an approximate result when S is not

decodable. Now, we discuss the exact recovery of Ax via sequential decoding.

Algorithm 2: Decoding algorithm

Input: The set S and indices of the frozen inputs
Initialize Ii,j = False for all i ∈ [1, N ], j ∈ [1, logN + 1]
for i ∈ S do

Ii,logN+1 = True
Initialize an empty list y
for i← 1 to N do

, zi,1 = decodeRecursive(i, 1)
if node i is not frozen then

y = [y; zi,1]
▷ forward propagationif i mod 2 = 0 then

for j ← 1 to logN + 1 do
for l← 1 to i do

compute zl,j
return y = Ax

The decoding algorithm for exact recovery is given in Algorithm 2. The decoder is a

sequential algorithm that performs recovery one at a time and in an order. The notation

Ii,j ∈ {True, False} indicates whether we know the value at node i in level j in the code con-

struction circuit. Level indicates the horizontal position while node is the vertical position.

zi,j is a data structure that holds the value for node i in level j.

The decoding algorithm has a subroutine called decodeRecursive given in Algorithm 3.

The main idea behind the decoding algorithm is that it works recursively from right to left

(i.e. from output to input) in the code construction. It performs decoding for 2 × 2 blocks

independently and combines the result. The 2 × 2 blocks are shown as dashed rectangles

in Figure 3. For instance, the top left dashed rectangle has inputs z1,1, z2,1 and outputs

z1,2, z2,2. The mapping between the inputs and outputs is given by the Hadamard kernel:

z1,2 = z1,1 + z2,1 and z2,2 = z1,1 − z2,1. Hence, when we wish to recover z1,1, we sum the
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outputs and divide by 2. Similarly, to recover z2,1, we subtract the second output from the

first one and divide by 2.

In the algorithm, we use the term pair to refer to inputs or outputs for a single 2 × 2

block. In the above example, z1,1 and z2,1 are a pair and z2,1 and z2,2 are another pair. The

notation Ipair(i),j is used to refer to the other node in the pair that node i is in at the j’th

level. For the above example, Ipair(1),1 is the same as I2,1 since node 2 is in a pair with node

1 in the first level. Furthermore, we call the first node in the pair upper node. For instance,

z1,1 and z1,2 are upper nodes in their respective pairs. The goal of the decoder algorithm is

to compute the values for all the nodes in the first level zi,1, i = 1, . . . , N .

The step of multiplication of inputs Ui by the diagonal matrix D is necessary for the

approximate recovery. In the case of exact recovery, the outputs of the decoding algorithm

will be the terms DiUix. The desired outputs Uix can be obtained via dividing by Di’s.

Algorithm 3: decodeRecursive(i, j)

Input: Node i ∈ [1, N ], level j ∈ [1, logN + 1]
if j = logN + 1 then

return (Ii,j, zi,j) if Ii,j = True, else (Ii,j, None) ▷ base case 1

if Ii,j = True then
return (True, zi,j) ▷ base case 2

Ii,j+1 = decodeRecursive(i, j + 1)
Ipair(i),j+1 = decodeRecursive(pair(i), j + 1)

if i is upper node then
if Ii,j+1 AND Ipair(i),j+1 = True then

compute zi,j
return (True, zi,j)

else
if Ii,j+1 OR Ipair(i),j+1 = True then

compute zi,j
return (True, zi,j)

return (False, None)
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2.6 Polarization of Computation Times

In this section, we analyze the time at which the coded computations are decodable. We show

that a real valued version of the recursive construction in polar codes enables polarization

of the probability density functions towards better or worse computing times, analogous to

perfectly noiseless or noisy channels.

2.6.1 Characterization of Polarizing Kernels

As opposed to classical Polar Codes that operate in finite fields, our constructions have more

freedom in their design space over the real numbers. In particular, the polarization kernels

can be chosen arbitrarily as long as polarization takes place. In this section, we provide a

characterization of matrices that enable polarization and exact recovery. We first give the

definition of a polarizing kernel, and then state Lemma 2.7 that characterizes the conditions

for a polarizing kernel.

Definition 2.6 (Polarizing 2 × 2 kernel over reals). Let f be a function satisfying the lin-

earity property f(au1 + bu2) = af(u1) + bf(u2) where a, b ∈ R and assume that there is an

algorithm to compute f that takes a certain amount of time to run with its run time dis-

tributed randomly. Let K denote a 2× 2 kernel and
[
v1
v2

]
= K×

[
u1
u2

]
. Assume that we input

v1 and v2 to two i.i.d. instances of the same algorithm for f . Further, let T1, T2 be random

variables denoting the run times for computing f(v1), f(v2), respectively. We are interested

in computing f(u1), f(u2) in this order. If the time required to compute f(u1) is max(T1, T2)

and the time required to compute f(u2) given the value of f(u1) is min(T1, T2), then we say

K is a polarizing kernel. Note that this definition exclusively considers the earliest time at

which f(ui) can be computed, without accounting for the decoding time involved.

Lemma 2.7. A kernel K ∈ R2×2 is a polarizing kernel if and only if the following condi-

tions are both satisfied: 1) Both elements in the second column of K are non-zero, 2) K is

invertible.

