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FACTOR MODELS ON LOCALLY TREE-LIKE GRAPHS

AMIR DEMBO*, ANDREA MONTANARI', AND NIKE SUN#

ABSTRACT. We consider homogeneous factor models on uniformly sparse graph sequences converg-
ing locally to a (unimodular) random tree T, and study the existence of the free energy density ¢,
the limit of the log-partition function divided by the number of vertices n as n tends to infinity.
We provide a new interpolation scheme and use it to prove existence of, and to explicitly compute,
the quantity ¢ subject to uniqueness of a relevant Gibbs measure for the factor model on 7. By
way of example we compute ¢ for the independent set (or hard-core) model at low fugacity, for the
ferromagnetic Ising model at all parameter values, and for the ferromagnetic Potts model with both
weak enough and strong enough interactions. Even beyond uniqueness our interpolation provides
useful explicit bounds on ¢.

In the regimes in which we establish existence of the limit, we show that it coincides with the
Bethe free energy functional evaluated at a suitable fixed point of the belief propagation recur-
sions on T. In the special case that T has a Galton-Watson law, this formula coincides with the
non-rigorous ”Bethe prediction” obtained by statistical physicists using the “replica” or “cavity”
methods. Thus our work is a rigorous generalization of these heuristic calculations to the broader
class of sparse graph sequences converging locally to trees. We also provide a variational charac-
terization for the Bethe prediction in this general setting, which is of independent interest.

1. INTRODUCTION

Let G = (V, E) be a finite undirected graph, and 2" a finite alphabet of spins. A factor model
on G is a probability measure on the space of (spin) configurations ¢ € 2™V of form

vg (o) = Zoul /3, i 11 @ 1970 (1.1)

(ij)eE eV

where ¢ = 9P is a symmetric function 22 — R>( parametrized by 8 € R, 1 = P is a positive
function 2" — R>q parametrized by B € R, and Zg (8, B) is the normalizing constant, called
the partition function (with its logarithm called the free energy). The pair 1) = (,%)) is called a
specification for the factor model (1.1).

In this paper we study the asymptotics of the free energy for sequences of (random) graphs G,, =
(Vi = [n], Ey) in the thermodynamic limit n — oco. More precisely, with Z, (5, B) = Zg,, (83, B)
and E, denoting expectation with respect to the law of G, we seek to establish the existence of
the free energy density

6(8,B) = lim 6u(8,B), where 6,(8, B) = ~Ey[log Zu(3, B)) (1.2)

1
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and to determine its value. (In the literature, ¢(3, B) is also referred to as the “free entropy
density” or “pressure.”)

The primary example we consider is the ¢-Potts model on G with inverse temperature $ and
magnetic field B, the probability measure on 2™V (with 2" = [q] = {1,...,q}) given by

VgB(Q) (ﬂ, exp { Z 03,0, + BZ So; 1 } (1.3)

(ij)eE eV

The model is said to be ferromagnetic if 5 > 0, anti-ferromagnetic otherwise. (In analogy with
the Potts model, in the general factor model setting we continue to refer to 8 as the interaction or
temperature parameter and to B as the magnetic field.)

Potts models have been intensively studied in statistical mechanics because of their key role
in the theory of phase transitions [10], critical phenomena [13], and conformally invariant scaling
limits [33]. As demonstrated for instance in [30] for the Ising model (i.e. the Potts model with
q = 2), determining the limit (1.2) plays a key role in characterizing the asymptotic structure of the
measures I/g’ in the thermodynamic limit. Potts models are also of great interest in combinatorics:

recall in fact that the partition function admits a random-cluster representation ([14, 19]; see also

§4.2), which at B = 0 reads
Z6(8,0) = 3 (% — )Fl gD,
FCE
with k(F') denoting the number of connected components induced by the subset of edges F' C F
(cf. (4.2)). Up to a multiplicative constant this coincides with the Tutte polynomial T(z,y) of G
evaluated at © = 1+ g(e® — 1)71, y = € (see e.g. [37]).

Mathematical statistical mechanics has focused so far on specific graph sequences Gy, e.g. on
finite exhaustions of the rectangular grid or other regular lattices in d dimensions with d fixed.
Under mild conditions on the sequence, existence of the free energy density is a consequence of the
following well-known argument (see e.g. [34, Propn. 2.3.2]): each graph G,, can be decomposed into
smaller blocks by deleting a collection of edges whose number is negligible in comparison with the
volume. Consequently the sequence log Zg,, is approximately sub-additive in n, implying existence
of the limit (see [22]).

In this paper we consider sparse graphs with a locally tree-like structure — formally, graph
sequences G, converging locally weakly to (random) trees; see Defn. 1.1 below. Although the
study of statistical mechanics “beyond Z?% is not directly motivated by physics considerations,
physicists have been interested in models on alternative graph structures for a long time (an early
example being [12]). Moreover, the study of factor models on sparse graphs has many motivations
coming from computer science and statistical inference (see [, 29]). Indeed, another example we
will consider is the independent set or hard-core model on G with fugacity A > 0, the probability
measure on 2"V (with 2" = {0,1}) given by

va(o) H Hoio; # 1} [ 2, (1.4)

(zg)eE eV

(where B = log \ is the magnetic field). This model always has anti-ferromagnetic interactions, and
is of significant interest in computer science. The independent set decision problem is NP-complete
(via the clique decision problem [7, 24]). As X increases the measure v}y becomes increasingly
concentrated on the maximal independent sets; the optimization problem of finding such sets is
NP-hard [26] and hard to approximate ([11] and references therein). The problem of counting
independent sets (i.e. computing Zg(1)) for graphs of maximum degree A is # P-complete for
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A > 3 ([18] and references therein). Although there exists a PTAS (polynomial-time approximation
scheme) for Zg(A) for A below a certain “uniqueness threshold” [39], there is strong evidence that
computation is hard above this threshold (see [31, 36, 39] and the references therein).

Since infinite trees are non-amenable, GG, cannot be decomposed by removing a vanishing fraction
of edges, so the preceding argument no longer applies: in physics terms, surface effects are non-
negligible even in the thermodynamic limit. Despite this, statistical physicists expect the free energy
density (1.2) to exist on a large class of locally tree-like graphs. Even more surprisingly, employing
non-rigorous but mathematically sophisticated heuristics such as the “replica” or “cavity” methods
they derive exact formulae for this limit for a number of statistical mechanics models on locally
tree-like graphs (see e.g. [29] and the references therein). The primary example considered in
these works is the graph chosen uniformly at random from those with n vertices and m = m(n)
edges, with m/n — v € R; such graphs converge locally to the Galton-Watson tree with Pois(2+)
offspring distribution. The Galton-Watson tree with general offspring distribution can be obtained
as the local weak limit of random graphs with specified degree profile corresponding to the offspring
distribution; the physics heuristics extend to this and even more general settings.

There is no good argument for why the limit (1.2) exists; the heuristic replica or cavity meth-
ods compute this limit starting from the postulate that it exists. A significant breakthrough
was achieved by the interpolation method first developed by Guerra and Toninelli [21] for the
Sherrington-Kirkpatrick model from spin-glass theory, and then generalized to a number of sta-
tistical physics models on sparse graphs [15, 16, 32] and related constraint satisfaction problems
[1]. This method establishes super-additivity of log Z¢, which implies existence of the limit (1.2).
Unfortunately, this approach appears limited to models with repulsive interactions, i.e. in which
higher weight is given to configurations in which neighboring vertices take different values. In par-
ticular, it does not apply to the ferromagnetic Potts model. This is especially puzzling because the
heuristic physics predictions do not distinguish between the two cases, and there is no fundamental
reason why the limit should be computable in one case and not in the other. Further, this interpola-
tion method only applies to very restricted classes of graph sequences (typically, uniformly random
given the degree sequence); notably, existence of the limit is not proved for deterministic graph
sequences. Finally, the method gives no way to actually compute the limit, although interpolation
has been used to prove upper bounds [15, 16, 32].

In this paper we follow a different approach relying only on local weak convergence of the graph
sequence (Gy)n>1 to some limiting (random) tree. The general idea is that the corresponding factor
models (1.1) must converge (passing to a subsequence as needed), to a Gibbs measure on the limiting
tree; the task then “reduces” to the one of identifying the correct limit. This is still a substantial
challenge because, in general, there is an uncountable number of “candidate” Gibbs measures
for the limit. Nevertheless, this program was carried through in [9] for Ising models on graphs
converging locally to Galton-Watson tree, under a “uniform sparsity” assumption (Defn. 1.3), on
the degree distribution (it is further assumed in [9] that the distribution has finite second moment;
this condition was relaxed in [11], thereby handling the case of power law graphs). The result
of [9, 11] provides also a fairly explicit expression ®(53, B) for the free energy density, defined
solely in terms of the limiting tree. This expression coincides with the so-called “Bethe prediction”
of statistical physics, derived earlier for random graphs with given degree distribution using the
“replica” or “cavity” methods.

We develop this approach here in more generality. Rather than considering a specific model
such as the Ising, we establish results for general abstract factor models satisfying mild regularity
conditions (see (H1) below), covering in particular the Potts and independent set models. We
also make no distributional assumptions on the graphs G, or the limiting random tree, other
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than some integrability conditions (see Defn. 1.3 and (H2) below). In this setting we develop a
general interpolation scheme (Thm. 1.13) which, under appropriate assumptions, bounds differences
¢n(B, B) in the limit n — oo by differences in a functional ®(/3, B) (see (1.10)) defined solely in
terms of the limiting tree. Although we continue to refer to this ®(, B) as the “Bethe prediction,”
we remark that it is a considerable generalization of earlier formulae obtained in the special case of
Galton-Watson trees by statistical physics methods. It is defined as the evaluation of the “Bethe
free energy functional” (1.9) at a specific Gibbs measure on the limiting tree, and corresponds to
what physicists call the “replica symmetric solution”: whereas it is expected to hold in the high-
temperature regime (i.e. with small enough interactions), for many factor models it is incorrect
at low temperature. However, we will show that in “uniqueness regimes,” where the set of Gibbs
measures on the limiting tree corresponding to the factor model specification 1 is a singleton, the
upper and lower bounds of Thm. 1.13 match to completely verify the Bethe prediction (Thm. 1.14).

We then apply our interpolation scheme to compute the free energy density in specific models.
We verify the Bethe prediction for the independent set model with low fugacity (Thm. 1.11) as a
consequence of Thm. 1.14. Further, by using monotonicity properties to restrict the set of relevant
Gibbs measures, we obtain results for the Potts model going beyond the implications of Thm. 1.14:
for ¢ = 2 (Ising), we verify the Bethe prediction for all 5 > 0, B € R (Thm. 1.8), extending the
results of [9, 11] to general locally tree-like graph sequences. For general ¢, we verify the prediction
in regimes of non-negative (3, B) in which two specific Gibbs measures on the limiting tree coincide,
namely, the Gibbs measures arising from free and 1 boundary conditions coincide (see Defn. 1.7
below). This condition is satisfied throughout the range {8 > 0, B > 0} for ¢ = 2; when ¢ > 3
there are regimes of non-uniqueness in which it fails, but we will show that it is satisfied both at 3
sufficiently small and sufficiently large, i.e. at high and low temperatures.

Thm. 1.13 can give useful bounds even beyond uniqueness regimes. As an illustration, we study
the Potts model in the case that G, converges locally to the d-regular tree T4. In Thm. 1.10 we
explicitly characterize the non-uniqueness regime of this model and use Thm. 1.13 to give bounds
for ¢, (8, B) within this regime. In a forthcoming work with Allan Sly we prove that in this setting,
¢(B, B) exists and matches the lower bound of Thm. 1.10. We also compute there the asymptotic
free energy ¢(A) (all A > 0) for the independent set model on d-regular bipartite graphs. In contrast,
for generic non-bipartite G,, the consensus in physics is for a full replica symmetry breaking for
large enough A, and consequently there does not exist even a heuristic prediction for the free energy
density in this regime.