21



Theorem 2.8 builds on Lemma 2.7 to identify the polarizing kernels that require the least

amount of computations for encoding.

Theorem 2.8. Of all possible 2×2 polarizing kernels, the kernels F2 =
[
1 1
0 1

]
and F ′

2 =
[
0 1
1 1

]
result in the fewest number of computations for encoding real-valued data.

The proofs of Lemma 2.7 and Theorem 2.8 are in the Appendix. Note that the results

so far apply to only size 2 kernels. Next, we extend the results to kernels of bigger size.

Definition 2.9 (Polarizing p × p kernel over reals). This definition extends Definition 2.6

for polarizing kernels to arbitrary size kernels. Let πi denote the index of the node i when

the run times of nodes are sorted in decreasing order, Tπ1 ≥ Tπ2 ≥ · · · ≥ Tπp. If the time

required to compute f(ui) is equal to Tπi
for all i = 1, . . . , p, then we say it is a polarizing

kernel.

(i) Kernel Size 3: Consider the 3× 3 kernel K =
[
a b c
d e f
g h i

]
. Then, K is a polarizing kernel

if and only if

1. K is invertible over the reals

2. All of the matrices
[
b c
e f

]
,
[
b c
h i

]
,
[
e f
h i

]
are invertible over the reals

3. c, f, i are all non-zero.

We note that the following kernel does not require any multiplications and only requires

additions and subtractions and also is a polarizing kernel: K =
[
1 1 1
0 −1 1
0 0 1

]
.

(ii) Arbitrary Kernel Size: Let K be a p× p kernel. It is a polarizing kernel if and only

if it satisfies the following conditions:

1. K is invertible

2. After removing the first column of K, every p − 1 rows of the remaining matrix is a

matrix invertible over the reals

3. After removing the first and second columns of K, every p − 2 rows of the remaining

matrix is a matrix invertible over the reals
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...

p− 1. After removing the first (p− 1) columns of K, every scalar in the remaining matrix is

non-zero (i.e. 1× 1 invertible matrix).

Note that for p = 4, the following upper triangular matrix is a polarizing kernel:

K =

[
1 1 1 1
0 1 2 3
0 0 1 4
0 0 0 1

]
.

2.6.2 Recursive Polarization

As in polar codes, we now consider the recursive application of any 2 × 2 polarizing kernel

via the Kronecker power construction K2N = K ⊗KN and K2 = K. For instance, one can

take K = F2 =
[
1 1
0 1

]
to obtain the real valued version of polar codes. This operation is

depicted for F4 in Figure 3. Note that the input is permuted to bit reversed order in Figure

3. We refer the reader to [7] for a detailed description of the bit reversal process. In the

case of the Hadamard kernel H2, the recursive construction coincides with the Hadamard

transformation. We now analyze the run-times in the recursive construction by illustrating

the 4× 4 construction.

Lemma 2.10. Suppose that the kernel K is polarizing as given in Definition 2.6 and Lemma

2.7, and let T1, . . . , T4 be random i.i.d. run-time random variables. Then the sequential

decoding procedure described in Algorithm 2 computes f(u1), f(u2), f(u3), f(u4) respectively

in time

T (1) = max
(
max(T1, T2),max(T3, T4)

)
T (2) = min

(
max(T1, T2),max(T3, T4)

)
T (3) = max

(
min(T1, T2),min(T3, T4)

)
T (4) = min

(
min(T1, T2),min(T3, T4)

)
.
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Proof. Note that the recursive construction (e.g. in Figure 3) combines two independent

random run-times and transforms to max(T1, T2) and min(T1, T2). Recursively applying this

transformation proves the statement.

Another way to show the run-time transformations for N = 4 would be to consider that

to recover the first input, we need to know both outputs of the top left dashed rectangle in

Figure 3. That requires knowing all 4 outputs; hence T (1) is equal to maximum of all Ti’s.

Next, given the first input, to recover the second one, we need only one of the outputs of the

top left dashed rectangle. Therefore, we obtain that T (2) = min
(
max(T1, T2),max(T3, T4)

)
.

The idea is similar for the recovery of the third and fourth inputs.

The result of Lemma 2.10 naturally extends to constructions of arbitrary sizes where

the corresponding run times are alternating min and max expressions. Consequently, one

can freeze certain variables to obtain a faster overall run-time. For example, freezing the

first input by setting it to a fixed value (e.g., zero), the decoder leverages this knowledge to

eliminate the run-time T (1) = max
(
max(T1, T2),max(T3, T4)

)
.

Example 1. Let us illustrate Lemma 2.10 for the case of uniformly random run time

distributions with closed-form formulas. Suppose that T1, T2, T3, T4 are i.i.d. and uniform

in the interval [0, 1] ⊆ R. Then a straightforward calculation shows that the probability

density functions of the run times T (1), T (2), T (3), T (4) are given by

pT (1)(t) = 4t3

pT (2)(t) = 4t(1− t)(1 + t)

pT (3)(t) = 4t(1− t)(2− t)

pT (4)(t) = 4(1− t)3

for t ∈ [0, 1]. It can be seen that the probability density functions are degree N − 1 polyno-

mials for the general size N construction with the uniform distribution.

Polarization for Kernel Size 3: Let us denote the inputs by x1, x2, x3 and the correspond-
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ing channel outputs by y1, y2, y3. Next, note that x1 can be recovered when all three outputs

y1, y2, y3 are known. Hence the run time for x1 is equal to max(T1, T2, T3). Given x1, decod-

ing x2 requires at least two of y1, y2, y3. The run-time for x2 is equal to median(T1, T2, T3).

Given x1, x2, the decoding of x3 will take min(T1, T2, T3).

Note that the run times for a construction of size N = 9 can be obtained using the same

method that we previously described for computing the run times for N = 4 with kernel size

2 in Lemma 2.10. In particular, the run times for N = 9 will be as follows: Decoding x1

will take time max(max(T1, T2, T3),max(T4, T5, T6),max(T7, T8, T9)) = max(T1, . . . , T9). De-

coding x2 will take time median(max(T1, T2, T3),max(T4, T5, T6),max(T7, T8, T9)). Decoding

the last input x9 will take time min(T1, . . . , T9).

Polarization for Arbitrary Kernel Sizes: Let p ≥ 2 denote the kernel size. Let πi

denote the index of the node i when the run times of nodes are sorted in decreasing order,

Tπ1 ≥ Tπ2 ≥ · · · ≥ Tπp . Then, for kernels of arbitrary size p, the run-time required for

decoding xi is equal to Tπi
. It is easy to observe that polarization for kernel sizes 2 and 3

are a special case of this result.

3 Numerical Results

In this section, we present numerical results to verify our theoretical claims and test the

performance of the proposed methods in various tasks.

3.1 Polarization of Computation Times

Figure 5 is a visualization of the polarization of computation times. Plot (a) shows the

empirical cumulative distribution function (CDF) of computation times for serverless func-

tions in AWS Lambda. This empirical CDF has been obtained by running the same Python

script in 500 serverless functions in parallel in AWS Lambda. Furthermore, observe that plot

(a) shows that there are worker nodes that finish their computations much later in roughly
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Figure 5: Empirical CDFs for various construction sizes show the polarization of run times.

t = 120 seconds as opposed to many worker nodes that finish before t = 20 seconds.

Plot (b) of Figure 5 shows the CDF for the transformed computation times for 2 workers.

This has been simulated by assuming there are 2 worker nodes and they have i.i.d. com-

putation times with CDF shown in plot (a). Similarly, plot (c) and (d) show the CDFs for

16 and 64 worker nodes. This process shows that we transform the computation times into

better and worse computation times, i.e. polarization of the computation times. Freezing the

inputs with worse computation times leads to a straggler-resilient computation mechanism

since this is the same as picking only the transformed nodes with better computation times

to perform the actual computation.

3.2 Gradient Descent for the Least Squares Problem

Polar coded distributed computation method can be used in any algorithm that requires

matrix multiplication. Consider the gradient descent algorithm being applied to solve a

linear least squares problem minimizex ∥Ax− y∥22, where A is a large-scale data matrix. The

variable x is small enough to fit in the memory of a worker node. The update rule for

gradient descent is as follows:

xt+1 = xt − µ(ATAxt − ATy), (14)

where the subscript t in xt denotes the iteration number. Note that we can compute ATy

only once and but need to compute ATAxt multiple times across iterations.

One possible scenario is to encode both A and AT separately and then use the coded
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matrix-vector multiplication method twice every iteration; once for Axt using the coding

on A and once for AT (Axt) using the coding on AT . Another choice is to compute ATA

offline and encode directly the product ATA. In this case, we use the coded matrix-vector

multiplication method only once per iteration.

Figure 6 compares the uncoded and the polar coded distributed computation methods

along with different values for N and erasure probabilities ϵ. In this experiment we have

pre-computed and encoded the matrix product ATA. Then, in each iteration of the gradient

descent, the central node decodes the downloaded outputs, updates xt, sends the updated xt

to AWS S3 and initializes the computation ATAxt. In the case of uncoded computation, we

simply divide the multiplication task among N(1− ϵ) serverless functions, and whenever all

of the N(1−ϵ) functions finish their computations, the outputs are downloaded to the central

node, and there is no decoding. Then, the central node computes and sends the updated

xt, and initializes the next iteration. The data matrix has dimensions A ∈ R20000×4800, the

variable is x ∈ R4800×1000, and the output is y ∈ R20000×1000. We have randomly generated

the data used in this experiment.

We note that in a given iteration, while computation with polar coding with rate (1− ϵ)

requires waiting for the first decodable set of outputs out of N outputs, uncoded computation

waits for all N(1 − ϵ) nodes to finish computation. Using ϵ as a tuning parameter for

redundancy, we achieve different convergence times.

3.3 ImageNet: Large-Scale Experiment

Figure 7 shows the cost (∥Ax− y∥22) against wall-clock time when we solve the least squares

problem where the data matrix A consists of the first 128 classes of the ImageNet dataset [36].

This experiment aims to demonstrate that gradient descent with coded matrix multiplication

can be used to speed up fine-tuning of pre-trained machine learning models.