As mentioned above, the Bethe prediction ®(3, B) is the evaluation of the Bethe free energy
functional at a specific Gibbs measure on the limiting tree. This Gibbs measure has a characteri-
zation in terms of “messages” hy—y = h(r ) defined on the directed edges z — y of each tree T
such that the entire collection of messages is a fixed point of a certain “belief propagation recursion”
(1.14). Motivated by the finite-graph optimization of [11], we provide a variational characterization
of the Bethe prediction (Thm. 1.16) which is of independent interest. In particular, this formulation
suggests non-trivial connections with large deviation principles.

1.1. Local weak convergence and the Bethe prediction. We study factor models on graphs
which are “locally tree-like” in a sense which we now formalize, starting with a few notations and
conventions. All graphs are taken to be undirected and locally finite. In a graph G = (V, E), let
d denote graph distance, and for v € V write B;(v) for the sub-graph of G induced by {w € V :
d(v,w) < t}. Write v ~ w if v, w are neighbors in G, and write dv for the set of neighbors of v and
D, = |0v|. Let G, denote the space of isomorphism classes of (finite or infinite) rooted, connected
graphs (G, 0). A metric on this space is given by defining the distance between (G, 01) and (G2, 02)
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in G, to be 1/(1 + R) where R is the maximal r € Z>o U {oo} such that Br(01) = Bg(o2); with
this definition G, is a complete separable metric space (see e.g. [1]). Let 7, C G, denote the closed
subspace of (rooted) trees T = (T, 0), the acyclic elements of G,. We write T* for By(0) in T, and
in particular we use 70 to denote the single-vertex tree. We now define the precise notion of graph
limits considered throughout this paper.

Definition 1.1. Let G,, = (V,,, E\,) (n > 1) be a sequence of random graphs, and let [,, be a vertex
chosen uniformly at random from V,,. We say G,, converges locally (weakly) to the random tree T
if for each ¢t > 0, B.(I,,) converges in law to T! in the space G,. We say in this case that the G,
are locally tree-like.

We will make repeated use of the fact that local weak limits of graph sequences have the property
of unimodularity, whose definition we recall here (for a detailed account see [1]). Let G,, denote
the space of isomorphism classes of bi-rooted, connected graphs with a distinguished ordered pair,
denoted (G,1,j) (we do not require i ~ j); G,, is metrizable in a similar manner as G,.

Definition 1.2. A Borel probability measure p on G, is said to be unimodular if it obeys the
mass-transport principle:

Eu[ 3 f(G,o,x)} :Eu[ 3 f(G,x,o)] Vf : Gow — Rso Borel. (1.5)

zeV(Q) zeV(G)

We say that p is involution invariant if (1.5) holds when restricted to f supported only on those
(G, z,y) with x ~ y.

A measure p on G is involution invariant if and only if it is unimodular [!, Propn. 2.2]. The
concept of unimodularity first appeared in [5], where it was observed that local weak limits of graph
sequences must be unimodular [5, §3.2]. The converse of this implication remains a well-known
open question (see [1]).

Definition 1.3. The graph sequence G, is uniformly sparse if the Dy, are uniformly integrable,
that is, if

lim (limsupEn[Dfnl{DIn > L}]) =0

L—oo n—oo

(where E,, denotes expectation over the law of G, and I,).

We assume throughout that G,, (n > 1) is a uniformly sparse graph sequence converging locally
weakly to the random tree 7' of (unimodular) law g such that u(D, = 0) < 1; this entire setting
is hereafter denoted G,, — e p. In this setting we will describe general conditions under which
the asymptotic free energy ¢(f5, B) for the factor model (1.1) exists and agrees with the “Bethe
energy prediction,” which we now describe. (If the sequence of random graphs G,, is such that
Gy, — e p for per realization of the sequence (a.s.), then our results apply instead to the a.s. limit
of n=tlog Z,,(8, B).)

Let Ay denote the (]27| — 1)-dimensional probability simplex. Let 7," denote 7, without the
single-vertex tree T 0 and let 7o C Goe be the space of isomorphism classes of trees T € T." rooted
at a directed edge © — y, written (T,2 — y) or simply = — y for short. If T has law u for pu
a unimodular measure on 7,, we let u' and ut denote the laws of (T,.J — o) and (T,0 — J),
respectively, for J chosen uniformly at random from do conditioned on the event {T' € T}
Unimodularity of y is then equivalent to

E,U»L [Dﬁﬂf(Tvx — y)] = E;AT[Dyf(T7:C - y)]7

so in particular ! and p' are equivalent measures.
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Definition 1.4. The message space is the space H = H,, of measurable functions
h:%XRZ%A%'u ((T>$_>y)7/673)’_>(hgfy(o-))o'éﬁl'v
taken up to pl-equivalence.

Remark 1.5. For (T,z — y) € T let T,_,, denote the component sub-tree rooted at = which
results from deleting edge (z,y) from 7. The interpretation of h,_,, is that it is a message from
x to y on the tree T, giving the distribution of o, for the factor model (1.1) on T,_,,. Indeed,
although we do not require it in general, in our concrete examples h;_,, depends only on this
component sub-tree.

For T €7, and h € H, let

q)T(/Bvah) = Q}X(6>B>h) - @%(B,B,h) = q>§“x(ﬁvah) - % Z q)f(l“o])(ﬁvah) (16)
j€do

where

(B, B, h) = log { 21;(0') H (Zd}(a, Uj)hjﬁo(aj)> }, (1.7)

jEOo oj

o) (8, B, h) = log { >4, aj)hﬁo(aj)hﬁj(a)}. (1.8)

0,0
We take the usual convention that the empty sum is zero and the empty product is one, so &7 =
log(>", (o)) in case T = T°. Although we suppress it from the notation, in the above equations
1 and h are taken to be evaluated at (8, B). The Bethe free energy functional on ‘H for the factor
model (1.1) on G,, =y p is defined by

(I)M(ﬁanh) EEM[(I)T(Banh)]’ (19)

provided the integral is well-defined (see Lem. 2.2). The Bethe prediction is that the asymptotic
free energy ¢ (3, B) of (1.2) exists and equals

O(8, B) = @,(8, B, h¥) (1.10)

where h* € H is a certain fixed point of the “belief propagation recursion” (1.15) below. We often
drop the subscript p when it is clear from context.

Remark 1.6. In the case that the recursion (1.15) has multiple fixed points, the Bethe prediction
is defined to be the supremum of ®(3, B, h) over admissible fixed points h. While in the abstract
factor model setting all fixed points are admissible, in specific models typically there are “natural”
criteria restricting the set of admissible fixed points. We will demonstrate this in the Ising and
Potts models where restrictions are imposed by monotonicity and symmetry considerations.

The rationale for the Bethe prediction is explained in detail in [2, §3]. In brief, when G is a
finite tree and pg is the law of (G, I) for I a uniform element of V' (ug is a measure on 7,, but
not necessarily unimodular), the equations (1.15) have a unique solution, given by the so-called
“standard message set” (see [3, Rmk. 3.5]). In this setting it holds exactly that |V|~!log Zg (3, B) =
®,.(B,B) [8, Propn. 3.7]. The heuristic then is that for G,, locally tree-like, the (normalized) free
energy ¢, is approximated by a similar expression for n large. We emphasize that no averaging
over the vertices of the tree T' takes place in the definition of ®7: instead, the averaging of ® (g .
over the vertices v € G in the evaluation of ®,. (3, B) corresponds to the averaging with respect
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to the law 4 in the evaluation of the Bethe prediction ®,(3, B). Indeed, for non-amenable T € 7,
the sub-trees T typically do not converge locally weakly to T (see e.g. [3, Lem. 2.8]).
Here is is a terminology which we adopt throughout the paper:

Definition 1.7. If G is any graph and U a sub-graph, the external boundary OU of U is the set
of vertices of G\U adjacent to U. Let U" denote the sub-graph of G induced by the vertices in
Vi UOU. For U finite (so U™ is finite, since G is locally finite), and v a measure on 2%V, the factor
model on U with v¥ boundary conditions is the probability measure on configurations oy € XV
given by

ViU’G&(aU %/ H (04,05 Hw 0i) dv (oo ). (1.11)

(1)EE,+ ieU

(Throughout, 2 indicates equivalence up to a positive normalizing constant.) The case in which
vt gives probability one to the identically-og spin configuration on OU (og € 2°) is referred to as
oo boundary conditions and denoted vt = v, while the case in which v} is uniform measure on
29V is referred to as free boundary conditions and denoted v+ = v/f.

1.2. Application to Ising, Potts, and independent set. Before formally stating our main
theorem for general factor models, we mention its consequences in some models of interest: we verify
the Bethe prediction for the ferromagnetic Ising model at all temperatures, the ferromagnetic Potts
model with field B > 0 in uniqueness regimes, and the independent set model with low fugacity A.

1.2.1. Ising model. The Ising model is the Potts model (1.3) with ¢ = 2. For convenience we use
the equivalent formulation which takes 2" = {41} and defines the probability measure on 2™V

VgB(g) - (ﬂ, exp {ﬁ Z 0i0j + BZO’Z} (1.12)

(ij)eE eV

For T € 7T, let ﬁfjf = Bgl+’5 B denote the root marginal for the Ising model of parameters (3, B)
on T with + boundary conditions (i.e., with ¢, conditioned to be +1 for all v at level ¢ + 1), and
similarly define f_LfT corresponding to free boundary conditions. For i € {f,+} let ﬁiT = B%F’B B =
limy o0 BtT’i’ﬁ B (Existence of the limits Bg,ﬁ; for the Ising model is an easy consequence of
Griffiths’s inequality; see Lem. 4.1.) We then define messages h* € H, by

_ hi

zﬁy

hi

T—Y

for T,_,, as defined in Rmk. 1.5. For Gy, — e pt, the Bethe free energy prediction for the Ising
model with 8 >0, B > 0 is ¢(8, B) = ®,(8, B,h"). This prediction was verified in [0, Thm. 2.4]
for uniformly sparse graph sequences converging locally weakly to Galton-Watson trees subject to
the second-moment condition E,[D?] < oo, which was relaxed in [11] to a (1+¢)-moment condition.

We have the following generalization of this result to an arbitrary limiting law.
Theorem 1.8. For the Ising model (1.12) on Gy, — e 1,

@(B,B) = (I)#(ﬂaB>hf) = q>,u(/8737h+)
for =0, B>0. Also ¢(8,B) = ¢(8, —B) and ¢(8,0) = limp_o (8, B).
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1.2.2. Potts model. Throughout the remainder let (89, By) < (51, B1), where < means coordinate-
wise less than or equal to. An interpolation path is a piecewise linear path, with each piece parallel
to a coordinate axis, increasing from (B, By) to (81, B1) with respect to the partial order <.

We restrict our attention to the Potts model with 8, B > 0. In this regime we are able to use
a random-cluster representation to extract important monotonicity properties. For T € 7, and
T e{f 1} let l_zéli = ﬁé:i’ﬁ’B denote the root marginal for the Potts model on T with I boundary

conditions. Let EIT = E%B B = lim; o0 Bg’}’ﬁ B (existence of the limits 71%, 71% for the Potts model
follows from monotonicity properties of the random-cluster representation; see Cor. 4.4). We then

define messages ht € H, by hfc_w = BEFF , and let
T—Y

R, =1{(8,B): bt =h', ul-as}.
We also define
Roo = ({0} x Rx0) U (Rx0 x {o0}) U ({oo} X Rxo).
Theorem 1.9. For the Potts model (1.3) with ¢ > 2 and 8,B > 0 on Gy, —>ue i, the following
hold (with ® = ®,, R=TR,):
(a) If there exists an interpolation path contained in R joining (B, B) and R, then

¢(8,B) = (B, B,h') = ®(B, B, h').