Each data sample of the ImageNet dataset is an RGB picture of (rescaled) dimensions

256 × 256 × 3. Figure 7 compares the computation speeds of the naive approach with no
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Figure 7: Large-scale gradient descent ex-
ample on ImageNet.

coding (orange) and partial coded construction (blue). The circles show the beginning of each

iteration. For the partial coded construction, the construction size is 2, which is equivalent

to the repetition coding. Both methods have been run for 30 iterations with 5 iterations per

serverless function lifetime. In other words, each serverless function has been reused for 5

iterations. Figure 7 demonstrates that coding, even for a small construction size of 2 helps

speed up the computation. Larger construction sizes are expected to reduce the computation

times further at the expense of increased encoding times.

We observe that the 5’th iteration for the uncoded case takes longer than 100 seconds

and there are other iterations that take much longer than the rest of the iterations. This is

expected when we do not have redundancy since even if there is only one straggling worker

node, the central node waits for the straggling node to return its output before starting the

next iteration of the gradient descent algorithm. Figure 7 verifies that this effect is mitigated

with replication coding. Furthermore, we note that the coded version achieves roughly a 50%

reduction in the computation time while using twice many AWS Lambda functions. Thus,

the price of the overall computation stays the same since pricing is calculated based on the

duration of time that the functions take executing. This experiment verifies the effectiveness

of our approach as it leads to faster computing while keeping the overall price the same.
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3.4 Extension to Optimizing Nonlinear Black-Box Functions

In this subsection, we present numerical results for the application of our randomized polar

codes to black-box optimization problems. This is an extension of our approach to com-

puting linear functions by considering a linear approximation to the gradient for nonlinear

objective functions. The details are given in Section A. Our black-box optimization strategy

only accesses the objective through function evaluations. This makes our method appli-

cable to any arbitrary objective function. We consider the optimization of the nonlinear

objective f(θ) = ∥Aθ − b∥1 as a test case for the proposed black-box optimization method.
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Figure 8: Black-box optimization of the

function f(θ) = ∥Aθ − b∥1 where A ∈

R200×32, b ∈ R200.

Figure 8 shows the cost as a function of iterations

when we use gradient descent algorithm with gradient

estimates obtained by the finite differences method,

the proposed coded black-box optimization method,

and the structured evolution strategies method (these

methods are described in Section A). For fairness in

comparing these methods, we used straggler-resilient

versions of the finite differences method and the struc-

tured evolution strategies method in obtaining these

results. We wait for the first arriving 16 worker out-

puts out of the total 32 outputs to make a gradient

update for the finite differences method. For the structured evolution strategies method, the

perturbation directions are generated from the rows of the matrix product HD which is a

32× 32 matrix, so we wait for the first arriving 16 outputs out of the 32.

Finally, we implement the proposed method by utilizing a rate of 1
2
with a total of 64

workers and wait for the first decodable set of outputs out of these 64 outputs. Figure 8

illustrates that having all the entries of the gradient estimate through decoding leads to

faster convergence than having only a half of the entries of the gradient estimate. It also

shows that the proposed method results in faster convergence compared to the structured
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evolution strategies method.

3.5 Encoding and Decoding Speed Comparison

Figure 9 shows the time that encoding and decoding algorithms take as a function of the

number of nodes N for Reed-Solomon codes and our approach for exact recovery using

polar codes. For Reed-Solomon codes, we have implemented two separate approaches for

encoding and decoding. The first is the naive approach where encoding is done using matrix

multiplication (O(N2)) and decoding is done by solving a linear system (O(N3)), hence

the naive encoder and decoder can support full-precision data. The second approach is

the fast implementation for both encoding and decoding (of complexities O(N logN) and

O(N log2N), respectively). The fast implementation is based on Fermat Number Transform

(FNT), hence only supports finite field data. In obtaining the plots in Figure 9, we used 0.5

as the rate and performed the computation Ax where A is (100N ×5000)-dimensional and x

is (5000× 1000)-dimensional. The curve in Figure 9(b) with cross markers and dashed lines,

labeled as ’high error’, indicates that the error due to the decoder is unacceptably high. This

happens since the linear system that we need to solve for recovery is ill-conditioned.
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Figure 9: Comparison of encoding and decoding speeds for RS and polar codes.

Figure 9 illustrates that our approach for exact recovery takes considerably less time for

encoding and decoding compared to Reed-Solomon codes. This is because of the constants

hidden in the complexities of fast decoders for Reed-Solomon decoders which is not the case

for polar codes. We note that it might be more advantageous to use RS codes for small
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N values because they have the MDS properties and can encode and decode fast enough

for small N . However, in serverless computing where each function has limited resources

and hence using large N values is usually the case, we need faster encoding and decoding

algorithms. Considering the comparison in Figure 9, our approach using polar codes is more

suitable for serverless computing where N is large.