(b) If there exists an interpolation path from (Bo, Bo) to (B1, B1) along which hl is continuous (in
the interpolation parameter), then

liminf (¢ (81, B1) = ¢n(Bo, Bo)l = ®(B1, By, h') — ®(fo, Bo, h).

If hf is replaced with h' then we have instead
limsup [¢n(B1, B1) — ¢n(Bo, Bo)] < ®(B1, B, h') — ®(Bo, Bo, h').

n—oo

We obtain more explicit results when the limiting tree is the d-regular tree T,.

Theorem 1.10. For the Potts model (1.3) with ¢ > 2 and B,B > 0 on Gy, — e Tq, the following

hold (with ® = ®1,, R = Rt,, and Rx = {B8,B > 0}\R):

(a) Ifd =2, Ry = @. If d > 2 and q = 2, there exists 0 < B_ < 0o such that R = {B =0, >
B-}. If d > 2 and q > 2, there are smooth curves i(B) and 4+ (B) defined on [0, B4] with
Br(B+) = B4+(By) such that

R ={B=0,82p(0)}U{0< B < By.6 € [5(B), A (B)}.

(b) For (8,B) ¢ Ry, 6(8, B) = ©(8, B, W) = ©(8, B, hY). If (5, B) € OR,y with § = fi(B), then
#(8,B) = ®(B, B, ). If (3,B) € ORx with B > B4 (B), then ¢(3,B) = ®(B, B,h'). For
(B, B) in the interior R of Ry,

max{®(g, B, h'), ®(8, B, h')} < liminf ¢ (5, B)

< limsup ¢, (3, B) < min{®'(8, B), ®'(8, B)}

n—o0

where

(I)l(ﬁvB) = (I)(ﬁf(B)’B’ hf) + [(b(ﬂvahl) - (I)(Bf(B)aB’ hl)]v
(8, B) = ®(B4(B), B, h') — [®(84+(B), B, h) — ®(3, B, h').
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-2tc . . . - ool v v v A L
-2 0 2 4 6 0.0 0.5 10 15 20

(A) Bethe recursion at 8 = 0.7, B=10.2 (B) intermediate regime in (3, B)

FI1cUurEe 1. Potts model with ¢ = 30, d = 10

Fig. 1 illustrates the situation of Thm. 1.10 with ¢ = 30, d = 10. Fig. 1a shows the recursion (1.15)
at 8 =0.7, B = 0.2, restricted to those h which are symmetric among the spins # 1, parametrized
by the log-likelihood ratio r = log h(1) — log h(2). The fixed point at r = 0 corresponds to hf while
the uppermost fixed point corresponds to h', and both fixed points are stable. Fig. 1b shows the
region R in which this situation occurs.

1.2.3. Independent set model. We consider the independent set model (1.4) in the regime of low
fugacity. For € {0,1} let Bg’} = ]_”Lé’}’)\ denote the root marginal on 7" with § boundary conditions on
OT! (i.e. at level t+1). Let B; = limy 00 71?_1’1 (existence of the limits h%, hi. for the independent
set model follows from anti-monotonicity; see §2.4). We then define messages ht € H, by hi_w =
BiT , and let

Ty

Ae = Ay =inf{A >0 ;ﬁ(ho’)‘ = hglc’iy) <1}

.’E‘)y
denote the uniqueness threshold. For T' € 7,, we use br7' to denote the branching number of T’

(see [25, §2]).
Theorem 1.11. Consider the independent set model (1.4) on Gy, —pe pb, and write Ae = Ac -
(a) If X < A¢ and h has total variation bounded by a deterministic constant on [0,log A], then

(A = (I)H()‘? ho) = (I)M()‘a hl)v (1.13)

which converges to ¢p(Ac) as AT Ac.

(b) If brTyy < A —1 pl-as. for A a deterministic constant, then (1.13) holds for A\ < A. with
MA-2) < 1.

(¢) If p = dt1,, then (1.13) holds for A < A.

For the d-regular tree T4, the uniqueness threshold A.(d) is (d— 1)1 /(d —2)? (see [27, §2]), and
[39, Thm. 2.3] shows that T4 has the lowest value of A\, among trees with maximum degree at most
d. The identity (1.13) has been proved in the case that the G,, are random d-regular graphs [2, 3].
It is also suggested by Weitz’s PTAS for Zg(A) on a finite graph G of maximum degree A and with
A < A(A) [39, Cor. 2.8]. For 1 a unimodular measure on 7, giving a local tree approximation to G
(in the sense of Defn. 1.1), A, is often an improvement over A\.(A), making it possible to compute
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#(A) above A.(A) provided (H3”) can be verified. However, there is strong evidence that no PTAS
exists for all graphs of maximum degree A when A\ > A (A) [31, 36].

1.3. Results for general factor models. We now state our results for the factor model (1.1).
With the convention log0 = —oo, let logy = £ and logvy = £, and impose the regularity condition
(H1) The specification is permissive, that is, 1»(c) > 0 for all o € 27, and there exists a “permitted
state” oP € 27 such that min, (o, 0P) > 0.
For any o € 2, £8(0) is continuously differentiable in B. For any o,0’ € 27, £°(0,0")
is either identically —oo over all 8, or finite and continuously differentiable in f.
Recall Defn. 1.4 of the message space H, and consider the belief propagation (BP) recursion defined
by BP = BP?B . 4 — H,

1 _

(BP*Ph)ssy(0) = ————0%(0) [ (Z¢B(a, crv)hv_m(av)) (1.14)
Zxﬁy(ﬁ» B) vedr\y  ou

with z;,(8, B) normalizing constants. For p a measure on 7, and fixed (3, B), let H}, (3, B)

denote the space of measurable functions h : To — Ay, again taken up to u'-equivalence, which
are fixed points of the BP recursion: that is, satisfying

h=BP»Ph,  ulas. (1.15)
For h € H,, we can define h: T, — Ay up to p-equivalence by

hr(o) =) TT (D2 v(0,0)hsm0(0y) ). (1.16)

j€Do Oy

In particular, if h € H} (3, B) and T' € T,t, then clearly we have

hr(0) 2 3 (0,07 o (0)hjso(05) (1.17)

independently of the choice of j € Jo. From now on, for h € H,, we will write h € H* to indicate
that h%P ¢ H;,(8, B) for (B, B) in the range being considered.

Remark 1.12. The elements of H* are consistent with the recursion structure of the tree in the
following precise sense: for T' € T, and U a finite connected subgraph of T', consider the factor model
VﬁT on U with boundary conditions oy, ~ h,_,,(,) independently for v € U, where p(v) denotes
the (necessarily unique) neighbor of v inside U. Then the marginal of u%,/’T on T% 1 is exactly

the factor model V?f,hl o on Tt! with boundary conditions o, ~ (BPR)y—p(uy independently for

uw € 0T !, including any u which are leaves of T¢. This statement remains valid if T or even
oTt 1 is empty, since if 0T' = @& then uéit’T is simply vr as defined by (1.1). Continuing the
BP recursion up the tree, we see that h € H* implies that the marginal law of o, will be hr as
defined by (1.16). From this it is easy to see that the measures I/[h]T form a consistent family of
finite-dimensional marginals, so by the Kolmogorov consistency theorem they uniquely determine
a probability measure vy = V{,E belonging to ¥r, the set of Gibbs measures (or Markov random
fields) associated to the specification ¢ = (1,9)) on T.! (In fact this mapping is one-to-one, e.g. by
Rmk. 2.3 below.) Each vy belongs to a special class of measures in % which are called Markov
chains or splitting Gibbs measures in the literature, and the entire collection (v7)re7, arising from

1Strictly speaking the term “Gibbs measures” refers to the case 1) > 0, but we will follow common practice and
say Gibbs measures also for the general case. For the general theory of Gibbs measures see e.g. [17].
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h € M}, has a consistency property which leads us to term them “unimodular Markov chains” (see
§2.3).

In this general setting, the Bethe prediction is the supremum of ®,(3, B, h) over H} (8, B) (cf.
Rmk. 1.6). (It will be shown in Lem. 2.2 that &, is uniformly bounded on HJ (3, B) subject
to EM[DE] < oo; if further ¢ > 0 then ®, is in fact uniformly bounded on H subject only to
E,[Do] < 00.) We define the following integrability condition for unimodular measures p on 7,
(not necessarily arising from a graph sequence):

(H2) The probability measure p on 7, satisfies E,[D,] < oo. If 9 is not everywhere positive,
then furthermore E,[eP°] < oo for all ¢ € R.
Note that if G, — e 0 and ¥ > 0 then (H2) holds trivially by the assumption of uniform sparsity.

We will in fact justify our interpolation scheme under a weaker assumption than (H2); for the exact
condition see (H2?), (H2?) in §2.2.

1.3.1. Bethe interpolation. We will deduce the results of §1.2 from the abstract interpolation
method given by Thm. 1.13 below, which bounds differences of ¢(3, B) by differences of ®(3, B, h)
(h € H*) when the limiting expectation of a certain edge or vertex functional in the finite graph
(capturing respectively 0g¢, or Op¢y,) is bounded by the expectation of an analogous functional
on the infinite tree.

To be more precise, recall that I, denotes a uniformly random vertex of V,,. Let <'>£’B denote
expectation with respect to vg,, 4, conditioned on G,. For h € H}(8,B) and T € 7T, let [[]]?"B’B

denote expectation with respect to uéi (as defined in Rmk. 1.12), conditioned on 7', and define

40,8 = 5] 5 Otoneb]. 080 = 5] st o).

j€eol, j€do

a¥(8, B) = Eal(95€(01,)) "), a™(8, B.h) = By |[05€(00)]™)

n

The left-hand expressions are the derivatives 0gdp, Opdn (Lem. 2.1). The right-hand expressions
are the infinite-tree analogues, which we will show in Propn. 2.4 may be thought of as derivatives
in 8 and B of ®,.

For interpolation in 8 on a compact interval [y, 81| using h € H*, we require the following
regularity condition:

(H3%) On [Bo, B1], u'-a.s. the functions § — hf_m(a) are continuous with total variation bounded

by a deterministic constant depending only on g, 5.
We define the analogous condition (H3”) for interpolation in B on a compact interval [By, B].
The condition of boundedness in total variation is implied for example whenever the functions h
are (anti-)monotone in the interpolation parameter.

Theorem 1.13. Let ) = (1, 1) specify a factor model (1.1) on Gy —ue i such that (H1) and
(H2) are satisfied.

(a) If on [Bo, f1] we have h € H* satisfying (H3?), and
lim sup a5, (8, B) < a*(8, B, h), (1.18)

n—o0
then limsup,, ,[¢n (81, B) — ¢n(Bo, B)] < (b1, B, h) — ®(Bo, B, h).
(b) If on [Bo, B1] we have h € H* satisfying (H3?), and
lim sup a}(8, B) < a*™(8, B, h), (1.19)

n—oo
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then lim Supn—)oo[qsn(/@a Bl) - qbn(ﬁa BO)] < (I)(/Ba B17 h) - @(57 B[), h)
The same results hold if all inequalities are reversed, replacing limit superior with inferior.

The conditions (1.18), (1.19) (and their reverses) are automatically verified in the following
special case:

Theorem 1.14. Let ¢ = (¢, 1) specify a factor model (1.1) on Gy —pe v satisfying (H1) and

(H2). We say that uniqueness holds if %r at (8, B) consists of a single measure vy, u-a.s. In this

case, (B, B) is a singleton.

(a) If on [Bo, B1] x {B} uniqueness holds and the unique element h € H* satisfies (H3%), then
nh_{Igo[gbn(ﬁla B) - ¢n(/305 B)] = (E(ﬁla Ba h) - (I)(/BO) B) h)

(b) If on {B} x [Bo, B1] uniqueness holds and the unique element h € H* satisfies (H3P), then

[¢n(57 Bl) - ¢n(57 BO)] = @(57 B17 h) - q)(/Ba B07 h)

lim

n—oo

Uniqueness for % corresponds to the vanishing effect of boundary conditions on 97 as t — oo

[17, Ch. 7]. Dobrushin’s uniqueness theorem (see e.g. [35]) gives a sufficient condition for uniqueness

to hold, together with a bound on the rate of convergence of the root marginal in 7% to the limit as

t — co. Note that if the convergence rate is uniform in 3, B then the continuity required in (H3%)

and (H3P) immediately follows. We will obtain continuity in uniqueness regimes via a different
route, making use of certain monotonicity properties (see the proof of Thm. 1.8).

1.3.2. Variational principle. We further develop the theory by providing a variational principle for
the Bethe prediction: we express ®,(3, B) as an optimum of a function ®,(3, B, h) defined for h in
a larger space Hjo. which, unlike ’H;(ﬂ , B), is independent of B, B. This alternative characterization
of ®, is the infinite-tree analogue of the finite-graph optimization problem that is considered in
[11]. Recall from §1.1 that 7, denotes the space of trees rooted at a directed edge.

Definition 1.15. The local polytope Hioc = Hioc,u is the space of measurable functions
h:Tc—Ayp2, (T)z—vy)— (o) = hay,

taken up to p'-equivalence, such that
(i) hay(o,0') = hyz(0',0) for all 0,0’ € 27, and
(ii) for T € 7,*, the one-point marginal h,(c) = hirz(0) = Zay hyy(oy,0y) is well-defined
independently of the choice of y € Ox.
If T = T° we define hy(o) = 4(0), in accordance with (1.16). Denote by H;, . the subset of
h € Hioe for which p'-a.s. hy is strictly positive on 272

For fized (8, B), by symmetry of ¢% and (1.17), the space #H;,(B, B) has a natural mapping into
Hioe given by
hi h, hyy(o,0') 2 (0,0 )hg_yy(o)hy—s(d’). (1.20)
With 1) permissive this is in fact an embedding; see Rmk. 2.3. We define the Bethe free energy
functional on He by

B, () = By (E(00))y, — (Do =~ VHE)]| + 5[ 2 { €000, + Hhop) }], (121)
j€do

where H(p) denotes the Shannon entropy — ), pylog pi for p a probability measure on a finite
space. This is an infinite-tree analogue of the definition of [11, (37)-(38)] for finite graphs. With
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the usual conventions log0 = —o0, 0log0 = 0 and 0log(0/0) = 0, ®,, is bounded above on Hio.
whenever E,[D,]| < oo, and we show in Lem. 3.1 that for ¢ unimodular, this ®, extends the previous
definition (1.9) on H* (under the embedding (1.20)), provided the latter is finite. Furthermore,
writing H(q || p) for the relative entropy >, qilog(qx/pr) between ¢ and p (well-defined for any
non-negative reference measure p), for x4 unimodular we can alternatively express

Du(h) = ~B,[H R | )] ~ 5B S Hihos | 9)] ~ B, [ Do (Ro)] (1.22)
j€do
= ~EuH (o | D) - 3B 3 {Hlhoy | 0) + H(Ro) + H(Ry)}]
j€do
= B H (o | )]~ 5| 3 Hlhoy || o 0 F)] (1.23)
j€do

where (ho Xy hj)(00,05) = ho(00)¥(00,0j)hj(0;), and unimodularity is used in the second identity.
This extended definition of ®, provides the following variational principle for the Bethe free
energy:

Theorem 1.16. Let ¢ = (¢, 1)) specify a factor model (1.1) satisfying (H1), and let p be a uni-

modular measure on T, with E,[D,] < cc.

(a) ®,(8,B) = SuPpepy,. Pul(B, B, h) is continuous in (B, B).

(b) If further b > 0, then any local mazimizer of ®,,(5, B) belongs to Hy,.. Any stationary point of
®,(B, B) belonging to My, is the image under (1.20) of an element of H},(3, B). In particular,
if @, attains its supremum on Hiec, then

®,(8,B) = ®,(3.B.h) = dBethe (3. B
N(ﬁ’ ) he%??,B) M(ﬁ: ’ ) o (ﬁ’ )’

so that the Bethe free energy is also continuous in (3, B).

Although we do not pursue this point, we mention that even in specific models where the abstract
definition of ®Bethe is supplanted by ®(8, B, h) for some “naturally” distinguished h, an adaptation
of Thm. 1.16 (involving a restricted subspace of Hj,. which is independent on (3, B)), may be
relevant.

Remark 1.17. In case G,, —y,c T4 the d-regular tree, Hjo is parametrized by a single measure
hgy on 2 2 whose one-point marginals are required to agree, and the formula (1.23) simplifies to

—@u(h) = H(ho | 9)+ SH(hor || Fo xy hn). (1.24)

induced empirical and pair empirical measures respectively. If G,, is d-regular, then the one-point
marginals of LY coincide with L)X, and

For g € 27V let Ly* = n 'Y,y 0o, and LS = (2|E,[) > (ij)eEn0(01.05) T 0(0;.0,)) denote the

6 = 10812 + By 108 B, exp {n(€) iy + o (€111 ]

where the law of ¢ is the uniform measure u,, on 2 (] and Eg, denotes expectation with respect
to u, (with Gy, fixed).

If (G,) is an independent sequence of uniformly random d-regular graphs and g, ~ ay, one
might guess that for a.e. (Gy,) the induced sequence LS satisfies a large deviation principle (LDP)
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with good rate function
_ d -
I(ho1) = H(ho || @) + 5 H(hot || ho x ha), (1.25)

where u = uq. If this were the case, it would be an immediate consequence of Varadhan’s lemma
(see [10, §4.3.1]) that ¢, — ®,(8,B) (as defined in Thm. 1.16) for any factor model satisfying
(H1). However, for many of these models the Bethe prediction is known to fail at low temperature
for d > 3. So, while Thm. 1.16 suggests a potential connection to large deviations theory, such a
connection would be highly non-trivial and applicable only in certain regimes of (3, B).

One special case in which everything trivializes is the (rooted) infinite line Tg, the local weak
limit of the simple path G,, on n vertices. In this case @, may be viewed as the law of a stationary
reversible Markov chain on 2" with transitions ¢(o,0’) = u(¢’) and reversing measure u, and it
is well-known (see e.g. [10, Thm. 3.1.13]) that the associated pair empirical measure L¢ satisfies
an LDP with good rate function I(ho1) = H(ho1(o,0") || ho(o)q(o,0’)) which matches (1.25). The
implication of Varadhan’s lemma is also easy to see: a factor model on the simple path G, with
general positive specification ¢ corresponds in the limit n — oo to a reversible Markov chain with
transition kernel p and positive reversing measure 7 given by

m(a’)

1~
o,0) = ~¢(o,0
p(o,0") pd}( ; )m(a),
where p and m are the Perron-Frobenius eigenvalue and eigenvector of the symmetric positive

|2 |-dimensional matrix with entries (o, 0”) = (0, 0")1b(c) /2 (c’)/2. The Bethe free energy

(o) =m(0)?,

functional (1.24) is then maximized at hoi(o,0’) = ¥(o, 0’ )m(c)m(c’)/p, where it takes the value
®,,(h) = log p which coincides with ¢ by the Perron-Frobenius theorem (see e.g. [10, Thm. 3.1.1}).

Outline of the paper.

e In §2 we prove the abstract interpolation results. §2.1 presents some preliminary lemmas
which will be useful in our proofs. Our main result for abstract factor models, Thm. 1.13,
is proved in §2.2. §2.3 contains the specialization of this theorem to the uniqueness case
(Thm. 1.14) and also contains discussion on unimodular Markov chains. §2.4 shows how to
deduce our result for independent set (Thm. 1.11) from Thm. 1.13.

e In §3 we prove the variational characterization for the Bethe prediction (Thm. 1.16).

e &4 contains applications of our abstract results to the Ising and Potts models. In §4.1 we

prove Thm. 1.8, generalizing the results of [9, 11]. In §4.2 we prove Thm. 1.9 by appealing
to a random-cluster representation. Finally §4.3 analyzes the d-regular case and proves
Thm. 1.10.

Acknowledgments. We thank Allan Sly and Ofer Zeitouni for many helpful conversations. A.D.
and N.S. thank the Microsoft Research Theory Group for supporting a visit during which part of
this work was completed.

2. BETHE INTERPOLATION FOR GENERAL FACTOR MODELS

2.1. Preliminaries. We begin with some straightforward observations on the boundedness of the
free energy ¢, and the Bethe free energy ®, as defined on H, and we prove that the mapping (1.20)
of H* into Hjec is in fact an embedding for permissive specifications.

Lemma 2.1. For the factor model (1.1) satisfying (H1) on Gy, — e i, the functions ¢, (8, B) are
uniformly bounded and equicontinuous on compact regions of (3, B), with

8ﬁ¢n(57 B) = %En[aﬁ log Zn(B’B)]v aB¢n(/8aB) = %En[aB 10g Zn(ﬁvB)]' (2'1)



FACTOR MODELS ON LOCALLY TREE-LIKE GRAPHS 15

Further
1 1 1 = B
55,8 log Z,,(3, B) = 3 Z <3ﬁf(<71n,0j)>§’37 533 log Z,,(B, B) = <<9Bf(01n)>§ ,
jeoly
with the convention 0g€(o,0’) =0 in case {(o,0") = —oc0.

Proof. The expressions for n=193log Z, (3, B) and n~19plog Z,, (3, B) are obtained by a straight-
forward computation. Now note that if G, — . ¢ then the uniform sparsity assumption gives

1 1 1
ﬁEnHEnH = §En[D1n] — §Eu[Do] < o0. (2.2

~—

Let (B, B) vary within a given compact region. By (H1) we have £, & < &pax as well as £(aP, ), € >
Emin- Therefore

(1 + |Ep|/n)émin < n 1 log Z, (8, B) <log |2 |+ (14 |En|/n)émax

s0 ¢, = n1E,[log Z, (3, B)] is uniformly bounded by uniform sparsity. The exchange of differentia-
tion and integration in (2.1) is justified by Vitali’s convergence theorem, in view of the boundedness
of 95¢, Op€ and the uniform integrability of |E,|/n. It follows furthermore that dz¢y, (3, B) and
Op¢n (B, B) are bounded uniformly in n, from which equicontinuity follows. O

Lemma 2.2. Let ¢y = (v, V) specify a factor model (1.1) satisfying (H1), and let p be a unimodular
measure on To. For any compact region of (3, B) there exists a deterministic constant C' < oo such
that

(a) |®7(B, B,h)| < C(D?% +1) for any h € H*, and
(b) if further ¢ > 0, then |®7(8, B,h)| < C(D, + 1) for any h € H.

Hence, on any compact region of (B, B), ®, is uniformly bounded on H}, provided IE“[DE] < 00,
and, if 1 > 0, uniformly bounded on M, subject only to E,[D,] < co.

Proof. Let &nin, Emax be as in the proof of Lem. 2.1. Then, for any h € H,
log |‘%| + (DO + 1)fmax 2 q)‘jl“x(h) 2 (Do + 1)€min-
If ¢ > 0 then we also have
Dogmax Z 2@%(}0 Z Dogmina

so |®7(8, B,h)| < C(D,+1) on H, which proves (b). For general permissive v, the preceding lower
bound on ®%.(h) may fail, but (1.15) implies that for h € H*,

log ho—j(0) > Do(€min — Emax) — log |27, Vj € do. (2.3)
Therefore,
Dogmax > Q(P%(h) > Z (gmin + log ho—)j(ap)> > Do(émin - IOg |%D + Dg(fmin - gmax)a
j€do
which proves (a). O

Remark 2.3. It is now easy to see that the mapping (1.20) of H;(3, B) into Hie. is injective: if
h,h' € H give rise to the same h, then

ha—y(0) hy—a(0P) = zm,yh;—m(a)h;—m(ap) Voe 2,

for 2, a positive scaling factor. If h, i’ € H} (3, B), then (2.3) implies that pl-a.s. both hy_,, and
hl

. oy P T . . /
y—z give positive measure to oP. Therefore, pi'-a.s. the [2'|-dimensional vectors hy—,y and h;_,,
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are equivalent up to scaling, and since both are probability measures on 2°, we must have h = b’/
pl-a.s. as claimed.