3.6 Empirical Distribution of Decodability Times

We refer to the time instance where the available outputs become decodable for the first time

as decodability time. Figure 10 shows the histograms of the decodability time for different

values of N for polar, LT, and MDS codes, respectively. These histograms were obtained by

sampling i.i.d. worker run times with replacement from the input distribution whose CDF is

plotted in Figure 5(a) and by repeating this 1000 times. Further, ϵ = 0.375 was used as the

erasure probability. We observe that as N increases, the distributions converge to the dirac

delta function, showing that for large N values, the decodability time becomes deterministic.

Plots in Figure 10(d,e,f) are the decodability time histograms for LT codes with peeling

decoder. The degree distribution is the robust soliton distribution as suggested in [21].

We see that polar codes achieve better decodability times than LT codes. Plots in Figure

10(g,h,i) on the other hand show that MDS codes perform better than polar codes in terms

of decodability time, which is expected. When considering this result, one should keep in

mind that for large N , MDS codes take much longer times to encode and decode compared

to polar codes as we discussed previously. In addition, we see that for large N values, the

gap between the decodability time performances closes.

4 Conclusion

We have introduced a method that combines polar coding based coded computation and

randomized sketching algorithms. Due to their low complexity and simple encoding and
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Figure 10: Histograms of decodability time for polar, LT, and MDS codes.

decoding algorithms, polar codes lead to favorable run time performance in coded computa-

tion. It is critical to note that a low complexity decoder is particularly advantageous when

addressing large-scale datasets and a high number of nodes.

A number of works in coded computation literature employ MDS codes for inserting

redundancy into computations. In the case where one wishes to work with full-precision data

and use Reed-Solomon codes, decoding requires solving a linear system. This will require

cubic complexity and lead to unstable solutions for systems with high number of nodes since

we are solving a Vandermonde based linear system. Furthermore, there are many works

that restrict their schemes to working with values from a finite field of some size q. In

that case, it is possible to use fast decoding algorithms which are based on fast algorithms

for polynomial interpolation. One such decoding algorithm is given in [37], which provides

O(N logN) encoding and decoding algorithms for Reed-Solomon erasure codes based on

Fermat Number Transform (FNT). The complexity for the encoder is the same as taking
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a single FNT transform and for the decoder, it is equal to taking 8 FNT transforms. To

compare with polar codes, polar codes require N logN operations for both encoding and

decoding. Another work where a fast erasure decoder for Reed-Solomon codes is presented

is [38] which presents a decoder that works in time O(N log2N).

There exist many other fast decoding algorithms for RS codes with complexities as low

as O(N logN). However, the decoding process in these algorithms usually requires taking

a fast transform (e.g. FNT) many times and are limited to finite fields. Often these fast

decoding algorithms have large hidden constants in their complexity and hence quadratic

time decoding algorithms are sometimes preferred over them. Polar codes, on the other

hand, provide very straightforward and computationally inexpensive encoding and decoding

algorithms. One of our contributions is the design of an efficient decoder for polar codes

tailored for the erasure channel that can decode full-precision data.
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A Extension to Coded Black-Box Optimization

In this section, we extend our coding method to the minimization of f(θ) where f : Rd → R.

We assume that we do not have access to the analytical form of f(θ) or its gradient, and we

assume that we are only able to make queries for function evaluations. This setting is called

black-box optimization.

We use∇v to denote directional derivative along the direction v ∈ Rd. We use ei to denote

the i’th unit column vector with the appropriate dimension. H refers to the Hadamard matrix

(its dimension can be determined from the context), and H is the Hessian of a function. We

now briefly describe the black-box optimization methods of finite differences and evolution

strategies and then present the proposed coded black-box optimization method.

Finite Differences: For black-box optimization problems, approximate gradients can

be obtained by using the finite differences estimator. The derivative of a function f(x) with

respect to the variable xi can be approximated by using

∂f(x)

∂xi

≈ f(x+ δei)− f(x− δei)

2δ
, (15)

where δ ∈ R is a small scalar that determines the perturbation amount. One can obtain an

approximate gradient using (15) and use it in gradient-based optimization methods such as

gradient descent.

The finite differences estimator can easily exploit parallelism since each partial approxi-

mate derivative can be independently evaluated in different worker nodes in parallel. This

method can be made straggler-resilient by using only the available derivative estimates and

ignoring the outputs of the slower workers. However, this typically leads to slower conver-

gence. Another alternative is to replicate finite difference calculations, which is not optimal

from a coding theory perspective.

Evolution Strategies: Let us consider the following evolution strategies (ES) gradient
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estimator ([30], [31])

∇f(θ) ≈ 1

2Nδ

N∑
i=1

(f(θ + δϵi)ϵi − f(θ − δϵi)ϵi) , (16)

where δ is the scaling coefficient for the random perturbation directions ϵi and N is the

number of perturbations. This estimator is referred to as antithetic evolution strategies

gradient estimator. The random perturbation directions ϵi may be sampled from a standard

multivariate Gaussian distribution N (0, I). Alternatively, ϵi’s may be generated as the rows

of the matrix HD where H is the Hadamard matrix and D is a diagonal matrix with entries

distributed as Rademacher distribution.

It is shown in [31] that if exploration (or perturbation) directions ϵi are orthogonal, the

gradient estimators lead to a lower error. We note that the rows of HD are orthogonal

with the appropriate scaling factor. We omit this scaling factor by absorbing it in the δ

term which scales perturbation directions ϵi. This work considers the case where random

perturbation directions are generated according to HD and we will refer to it as structured

evolution strategies as it is done in [31].