2.2. Bethe interpolation. We now prove Thm. 1.13(a). The result is for fixed B so we suppress
it from the notation. The proof of Thm. 1.13(b) is very similar and will be given in brief at the
end of this section.

Our interpolation procedure relies on the proposition below which expresses ®, as the integral
of its partial derivative with respect to 8 only, ignoring the dependence on 8 through the function
h. Recall that although it is suppressed from the notation, ¥ and h depend on 3, and are taken
to be evaluated at 3 in expressions such as ®7(3, B). We will prove our result under the following
integrability condition, which by (2.3) is a relaxation of (H2):

H2%) The probability measure p on 7T, satisfies E,[D,] < co. If ¢ is not everywhere positive,
y H W y

then furthermore
1
Eu[ sup 7] < 00.
3;3056[/30,&} hé‘a_w(o'p)

We define the analogous condition (H27) on an interval [By, B1].

Proposition 2.4. Let ¢ = (¢,9) be a specification satisfying (H1), and p a unimodular measure
on To. If on [Bo, B1] we have h € H* satisfying (H2%) and (H3P), then

51
(B, h) — B(Bo, h) = /ﬁ a°(8, h) dB.

Proof. For fixed T' € 7, we shall regard ®7 simply as a function of a vector (3, hs—y);—yert in
(14 2|Z7|D,)-dimensional euclidean space (with h depending on ). We begin by computing the
partial derivatives of this function with respect to 8 and h. We abbreviate /i{f L;(0) = (BPPh)osj(0)
for the belief propagation mapping of (1.14), which for fixed 7" and each j € o is a well-defined
function on the same euclidean space as ®7. Making use of (H1) we find

3 5.0, 05E(0, 05000, 75 i o0V (o)

DY
. o (2.4
ap ( ) jga:o Zo,aj 1/}(0, Uj)hjﬁo(aj)hféﬂ(j) )
00 S0, 256(0.0,)(0, 03)hjs0(0;) o (0)
. o 2.5
8ﬂ (Bv ) ZU’Uj ¢(0'7 O'j)hj_m(aj)ho—)j(o') ( )

If h € H* then h® = h, therefore (recalling the notation [[]]}}B from §1.3.1) we re-express the above
as

OPYyx 8‘1’(0j)
R J;o[[aﬂg(ao,aj) s g (B0 = 195800, o))",
and combining gives
a@T o 1 h}ﬂ _ e
a5 B0 =3 2_1058(00,0)" = (8, ). (26)

j€do
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Likewise we compute that for T € T,",

OPF (B, h) 007 (B, h) 5 _ 20 Yo, UJ) 0—>J( a)
S =0, SR =Gl (s oih) =

Ohes(o) ' Fhiolor) O S sl R )
027 (B,h) _ 1 4 , 0P%(8,h) _ 1 4

Ohiolo;) 277 (G = o0ih), Ohosi(0) 277

where gg is the same as g(, but with A in place of h. Note that for permissive ¢ and any o € 2,

DO Gty L ) B YU
S 007, 0P) sy (0P Vg0 (07) ~ Wi hamsy (0P)

If further ¢ > 0 everywhere, then gh (x > y;h) < - / wiin is uniformly bounded on [By, £1].
Consider now a small sub-interval [, 3 + 6] of [8o, 81]. Writing Agsh = hP+9 — P and applying
the mean value theorem to the differentiable function ¢ +— &7 (5 +td, h +tAgsh) for t € [0, 1] gives

Or(B +6,h) — Br(B,h) = 22T

B
for some t = tg 5 € [0, 1], where

Z Z {ahaq)T h>A575hj—>o( ) 87(67 )A6,6h0—>j(0)},

I

(0 —j;h)

90

(x = y;h) < (2.7)

(B + 4, P + tAg sh)o +T'r(B,6) + Er(B,9) (2.8)

o ]680 ]—}O 8h0_>]( )
o0

to, B+ tAssh _— x )

Z{;;}y {8hz%y B+ + tAgsh) — 8thy( )(5, )}Aﬁ,éh y(o)

and >~ _,, indicates the sum over the 2D, directed edges x — y within T
Setting 6 = 6, = (81 — Bo)/m, we now sum ®(S + b, h) — (B, h) over B € I, = {By + ko,
0 < k < m} and analyze separately the contribution of each term on the right-hand side of (2.8):

(a) First we show that E,[I'r(3,d)] = 0 for any [, 8+ d] C [Bo, f1]. Indeed, since h € H* we have
h? = hP and g% = gﬁ Therefore,

= oSS B 0 m)Asshyolo) — g0 = 1) A shes(0) )

o j€do
The result then follows from unimodularity of u, subject to p-integrability of
> 198G = 0ih) A shyse(0)].
o jedo
Clearly |Agshy—y(o)| < 2 so integrability certainly holds when 3 > 0, since E,[D,] < oo

and gg is deterministically uniformly bounded on [5y, 81] as noted above. More generally, for
permissive 9 the required yu-integrability follows from (2.7) and (H2%).
(b) The total contribution of the first term on the right-hand side of (2.8) is

0P
Amszu[ Z aBT(ﬁ—f—th(s h’B—i-tg(;Aﬁgh)}
BEI,

Observe that A, = [ Y, d(\ x p) where X is Lebesgue measure on [f, f1] and

Ym(B.T)= > 1{B<p < 5+5} (5+t555 hP +tg,5056h).
BElly,
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For (A x p)-a.e. (B/,T), this sum has at most one non-zero term, in which the argument of
d3®7 converges by (H3%) to (8,h%) as m — oco. From (H1), (1.14), and the computation of
dp®r in (2.4)-(2.5), we see that 9gPr(8,h) is continuous in (8, h). Therefore, Y, (6, T) —
a-(B',h), (A x p)-a.e. Furthermore, (H1) implies that |9g¢| < C uniformly on [By, 1] for
some deterministic constant C, so |Y,| < 2CD, for all m, (A x p)-a.e. (see (2.4) and (2.5)).
Dominated convergence then gives

B1
i Ay = [ (8 h) dOx ) = /B a®(8', 1) B

0

(c) The contribution of the final term in (2.8) is E,[E7,,] where
ET,m = Z ET(ﬂa(S))
Bellm

and we conclude the proof by showing that lim, oo E,[E7,] = 0.
Indeed, it is not hard to see that lim,, oo F7,, = 0 p-a.s.: by the uniform bound on total
variation assumed in (H3?), there exists deterministic C' such that

' 0P
|Erm| < C max sup  sup |—ooT
m Z 7 Be[Bo,B1] te[0,1] 3hmﬁy(g)

0Pr

18 hP - tAps h) — — 22T
(ﬁ 3,0 ) ahxﬁy(()’)(

B, h)

T—Y

p-a.s., uniformly in m. It also follows from (H3%) that p-a.e. h? is uniformly continuous on
[Bo, B1]. Using (H1), the partials 0P computed above are uniformly continuous in (8, h) for
B € [Bo, f1] and hf _,,(0P) uniformly bounded away from zero. By (2.3) there exists deterministic
¢ such that
inf  hY . (oP) > e cPith) )¢ 0o, u-a.s..
BE[Bo,B1] i) 2 / a
Combining these observations gives lim,, oo E7,, = 0 p-a.s.
To take the limit in p-expectation, we argue similarly as in part (a): by (2.7) and (H1) there

exists deterministic C’ such that

AP
—————(B+t5,hP +tAs5h)| < < sup ———
Oy (0) 3y (0P) + tAg sha sy (0P) ~ BrelBo.br] Bo sy (0P)

for all B € [By, 1 — 6], x >y €T', o€ Z and t € [0,1], hence

N 1
|Brm| < CC' e —
;:y Belfo,1] Ma—y(0P)

c’ c’

This is integrable by (H2%) and unimodularity of x, so dominated convergence implies that
limy, o0 Eu[E7m] = 0 as claimed.

Combining (a)-(c) gives the result of the proposition. O
Proof of Thm. 1.13(a). Recalling Lem. 2.1,

B1 B81 B1
lim suplén (B1) — én (o)) = lim sup / «5.(8, B) df < / limsup a, (3, B) df < / a“(8,h) dB,

n—o0 n—oo 0 n—o0

where the first inequality follows by (the reversed) Fatou’s lemma and the second one by the
hypothesis (1.18). By Propn. 2.4 the right-most expression equals to ®(81,h) — ®(fo, h), so the
theorem is proved. O

The justification for interpolation in B is entirely similar:
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Proof of Thm. 1.13(b). Now f3 is fixed so we suppress it from the notation. For h € H and T' € T,"
then

0B(B,h)  ODY(B,h) Yo, OBE(O)Y(0, o) hjso(0))homi(0)
= = — Vj € Oo,
0B 0B Yoo, (0,05)hjs0(0)hos;(0)
while if T =T then dp®r = >, 0p&(0)(c)/ Y., ¥(o). If h € H* then 1B =hB, so
Eu[0p®1(B, h)] = E,[[05E(00,)]5"] = a™(B, h).

The result now follows by adapting the proofs of Propn. 2.4 and Thm. 1.13(a). (|

2.3. Discussion and first consequences. We now prove Thm. 1.14 by considering an extended
notion of local weak convergence. As discussed in [!], a graph G = (V, E) together with a spin
configuration o € 2V on the graph can be regarded as a graph with marks in 2. Let GZ and
G2 denote the spaces of marked isomorphism classes of connected, rooted and bi-rooted graphs,
respectively, with marks in 2Z". These spaces are metrizable by the obvious generalizations of the
metrics on G,,G,, defined in §2.1, giving rise to the notion of local weak convergence for pairs
(Gp,0,) of graphs with spin configurations. Defn. 1.2 generalizes naturally to this setting, and we
show next that if g, is a random configuration on G,, with law v,  (as defined in (1.1)), then a
local weak limit of (G, g,,), if it exists, must be unimodular. -

Lemma 2.5. If Gy = p and o, ~ vg,, 4 then the laws of (Gn,0,,) have subsequential local weak

limits belonging to the space % of unimodular measures on GZ .

Proof. For each fixed t, the laws of B;(I,) are weakly convergent, hence by Prohorov’s theorem
form a uniformly tight sequence. Consequently, for each € > 0 there exists K. C G, compact with
sup,, P, (By(I,) ¢ K¢) < e. Further, K. may be taken to contain only graphs of depth at most
t, whereby the minimal distance between any two graphs in K. is uniformly bounded below (by
1/(1 +1t)), hence the compactness of K, implies that it must be a finite set. The collection of all
marked graphs in G whose underlying graph is in K, must therefore be finite, hence compact as
well. Thus, by yet another application of Prohorov’s theorem, the joint laws of (By(I,), o p,(1,)) are

uniformly tight in GZ and consequently have subsequential weak limits. By extracting successive
subsequences for increasing ¢t and taking the diagonal subsequence it follows that the sequence
(Gp,0,,) admits subsequential local weak limits i1 € % . O

For i € %, the marginal p of fi is a unimodular measure on G,. If it is supported on a single
tree T as in the d-regular case, then clearly 1 may be represented as dr X v where v € ¥p, the
space of Gibbs measures on T' corresponding to specification 1. To make such a statement in the
general setting, note that there is a continuous mapping 7 from G, to the space A, of graphs on Z>
rooted at 0, taking an isomorphism class to its canonical representative [, p. 1461]. Thus & may be
regarded as a measure on the product space N, x 2420, and consequently i has a representation as
the measure p ® v on pairs (T, g) where T has law p and ¢ given T has law vy € 7. In particular,
if |9r| =1 p-a.s., then u ® v is uniquely determined.