Evolution strategies can exploit parallelism as well since workers need to communicate

only scalars which are the function evaluations and the random seeds used when generating

the random perturbation directions.

A.1 Distributed Black-Box Optimization using Polar Codes

We now present the proposed method for speeding up distributed black-box optimization.

We start by introducing some more notation and definitions. The derivative of a differentiable

function f at a point θ along the unit vector direction ei is the i’th component of the gradient

∇f , that is, ∂f
∂θi

= eTi ∇f. The directional derivative along v is defined as follows

∇vf = lim
δ→0

f(θ + δv)− f(θ)

δ
. (17)
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If the function is differentiable at a point θ, then the directional derivative exists along any

direction v and is a linear map [39]. In this case we have

∇vf = vT∇f. (18)

When we do not have access to exact gradients, we can employ a numerical directional

derivative by choosing a small δ in

∇vf ≈
f(θ + δv)− f(θ)

δ
. (19)

Note that the approximation in (19) is not symmetric, that is, it involves perturbing the

parameters only along +v. We instead use the symmetric version of (19) for approximating

derivatives in which the parameters are perturbed along both the directions −v and +v:

∇vf ≈
f(θ + δv)− f(θ − δv)

2δ
. (20)

If we consider the Taylor series expansion for f(θ + δv) and f(θ − δv), we obtain

f(θ + δv) = f(θ) + δ∇fTv +
δ2

2
vTHv +O(δ3)

f(θ − δv) = f(θ)− δ∇fTv +
δ2

2
vTHv +O(δ3) (21)

where O(δ3) is a third order error term and H is the Hessian matrix for f . Substituting

these expansions in (20), we obtain

∇vf ≈
2δ∇fTv +O(δ3)

2δ
= ∇fTv +O(δ2) . (22)

This shows that for small δ, the numerical directional derivative becomes approximately

linear in ∇f . Our proposed method makes use of this assumption that directional derivative

estimates are approximately linear in the directions v to ensure that coding can be applied to
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Figure 11: 2-by-2 construction based on Hadamard transformation.

directional derivative estimates. To make this more concrete, let us consider the construction

given in Figure 11. The block H corresponds to the Hadamard kernel H =
[
1 1
1 −1

]
.

In Figure 11, if we know the estimates for ∇(θ1+θ2)f and ∇(θ1−θ2)f , we can compute the

estimates for ∇θ1f and ∇θ2f because the directional derivative estimates are approximately

linear in their corresponding directions. Furthermore, if we know the estimate for ∇θ1f ,

then it is sufficient to know only one of the estimates for ∇(θ1+θ2)f or ∇(θ1−θ2)f in order to

be able to compute the estimate for ∇θ2f . This would happen if, for example, θ1 is the zero

vector (i.e. frozen direction) because the estimate for ∇θ1f would be zero and either of the

directional derivative estimates from the right-hand side would be enough for us to obtain

the estimate of ∇θ2f . We refer to the directions θ1, θ2, (θ1 + θ2), (θ1 − θ2) as perturbation

directions.

We now summarize the proposed method and the descriptions of the steps will follow.

• Encode all the unit vectors in Rd to obtain the encoded perturbation directions.

• Assign each perturbation direction to a worker node and have them compute their

directional derivative estimates using (20).

• Central node starts collecting worker outputs.

• When a decodable set of worker outputs is available, the central node decodes these

outputs to obtain an estimate for the gradient.

• The central node computes the next iterate for the parameter θ.

• Repeat until convergence or for a desired number of iterations.

The above procedure assumes that we want to estimate all entries of the gradient, but

it is possible estimate only a portion of gradient entries by encoding only the unit vectors
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Figure 13: Example encoding for N = 4

corresponding to the desired entries. Moreover, we note that we can always check whether

decoding helps in obtaining a better objective function compared to the the structured

evolution strategies and make the update accordingly. Since the decoding step is fast due to

the efficient polar decoder, decoding the outputs but not using the recovered estimate does

not place a heavy computational burden.

A.2 Encoding

Encoding is computed based on the Hadamard transformation whose kernel is shown in

Figure 12. In channel coding, freezing channels corresponds to sending known bits, e.g., the

zero bit. Here, freezing inputs corresponds to setting them to all-zero coordinates so that the

corresponding directional derivative is zero. This makes it possible, when decoding, to take

the value of the derivative estimates for frozen nodes to be zero. For the information nodes,

we simply send in unit vectors. For instance, encoding for a function of 3 variables using

N = 4 workers is shown in Figure 13. The resulting 4 output vectors are the perturbation

directions.

In this construction, the rate is 3/4 since 3 out of 4 inputs are used for sending in unit

vectors. When the erasure probabilities of the transformed nodes are computed (see [7]),
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one will see that the worst one corresponds to the first index. Hence, the first input is frozen

and the remaining 3 inputs are the information nodes. The frozen input is set to the zero

vector and the others are set to 3-dimensional unit vectors. Note that for the frozen input,

perturbing by the zero vector is the same as not perturbing the variables and hence we get

f(θ+0)− f(θ− 0) = 0. This is important since during decoding, we will not have to do any

computations to evaluate the value of the frozen inputs as we know they are zero.

If we wish to use N = 8 workers instead of 4, we would set the worst 5 inputs to zero

vectors and the remaining best three inputs would be set to the unit vectors e1, e2, e3. The

rate in this case would be 3/8, and this construction would be more straggler-resilient since

we can recover the gradient estimate in the presence of even more stragglers compared to

the N = 4 case.

Embedding interpretation: It is also possible to perform the encoding step slightly

differently for a different view on freezing channels. Instead of setting frozen inputs to

zero vectors, one can increase the dimension of the inputs from d to N and set the frozen

channels to unit vectors ej where j ∈ {d+1, d+2, . . . , N}. Because the function f(θ) accepts

d-dimensional inputs, we could embed f(θ) into a higher dimension, that is, we could define

f̃(θ̃) where θ̃ ∈ RN and f̃(θ̃) = f(θ) if θ̃i = θi for i ∈ {1, 2, . . . , d}. The advantage of

this approach is that the output of the encoding step will be equal to the H matrix with

permuted rows.

A.3 Decoding

The sequential decoder given in Algorithm 2 directly handles linear operations such as

matrix-vector multiplication with full-precision data (i.e. does not require finite field data).

Since the gradient estimates ∇hi
f can be linearly approximated, we can use the same de-

coding method.

We note that the structured evolution strategies method is based on exploring the pa-

rameter space along the rows of HD instead of H alone. So far, we have only considered
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the H matrix for perturbation directions. It is possible to incorporate the diagonal matrix

D into our method as well. Multiplying H by D from the right corresponds to multiplying

all the entries of the i’th column of H by Di for all i. In this case, instead of computing an

estimate for the directional derivative along a direction of v, we approximate the directional

derivative with respect to the direction Dv.

B Proofs

Proof of Lemma 2.7. We first prove that if K is a polarizing kernel, then it satisfies both of

the given conditions. Let us assume an f function satisfying the linearity property given in

Definition 2.6. Since f satisfies the linearity property, we can write

f(v1)
f(v2)

 =

K11 K12

K21 K22

×
f(u1)

f(u2)

 . (23)

Computing f(u2) given the value of f(u1) in time min(T1, T2) means that f(u2) can be

computed using f(u1) and either one of f(v1), f(v2) (whichever is computed earlier). This

implies that we must be able to recover f(u2) using one of the following two equations

K12 × f(u2) = f(v1)−K11f(u1) (24)

K22 × f(u2) = f(v2)−K21f(u1). (25)

We use (24) if f(v1) is known, and (25) if f(v2) is known. This implies that both K12 and K22

need to be non-zero. Furthermore, to be able to compute f(u1) in time max(T1, T2) means

that it is possible to find f(u1) using both f(v1) and f(v2) (note that we do not assume we

know the value of f(u2)). There are two scenarios where this is possible: Either at least one

row of K must have its first element as non-zero and its second element as zero, or K must

be invertible. Since we already found out that K12 and K22 are both non-zero, we are left
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with one scenario, which is that K must be invertible.

We proceed to prove the other direction of the ’if and only if’ statement, which states

that if a kernel K ∈ R2×2 satisfies the given two conditions, then it is a polarizing kernel.

We start by assuming an invertible K ∈ R2×2 with both elements in its second column

non-zero. Since K is invertible, we can uniquely determine f(u1) when both f(v1) and f(v2)

are available, which occurs at time max(T1, T2). Furthermore, assume we know the value of

f(u1). At time min(T1, T2), we will also know one of f(v1), f(v2), whichever is computed

earlier. Knowing f(u1), and any one of f(v1), f(v2), we can determine f(u2) using the

suitable one of the equations (24), (25) because K12 and K22 are both assumed to be non-

zero. Hence this completes the proof that a kernel K satisfying the given two conditions is

a polarizing kernel.

Proof of Theorem 2.8. By Lemma 2.7, we know that for K to be a polarizing kernel, it

must be invertible and must have both K12 and K22 as non-zero. For a 2 × 2 matrix to

be invertible with both second column elements as non-zero, at least one of the elements in

the first column must also be non-zero. We now know that K12, K22 and at least one of

K11, K21 must be non-zero in a polarizing kernel K. It is easy to see that having all four

elements of K as non-zero leads to more computations than having only three elements of

K as non-zero. Hence, we must choose either K11 or K21 to be zero (it does not matter

which one). It is possible to avoid any multiplications by selecting the non-zero elements of

K as ones. Hence, both K =
[
1 1
0 1

]
and K =

[
0 1
1 1

]
are polarizing kernels and lead to the

same amount of computations, which is a single addition. This amount of computations is

the minimum possible as otherwise K will not satisfy the condition that a polarizing kernel

must have at least 3 non-zero elements.
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C Partial Construction

In this section, we introduce a novel idea that we refer to as partial construction to scale up

the encoding procedure. Suppose that we are interested in computing the linear operation

Ax where we only encode A and not x. If the data matrix A is extremely large, it may be

time consuming to encode the data. A way around having to encode a large A is to consider

partial code constructions, that is, for A = [AT
1 , . . . , A

T
p ]

T , we encode each submatrix Ai

separately. The encoded A can be written as follows:

encode(A) =


(Z ⊗ In/(ps))A1

...