Let ¢ be a unimodular measure on 7,. It was noted in Rmk. 1.12 that there is a mapping from

H;, (B, B) to collections (vr € 9r)re7,. For such v, p®@v belongs to %: if f is a non-negative Borel
pe

o0 )

it follows from the 7.-measurability of elements of Hj,. that

Euew| Y F(T.0),0.0)] =B, 3 F(T10.5)]

j€do j€do

function on G
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where f is a non-negative Borel function on G,,. The unimodularity of the underlying measure
then gives
Eyev| 3 F((T,0),0.5)] = Eyen | 3 F((T,0),5,0)]
JjEDo JjEDo
and therefore p @ v € % .

Remark 2.6. An element v € ¢p is called a Markov chain (or splitting Gibbs measure) if for any
finite connected subgraph U C T, the marginal of v on U is a Markov random field ([12], see also
[17, Ch. 12] and [38]). A collection Ap = ()\f )(ij)eBr Of probability measures on 2 is called an
entrance law (or boundary law) for the specification 1 = (1,4) on T if it satisfies the consistency

requirement ([12, (3.4)]) ' )
No) =[] (ZQbik(UiaUk)A}c(Uk))v

kedi\j ok

where ¢;;(04,05) = (o) Pig)(a,0")1(c’)/Pi, the pairwise interaction potential corresponding to
. It is shown in [42, Thm. 3.2] that there is a one-to-one correspondence between Markov chains
v and entrance laws Ap, given by

vien) 2 T outeia) TT (3 dinto (i o)X (@)

(ij)€EBy i€dU o

for U any finite connected subgraph of 7', with p(i) denoting the unique neighbor of i inside U for
i € OU. In particular, we see that the Gibbs measure v arising from h € ’H;(ﬁ , B) is precisely the
Markov chain with entrance law )\; (0) 2 hji(0)p(o) =1/ Pi. Extremal elements of %r are Markov
chains [12, Thm. 2.1] but the converse is false; for example, the free-boundary Ising Gibbs measure
is non-extremal at low temperature (see [13, 23]). The measures u ® v arising from elements of
’H; (8, B) might naturally be termed “unimodular Markov chains” in the sense that the entrance
laws for the entire collection (v7)rer, are specified by a single measurable function h : 7o — Ag-. In
the case p = 0T, these correspond precisely to the completely homogeneous Markov chains studied
in [12, §4].

Proof of Thm. 1.14. Suppose uniqueness holds at (8, B), i.e. 9r = {vr} p-a.s. Then H} (8, B)
has size at most one by Rmk. 2.3. For p-a.e. T', the measure vr is extremal, and so specifies a
Markov chain on T' with entrance law A (see Rmk. 2.6). If we define hyy(0) = hir sy (o) =
A (o)p(0) P+ then h € H(B3, B), which proves that (3, B) is a singleton.

Now consider interpolation in 8 or B. All the conditions of Thm. 1.13 are satisfied by assumption
except (1.18) and (1.19). If uniqueness holds at (3, B), it follows from the preceding discussion that
there is a unique u ® v € % corresponding to the specification (¢%,4?). Any local weak limit of
(Gn,a,) must be such a measure, so (Gn,0,,) = pt ® v; likewise, any element of Hj, (3, B) gives
rise to p ® v. Therefore,

lim (5, B) = 3Eueu | 3 056000, 07)] = (5. B, )

n—00 .
j€do

where the limit in expectation is justified by the boundedness of dz§ on compacts and uniform
sparsity (as in the proof of Lem. 2.1). This verifies (1.18), and the verification of (1.19) is entirely
similar. The result therefore follows from Thm. 1.13. g

Remark 2.7. If uniqueness of Gibbs measures does not hold, one may consider extremal decompo-
sition of the subsequential local weak limits 1 of (G, 0,,), either in the spaces ¥r (possibly losing
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unimodularity in the decomposition) or in the space % . Extremal decomposition in % is discussed
in [1, §4] but it is unclear whether extremal elements would be unimodular Markov chains in the
sense described here. A decomposition of ;i = p ® v into unimodular Markov chains p ® v/ would
obviously yield a substantial generalization of Thm. 1.14.

2.4. Application to independent set. We now prove Thm. 1.11, our result for the independent
set model (1.4), by verifying the conditions of Thm. 1.14 for the interpolation parameter B = log A.
In this setting a convenient parametrization for the messages h € H is u = h(0), so that the BP

mapping (1.14) becomes
1

1+ Hueax\y Yorn

A single BP iteration is anti-monotone in the messages u,_;, so a double iteration is monotone.
Since the root marginal for an independent set model in 7%~ is obtained by an even number of
BP iterations starting from level 2¢ (see Rmk. 1.12), it is monotone in the boundary conditions.
Recalling from §1.2.3 the definition of i_ztjzi = l_LtT’i’A for I € {0,1} and writing ﬂtT’i = Bg&i(O), the
above implies that for 1 < s <'t,

(BPMu)ysy = (2.9)

all L

1+
Thus the ¢ — oo limits h%, hi. are well-defined with h%(1) > hL(1) > 1/(1 + )), and using these
we define messages ht € H, hi—w = EiT . The next lemma gives the boundary values for the

T—Y

_25—1,0 « -2t—1,0  -2t—1,1 _2s5—1,1
U > U > U > Urp >

interpolation.

Lemma 2.8. For the independent set model on G, — e 14,
lim lim su N =0=1lm®\Art), te{0,1}.
lim lim sup |¢r, () im (A, 1Y), 1 €{0,1}

Proof. The left limit follows from the trivial bounds 1 < Z,, < (1 + \)™. Next, for any h € H,

O h) =log {14+ A I hjmo(0) },
j€Odo

so ®7(A, h) — 0 both p-a.s. and in p-expectation as A | 0, by bounded convergence. The same
holds for ®%.(\, ht), T € {0,1}, using the bound A%, (0) > 1/(1 + A). O

Proof of Thm. 1.11. The independent set model (1.4) is of form (1.1) with 2" = {0,1}, ¥(0,0’) =
1{o0’ # 1}, and ¥(0) = A% = B, so (H1) is clearly satisfied with oP = 0 the permitted state. By
definition of A, if A < A, then A’ = h! = h in H, and it then follows from the recursive structure
of the tree that h € Hj (). Since hi_w(O) > 1/(1 + \) as noted above, (H2%) is satisfied on any
compact interval of A.

For T € 7,, as noted above the root occupation probability on 1% for s > 2t — 1 with any
boundary conditions is sandwiched between Bgﬂt*l’o(l) and I_I?Ft*l’l(l), with the former increasing
to ﬁ%_(l) and the latter decreasing to hi(1). Since the ﬁg:i are clearly continuous in A, it follows
that h9.(1) and hk(1) are respectively lower and upper semi-continuous in A, so if they coincide
then their common value hz(1) is continuous in A. Applying this with T = T, gives the p'-a.s.

T—Y
continuity of hi_w on (0, \.).

For T € 7., BIT for { € {0,1} is a function of (h}:i))jeao, so for A < A. we have that hY. = hl.,
p-a.s. It then follows from the preceding observations and Rmk. 1.12 that the boundary effect
vanishes and 47| = 1 p-a.s. Thus, we are in the setting of Thm. 1.14(b), and it remains only to
complete the verification of (HSB ), i.e. the boundedness in total variation of the messages hj_y:
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(a) No verification is needed since boundedness in total variation is simply assumed.
(b) For T € T,, @ i = hb i(O) satisfies

1
logﬂQtHi = —log <1 +A — 1 ¢>
j€do 14+ A szea]\o uTk_,]

Differentiating with respect to A, we find that rti = (14 \)0ylog ﬂ;&i satisfies

2t+1,1 A
Iy !§1+—1+/\D0+(1+A> Yoo I (2.10)
j€do kedj\o

Since uT =1/(1+ A) for any T € 7T,, we find that

2t—1,1 01
sup|7" \<1+Z< )|8T |
t= >1 1+

If \i/(1+ A1) <1/brT then this is finite and uniformly bounded on [Ag, A1] (see [28, §2]), and
consequently uT = limy oo u%t L has deterministically bounded total variation on [Ag, A1]. If
A < )\C# then h¥5y" — hgy on [Ao, A1, s0 if br Ty < A —1 pl-as. and A\i/(1+ \p) <
1/(A—1) (i.e. \i(A—2) < 1), then h has deterministically bounded total variation on [Ag, A1].

(c) Since the limiting measure is supported on T4, only h = h(T,z—y) 18 of relevance, and (2.9)
reduces to BP*u = (1 + Aud=1)~1. For A < A\, = A.(d) there is a unique fixed point (see [25,
§2]), which is then easily seen to be monotone in A.

Thus (H35) is verified in parts (a)-(c). Also, ¢(Ac) = limysy, #(A) as an immediate consequence of
Lem. 2.1. The rest of the theorem follows by applying Thm. 1.14 and then taking By = log A\g —
—00, relying on the boundary value given by Lem. 2.8. U

3. BETHE PREDICTION AS OPTIMIZATION OVER LOCAL POLYTOPE

Throughout this section we assume that ¢ = (1, ) satisfying (H1) specifies a factor model of the
form (1.1), with p a unimodular measure on 7, with E,[D,] < co. We study the Bethe prediction
as the optimization of the Bethe free energy functional ®, on H, as defined by (1.21). We first
verify that this agrees with the previous definition (1.9) of ®,, on H}(8, B), which we always regard
as being embedded into Hjo. via (1.20). Recall from Defn. 1.15 that for h € Hjoc, the one-point
marginals of h;, are denoted h, and Ey, and are measurable functions 7, — A 4.

Lemma 3.1. The functional ®,, on Hioc given by (1.23) agrees with the previous definition (1.9)
on M} (B, B), subject to finiteness of E,[PF].

Proof. If h corresponds to h € H},(3, B), then (1.20) and (1.15) imply that

hay(0,0") exp{®FY (1)} = $(0, 0" Yhasy(0) hysa(0),
ho(o) exp (@ ()} = (o) T (3 w0, 05)hisole).

j€do  0j
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Letting ®;(h) (1 < i < 3) denote the three terms on the right-hand side of (1.22), it follows from
the above that

Q1 (h) =E,[®F(h [Z Zh ) log ZI/) (0,04) g—)o(%))}

j€do ©
By(R) = E,[05:(h)] - 4@ i DD hoi(0,05)108(homss(0)hio(01)|
jEDo 0,05
= [, [, [Z 3" Tiol0) log o (0 )}
j€do ©
—Eu| 30D ho(o)log (Zw (0,07)hoj(o >hﬁo<aj>>} — 2F,,[®5.(h)],
j€do ©

where unimodularity was used in the simplification of ®5. Adding these three identities gives
P, (h) = E, [P (h) — ®5.(h)] as claimed. O

As mentioned in §1.3.2, our definition ®, of the Bethe free energy functional on Hj,. is an
infinite-tree analogue of the definition of [11] for finite graphs. It is proved in [11, Propn. 6] that
when 1) > 0, all local maxima of the Bethe free energy lie in the interior of the local polytope. The
following is the analogue of this result for infinite unimodular trees.

Proposition 3.2. If ¢ > 0 and h is a local maximizer of ®,, over Hioc, then
Qn, = {hyy(o,0") =0 for some o,0' € 2}
has zero p'-measure.
Proof. If u € H; . and we set § = u — h, then it follows by convexity of Hj,. that b7 = h +nd =
(1 —n)h + nu belongs to Hj . for any n € (0,1]. Letting

2

Ry (6) = E[QM(hn) —®,(h)], R (8) = Ry(d)

log(1/n)’

our claim will follow upon showing that if ,uT(Qh) > 0, then there exists u € Hjo. for which
lim R, (8) = Ro(d) > 0.
nd0

To this end, note that by an easy computation [H (h")—H(h)]/n = — (log h") 5 —(f,(6/h)),,, where
fy(r) = n~tlog(1 + nr) and §/h is defined by coordinate-wise division in RZ?. Thus from (1.21)
we obtain

Ro(8) = By [ 208)5, +2(D, — 1) (o )5, +2(Dy — 1(fy(Bo/ R0, |
B[ Y {95, — (o ks, — (Fa(Boi/ i), | (3.1
j€EDo

Since limy o f;(r) = and 3_, ., (0, 0') is identically zero, the two terms above involving f, vanish

in the limit 7 | 0. Upon scaling by log(1/n), the terms involving ), also tend to zero. It follows
that

Ro(8) =B, |2 = 2D)o({0 : ho(0) = 0}) + Y woy({0,0” s hojlo,0) =OD)],  (3.2)

j€do
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using 1 > 0 and dominated convergence. Let A, = A1, = {0 € 2 : ho(c) = 0} and suppose
Ugy(0,0") = Uz(0)Uy(0’): then, since hyy(o,0’) = 0 whenever either o € A, or o’ € A, inclusion-
exclusion and the unimodularity of u give

Ro(6) > B, [(2 = 2D,)0(A0) + 3 {0(A0) + T5(45) — To(A0)5(47)}]
j€Odo
- E, [mo(Ao) = 3 (A (A)| = B[ 3 Ry,
j€do j€do

where EO_U- = 1{D, > 0}[D, 'u,(A,) + Dj_lﬂj(Aj) — Uo(Ap)u;(A;)] (note that necessarily A, = &
when D, = 0).

Now consider the measurable function @ : 7,¥ — Ay defined (up to p-equivalence) as follows:
if A, = @ then @, = (7, is uniform measure on 27; otherwise, 1, assigns positive mass 1/(2D,)
uniformly over A, and the remaining mass uniformly over AS. Then, ugy(o,0’) = Uy(0)uy(0’)
belongs to H; .. With this choice of u, if both A,, A; are non-empty then ﬁo_m- = (D;?+ Dj_2 —
D le_l/ 2)/2, which is positive. Also, ]/%O_>j is clearly positive when exactly one of A,, A; is non-
empty, and zero when both are empty. Thus ﬁo(a) > 0, with strict inequality if (A4, # @) > 0. If
(A, = @) = 1, then u is uniform measure on 22 independently of T, so we have by (3.2) that

Ro(8) = |2 %, | Y- " 1{hoy(0,0') = 0}.

j€do g0’
If 47(Qn) > 0 then this is positive, completing the proof of our claim. O
Our main result in this section is the following infinite-tree analogue of [11, Thm. 2], character-

izing the interior stationary points of ®, on H,. as fixed points of the BP recursion.

Proposition 3.3. If ¢ > 0, then any stationary point of ®,, inside Hy, . belongs to H*.

Proof. Let Hic denote the space of measurable functions § : 7o — RZ ? (defined up to p'-
equivalence), satisfying the symmetry relation d,y(c,0") = 8,.(0’,0), with one-point marginals
02(0) =3,/ 02y(0,0’) not depending on the choice of y € 0z, and with >~ _d(0) =5, 6(0,0') =
0. Note that if h € H; . and d € HE  with |8 < h in R?? y'-as., then A7 = h 41 € Hy . for all

loc

|n| < 1. If h is an interior stationary point, then taking n — 0 in (3.1) gives

0= Ro(6) = E, |2 Za Ao(0) + D 800, 0"kl (0,0")]

j€Oo g0’

where &, = £ + (D, — 1) log h, and Koy =& — log hgy.
Consider now § with one-point marginals § = 0, so that the value of &’ becomes irrelevant. In
this case the value of Ry(6) is unchanged if we replace &’ by

1
Koj(0,0") = K,,j(0,0") ’%| ZK,O] o,0') @Zl@;j(a,a ‘%’2 ZFLO] 0,0
g

o,0’

By construction, k € M with one-point marginals & = 0 p-a.s. We claim that & = 0 pl-as.

loc
Indeed, = ck belongs to /Hlioc for any measurable ¢ : Te = Rxq, (T, 2 = y) — Czy = Cya, and we

can choose ¢ small enough so that |§| < |h| u'-a.s. With this choice, 0 = Ro(d) is the y-expectation
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of a (weighted) sum of squares, so k = 0, as claimed. By the definition of kK we find that there
exists measurable \ : To — R such that

;j (07 U/) = 5(0’ OJ) — log hOj (O-v 0/) = _)‘O%j (J) - )‘jﬁo(al)’
so the preceding expression for Ry(d) (where § € Hljgc with || < h), simplifies to

Ro(8) =E, [2 3 6o @)EN(0) = 3 (5u(0)A0si(0) + 85(0") Njs0(0")) }

j€do

= 98, 37 5,(0) (Rof0) = 3 Aoni(0)) .

j€do

K

using unimodularity of x for the second identity. Now take § : To — R? measurable with ,0(0) =
0 p-a.s., and note that 0,y (0, ") = 8,(0)d,(0”) is then in H:,. Considering all such & with |§| < h
and reasoning in the same way as before, we see that

R 0) = 3 Aoss(0) = |Jj{| S (R0~ 3 Aosi(0h). pt-ae
j€do o’ j€do

Rearranging, we find that h satisfies p'-a.e.

hoj(0,0") = ¥(0,0") exp{Xo—;(0) + Xj—o(d’)}, (33)
N > jcoo Mo—j(0) —&(0)
ho(o) = exp { Do -1 } (3.4)
If we then reparametrize
Aomsj = £+ Z log Mo pl-aus. (3.5)
kedo\j

(well-defined, for each T" and o € 27, by invertibility of the D,-dimensional matrix 11t — 1), then
the formula (3.4) for h, becomes

BO(U)

12

() [T #kol0):

kedo

On the other hand, h, is the first marginal of h,;, and setting the above equal to the sum of (3.3)
over o’ gives (making use of (3.5))

Mjmo(0) =Y (o,0")No) plas.
o./

Thus, if we define m : To — Ay, My, (o) = er+>v(@) then (3.5) can be written in terms of m as

mos(@) 20(0) TT (D wle.onmimo(on)), wl-as.
k€do\j ok
— that is, m € H*. Then, (3.3) is precisely the statement that m maps to h via (1.20), which
concludes the proof. O

Proof of Thm. 1.16. By (H1) the set HE)‘; of h € Hyoe for which ®(3, B,h) > —oo is non-empty
and does not depend on (3, B), so without loss we will restrict to h € Hiz.
Again by (H1), the functions (8, B) — ®,(3, B, h) indexed by h € Hlf;‘)‘é are uniformly equicon-

tinuous on compact regions of (8, B): for any € > 0 there exists § > 0 sufficiently small so that if
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(8,B) and (', B') are within distance § then [®,(8, B, h) — ®,(B,B',h)| < eforall h € HiN. Let
h € Hin such that ®,(3, B,h) > ®,(3, B) — . Then,

loc

(5, B') = 2u(f', B, h) = (8, B) — 2¢

for all (5, B") within distance ¢ of (3, B). Reversing the roles of (8, B) and (', B") completes the
proof of part (a). The statement of part (b) is a summary of the results of Lem. 3.1, Propn. 3.2
and 3.3. ]

4. APPLICATION TO ISING AND POTTS MODELS

In this section we apply Thm. 1.13 to prove our results for the ferromagnetic Ising and Potts
models, Thms. 1.8-1.10. Although both models have regimes of multiple fixed points, monotonicity
arguments allow us to restrict the space of fixed points. In the Ising model we can restrict to a
unique fixed point and give a complete verification of the Bethe free energy prediction; in the Potts
model with ¢ > 2 there remain regimes of non-uniqueness where we can only provide bounds.

4.1. Ising model. We first prove Thm. 1.8. Recall the definition (1.12) for the Ising measure I/G’B

for a finite graph G = (V, E), and more generally (from Defn. 1.7) the Ising measures l/lf]’ﬂG’B and

1/;; ,g,B for a finite sub-graph U of a (possibly infinite) graph G with free and + boundary conditions.

We will make use of the following direct consequence of the classical Griffiths’s inequality (see e.g.
[27, Thm. IV.1.21]).

Lemma 4.1. For the Ising model with parameters 3, B > 0 on U a finite sub-graph of a graph G
with boundary conditions I € {f,+}, the magnetization <O’U>%}%B at vertex v € U 1s non-negative,
non-decreasing in 3, B, non-decreasing in U for {1 = f, and non-increasing in U for { = +.

Recall from §1.2.1 the definitions of 71321 for 1 € {f,+}; the measure Eg&i is parametrized by the
corresponding magnetization mtT’i = l_”LtT’i(—l—) - Bé&i(—). By Lem. 4.1, mtT’f is non-decreasing in ¢

while m?f is non-increasing, so there exist well-defined limits m%(ﬁ ,B) = limy_, mézi (8,B). The
following result from [11], an extension of [9, Lem. 4.3], shows that these limits agree on any T € 7.

Lemma 4.2 ([11, Lem. 3.1]). For the Ising model (1.12) on an infinite tree T with 5, B > 0, there
exists a constant C = C(B, B) such that

mbt —mbt<c/it ve>1.

By this result we can define h € H by hy—y = BfT
Bethe prediction ¢(53, B) = ®,(8, B, h).

Proof of Thm. 1.8. The Ising model (1.12) is of form (1.1) with 2" = {£1}, {(0,0’) = foo’, and

&(0) = Bo, so (H1) and (H2) are clearly satisfied (with no additional moment conditions on D,,

since ¢ > 0). It follows directly from the recursive structure of the tree that h € H*. It will be
shown in Lem. 4.5 that for 5 > 0 fixed,

im hmsup‘¢n(ﬁaB) - (I),U«(BvahN = 07

|
B—0o n—oo

= B} , and we now proceed to verify the
—Y

so to prove the theorem we will interpolate from (3, B) to (3, B1), then take By — oc.

It follows from Lem. 4.1 and Lem. 4.2 that for T € 7., mk.(8, B) = m(8, B) = mr(B, B) is the
increasing limit of mtT’f(ﬁ , B) and the decreasing limit of m%" (3, B). The m"!(3, B) are continuous
and non-decreasing in 3, B, so m inherits these properties by the same argument as in the proof
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of Thm. 1.11, and so (since it takes values in [—1, 1]) is of uniformly bounded total variation. This
verifies both (H3%) and (H3%) (though we will use only the latter).
We conclude by showing (cf. (1.19)), that

Jlim E,[(06(01,)), "] = (8. B) = E,[[95E(00))7" ).

Here 0p&(c) = o, and it follows from Lem. 4.1, our assumption of G, —u. ¢ and Fatou’s lemma
that
B, . £,8, . B
E,[[oo] 7] < lim inf E, [oo)gy) < lim inf By (o, ) ")

n—o0

< limsupE,[(07,)5%] < limsup E,,[(00)1:57] < Eplloo]y 7).
n—o0 t—o0
The left-most and right-most expressions coincide by Lem. 4.2 so equality holds throughout.
By Thm. 1.13(b), ¢(8, B) = ®(8, B,ht) = ®(B, B, hf) for >0, B > 0. Since ¢, is symmetric
in B and continuous at B = 0 (uniformly in n), we have ¢(8,B) = ¢(8,—B) and ¢(5,0) =
lirnB~>0 ¢(/87 B) 0

4.2. Potts model. We now apply Thm. 1.13 to deduce our result Thm. 1.9 for the Potts model
(1.3) with 8, B > 0. From now on we let 2" = [g] with ¢ > 2. It will be convenient to generalize
(1.3) to the inhomogeneous Potts model

v (@) = exp{ 3 Biybne, + Y Bidsa}, €2V,

(ij)eF eV

We now introduce the coupling of the Potts model with a random-cluster model which we use
to obtain monotonicity properties. The following representation is as in [20] (see also [0]). If
G = (V, E) is a finite graph, let G* be the graph formed by adding an edge from every v € V to a
“ghost vertex” v*, that is, G* = (V*, E*) where V* = VU {v*} and E* = EU {(v,v*) : v € V}.
Writing ¢ for elements of 2™V" and 5 for elements of {0, 1}*" (bond configurations), consider the
probability measure on pairs (g, n) defined by

B ~ - )
2P (0,m) 2 651 [ (€% = Voo, [ (€5 = Vi (4.1)

nig=1 n;=1

. . . B . . .
The marginal on gy, is the inhomogeneous Potts measure I/g , while the marginal on 7 is the
(inhomogeneous) random-cluster measure

g = I v —po' ™ JJ 0(C), (4.2)

ecE* Cen

where p;; = 1 — e P for (i,7) € E and pj,» = 1 — e Bi for i € V, and the last product is taken
over connected components C' of 7, with ©(C) = ¢ unless v* € C in which case ©(C) = 1. Given

a configuration 7, a realization of the conditional law wg’B(g = -|n) is obtained by choosing a

constant spin on each connected component C' of 7 independently and uniformly over [g], except
for C containing v* which is given spin 1. B

For a detailed account the random-cluster model see [19]; we will use only the following basic
properties:

ops B . . . . .
Proposition 4.3. The random-cluster measure ﬂ'g is FKG. It is also increasing, in the sense of
stochastic domination, in (3, B).
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Proof. The FKG property follows by a straightforward modification of the proof of [6, Thm. ITL.1(i)].
Monotonicity in (3, B) follows by modifying the proof of [19, Thm. 3.21]. O

Recalling Defn. 1.7, for U a finite sub-graph of a graph G and I € {f} U [¢] (with f = free), let

ViUﬁG denote the Potts model on U with I boundary conditions.