(Z ⊗ In/(ps))Ap

 . (26)

It follows that decoding the outputs of the construction for the submatrix Ai will give us

Aix. This results in a weaker straggler resilience, however, we get a trade-off between the

computational load of encoding and straggler resilience. Partial construction also decreases

the amount of computations required for decoding since instead of decoding a code with N

outputs (of complexity O(N logN)), now we need to decode p codes with N
p
outputs, which

is of complexity O(N log(N
p
)).

In addition, partial construction makes it possible to parallel compute both encoding and

decoding. Each code construction can be encoded and decoded independently from the rest

of the constructions. Partial construction idea can also be applied to coded computation

schemes based on other codes. For instance, one scenario where this idea is useful is when

one is interested in using RS codes with full-precision data. Given that for large N values,

using RS codes with full-precision data becomes infeasible, one can construct many smaller

size codes. When the code size is small enough, a Vandermonde-based linear system can be

painlessly solved.

Another benefit of the partial construction idea is that for constructions of sizes small
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enough, encoding can be performed in the memory of the workers after reading the necessary

data. This results in a straggler-resilient scheme without doing any pre-computing to encode

the entire dataset. In-memory encoding could be useful for problems where the data matrix

A is changing over time because it might be too expensive to encode the entire dataset A

every time it gets updated.

D Coded Matrix Multiplication

In this section, we provide an extension to our proposed method to accommodate coding of

both A and B for computing the matrix multiplication AB (instead of coding only A). This

can be thought of as a two-dimensional extension of our method. Let A = [AT
1 , . . . , A

T
d1
]T and

B = [B1, . . . , Bd2 ]. Let us denote zero matrix padded version of A by Ã = [ÃT
1 , . . . , Ã

T
N1
]T

such that Ãi = 0 if i is a frozen channel index and Ãi = Aj if i is a data channel index with

j the appropriate index. Similarly, we define B̃ = [B̃1, . . . , B̃N2 ] such that B̃i = 0 if i is a

frozen channel index and B̃i = Bj if i is a data channel index with j the appropriate index.

Encoding on Ã can be represented as GN1Ã where GN1 is the N1 dimensional generator

matrix and acts on submatrices Ãi. Similarly, encoding on B̃ would be B̃GN2 .

Encoding A and B gives us N1 submatrices (GN1Ã)i due to A and N2 submatrices

(B̃GN2)j due to B. We multiply the encoded matrices using N1N2 workers with the (i, j)’th

worker computing the multiplication (GN1Ã)i(B̃GN2)j. So, the worker outputs will be of the

form:

P =


(GN1Ã)1(B̃GN2)1 . . . (GN1Ã)1(B̃GN2)N2

...
. . .

(GN1Ã)N1(B̃GN2)1 . . . (GN1Ã)N1(B̃GN2)N2

 . (27)

Note that for fixed j, the worker outputs are:
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(GN1Ã)1(B̃GN2)j

...

(GN1Ã)N1(B̃GN2)j

 . (28)

For fixed j, the outputs are linear in (B̃GN2)j, hence, it is possible to decode these outputs

using the decoder we have for the 1D case. Similarly, for fixed i, the outputs are:

[
(GN1Ã)i(B̃GN2)1 . . . (GN1Ã)i(B̃GN2)N2

]
. (29)

For fixed i, the outputs are linear in (GN1Ã)i. It follows that the 1D decoding algorithm

can be used for decoding the outputs. Based on these observations, the decoder algorithm

for the 2D case is given in Algorithm 4. The 2D decoding algorithm makes calls to the 1D

encoding and decoding algorithms many times to fill in the missing entries of the encoded

matrix P defined in (27). When all missing entries of P are computed, first all rows and

then all columns of P are decoded and finally, the frozen entries are removed to obtain the

multiplication AB.

Algorithm 4: 2D decoding algorithm.

Input: the worker output matrix P
Result: y = A×B
while P has missing entries do

▷ loop over rowsfor i← 0 to N1 − 1 do
if P [i, :] has missing entries and is decodable then

decode P [i, :] using Alg. 2
forward propagation to fill in P [i, :]

▷ loop over columnsfor j ← 0 to N2 − 1 do
if P [:, j] has missing entries and is decodable then

decode P [:, j] using Alg. 2
forward propagation to fill in P [:, j]

decode all rows and then all columns of P
return entries of P (ignoring the frozen entries)
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E Privacy

Worker nodes may be unreliable in distributed computing and in such cases it is desirable

to introduce privacy into the computation. It is possible to incorporate privacy into coded

computation with polar codes in a very straightforward way. For simplicity, let us assume

that no two workers can collude. Then, we note that selecting the last input as a random

matrix R in the code construction, that is, UN = R, leads to all worker outputs containing

the product Rx as an additive term. Hence, this results in a privacy-preserving computation

against single-node attacks.
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