Corollary 4.4. For the Potts model with parameters B, B > 0 on U a finite sub-graph of a graph
G with boundary conditions T € {f, 1}, and for any vertices v,w € U, the quantities

I/(i]% (o0p = 1), l/li]ﬂG’ (0p = ow)

are non-decreasing in B and B, non-increasing in U for =1, and non-decreasing in U for § = 1.

. B .
Proof. Note that I/f ﬂ ,~ is the marginal on g;; of the measure wg with

B;,=BYiecV, p.=p1l{ec Ey}.

.. . "B .
Similarly, VU’% is the marginal on g;; of the measure wg with

B.=pVee E, B,=B1{icVy}+ool{i¢ Vy}.
Clearly, (3, B) is non-decreasing in U while (,8/ B') is non-increasing, and both are non-decreasing
in 8, B. The result therefore follows from Propn. 4.3 by showing that for any (3, B), the conditional
probabilities wgB(av = 1|n) and waB(Jv = 0w|n) are monotone functions of 7. Indeed, letting

B .- ..
w= wg and writing v «~ w to indicate that v, w belong to the same connected component of 7,
we have

1 —1{v e v*}

q
1 —1{v &~ w}

q
These are increasing functions of 1 so the proof is complete. ]

w(oy = 1|n) = 1{v e v*} +

w(oy = 0y[n) = 1{v e~ w} +

Under the measures with § € {f, 1}, any one-vertex marginal must be uniform on the spins # 1,
and so is characterized by the probability given to spin 1. In partlcular recall from §1.2.2 the

definitions of h- Y for e {f 1}; existence of the ¢ — oo limits hT is now justified by Cor. 4.4, so
we can define hi € H by h Ty = h:E . The following lemma gives the boundary values for the
-y

interpolation in (3, B) using ht:
Lemma 4.5. For the Potts model on Gy — e 1, let
©,(8,B) = B+ BE,[Do]/2+ EL@(IT])],  @(n) = @"(n) =n 'log(1 + (¢ — 1)e~ 7).
(a) For all B € R and any h € H, ¢(0, B) = log(e? +q—1) = ®,(0, B, h).
(b) For 3> 0 and h € H*,
Jim limsup |¢,(8, B) = (8, B)| = 0= Jim_[®u(5, B, h) = $,(5. B)|

B—oo p—oo

(C) For B Z 07 hmﬁ—)oo hmsupn—M}o |¢n(5> B) - &)}L(B’NB” = 0.
(d) For B> 0 and { € {f,1}, limg_, |®,(8, B, h*) — ®,(8, B)| = 0.
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Proof. (a) At B =0, ©» =1 so the spins are independent. Thus, for alln > 1, h € H, and T € 7,,
$n(0, B) = log(e” +q — 1) = (0, B, h) = 1(0, B, h),
since @E,?j) =0 for all j € do.

(b) The value of Z, (3, B) is bounded below by considering only the ground state ¢ = 1, and
bounded above by decomposing .2V according to the subset of k vertices where the spin is not 1.
For 8 > 0 this gives

1< Zy(8, B)e P~ 5'E"'<Z() Ve PP = (14 (g = De ),

so if we define ¢, (3, B) = ¢n(B, B) — B — BE,[|Enl]/n, then limp_, limsup,,_, . |¢n (3, B)| = 0.
Recalling (2.2), this proves the left identity in (b).
We next define

=0 — B—BD,, &5 =05 —p8D,/2, &p=¥F—85 &,=E,dp,

so that to prove the right identity in (b) it suffices to show limp_yoo (8, B,h) = 0 for any
h € H*. Indeed, (1.15) gives that p-a.s., 1imBﬁooh B (0) = 65 for all j € OJo, hence also

O—)j

limp_yoo K28 (0) = 841 for all j € o by equivalence of u' and p+. Thus

j—o
Bli_r)réo ¥ (B,B,h) =0 = Bli_r)noo ®5.(8,B,h), p-as.
It is easily verified that
— BDo < ®7(8,B,h) <loggq, —BD,/2 < ®%(8,B,h) <0, (4.3)
SO @u(ﬂ ,B,h) — 0 by dominated convergence.

(c) Suppose first that G,, is connected. Then Z,, (3, B) is bounded below by considering only the ¢
constant-spin configurations, and bounded above by decomposing 2"V according to the subset of ¢
edges across which the spins disagree. Since GG, is connected, removing ¢ edges leaves at most ¢+ 1
connected components, of sizes ko, . . ., ke summing to n. Therefore, with ¢(n) = ©?(n)
we have

= ng”(n),

|Ex|

A < Z,(8, B)e PrflEnl < Z( ) e {eXp{iwm}}’
R r=0

where the maximum is taken over ko, ..., ks € Z>o summing to n. By convexity of ¢ this maximum
is achieved with k, = n for some r, so

|En|

p(n) < ngn(B, B) < ¢(n) + E, [log { Z ( )6/%(%}} = ¢(n) + Ep[|En|]log(1 + ge™"). (4.4)

If G,, has connected components C7 = (V4 E7), j > 1, with |V7| = n/, then clearly Z,(8,B) =
HJ ZCj(B) B)a S0

1

0= 6u(BB) = 1 Ea | 3 p(0))] < TEAlIEal log(1 + g 7). (45)
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With j(i) denoting the index of the connected component of G, containing vertex i, we have
n_lEn[Zj ©(n?)] = E,[@(n?U")]. Then, since @ (n) <0,

Enl@(|Be (1) )L{ By(In) = C7U")}] < By [p(n/"™))] < En[@(|Be(1a)]))-

Slnce Grn —iwe 11, letting n — oo followed by ¢t — 0o in the above inequalities gives B, [@(n/("))] —
E,[@(|T])], and so (c) follows from (4.5) by taking first n — co and then 8 — oo.

(d) Clearly hi. = hl. for any finite T € 7, (as 07" = @ for large enough ¢). In the 8 — co limit
only the constant-spin configurations contribute, so

lim KEPE (o) = e #(TD-BITI0=00) 1 ¢ (1,1}, (4.6)

B—00

For T infinite, recall from Cor. 4.4 that hl,(1) < hf.(1) < hL(1), so if B > 0 then

1= lim lim A"MB(1) < lim AMPB(1) < lim AY5B(1),

t—o00 =00 B—o0 B—o0

so that (4.6) again holds for T infinite. We then compute

Jim (8, B, = = D @(ITjol) + (1T,

j€do
- o1 3 1 3 D,
lim @T<57th ) =75 QO(H}_WD (’ 0—)j’ SO(IT‘)u
B—o0 2 . 2
j€do j€do

p-a.s., where the first identity uses |T'| = 1+Z]€80‘ T;_,,| and the second uses |T'| = |T,,_,;[+|T};_,,|.
Convergence also holds in u-expectation, using the upper bounds in (4.3) together with

®(8, B, hY) > D loghil (1), ®5.(8, B, ht) > Zloghﬁﬁf Zloghiﬁj ),
Jj€do ]680 ]680

and the fact that hiﬁy( 1) > 1/q for 5,B > 0 (by Cor. 4.4). Thus, using unimodularity of p, we
have

lim &,,(5, B, ht) = Ey[(1 — Do/2)(|T))],

B—00

and we conclude by showing that this coincides with E,[@(|T])]. The case |T'| = oo is trivial;
otherwise, another application of unimodularity gives

1
SEADop(ITN)] = 5B [D0 3 #(IT1)] = SB[ 3 Dasp(17)]
€T zeT
= E[p(IT)Er[] = Eule(IT])] = Eule(T])]-
Therefore, limg_,oo @, (8, B, h) = E,[@(]T|)] which concludes the proof. O

Proof of Thm. 1.9. The Potts model (1.3) is of form (1.1) with 2" = [q], {(0,0") = Bds 0, and
£(0) = Béy1, so (H1) and (H2) are clearly satisfied. It follows from the recursive structure of the
tree that ¥ € H* for § € {f,1}. For part (a), along any interpolation path contained in R, both
(H37) and (H3%) are satisfied by Cor. 4.4 and the same argument used in the proof of Thm. 1.11.
For part (b), (H3%) and (H3?) are satisfied by the additional hypothesis of continuity.
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The inequalities in part (b) then follow from Theorem 1.13 once we verify (cf. (1.18), (1.19))
a™(8, B, h') < liminf ay*(3, B) < limsup ay*(8, B) < a*™(8, B, h'),
n—oo n—00

a®(8,B,hh) < IirginfaZ(ﬁ,B) < limsupa® (B, B) < a®(8, B, h'),

n—o0

where a}*(8, B) = En[(05,, 1)7""] and a$(8, B) = $En[X;cor, (9o1,.0,)2 " |- Indeed, by Vitali’s

n n
convergence theorem, the assumption Gy, — . ¢ and Cor. 4.4 (with U = B(I,,) C G,,), we have

1
T £,8,B .
a®(8, B, h') = lim inf ;Eu[ Z<6ao,aj>Tt,T] < liminf ag, (8, B),
j€do
and the other inequalities are proved similarly. Together these inequalities imply that

[gbn(B/?B,) - ¢n(6>B)] = (I)(/B/:B/7hi) - q)(B7B?hi)

for any (3, B) and (8’, B") joined by an interpolation path contained in R,. The result of part (a)
then follows by letting (8’, B') approach R~ and applying Lem. 4.5. O

lim
n—oo

4.3. Potts model with d-regular limiting tree. In this section we prove Thm. 1.10, which
amounts to determining the shape of R, and establishing continuity of hf and A! in certain regimes.
Since the limiting measure is supported on Tg4, only h = Iyt 4, is of relevance. Further, Rt is

symmetric among the spins # 1 for § € {f, 1}, so determination of h* reduces to solving a univariate
recursion for h¥(1),

eBlePh 4+ (1 — h)]4!
eBlefh+ (1 — h))41 + (¢ — 1)[h + =0 (ef + g —2)] 7"

h—

Our result follows from analysis of the fixed points of this mapping (similar computations have
appeared e.g. in [38, 12] so some overlap among the analyses may occur).
A convenient parametrization is given by the log likelihood ratio r = log h —log[(1 — h)/(q¢ — 1)],
in terms of which the recursion becomes
B+r _
e _ e"TM 4 qg—1
With f® the ¢-fold iteration of f, let rf denote the increasing limit of f(*) (0) and 7! the decreasing
limit of f(t)(oo)7 as t — 00. The region R corresponds to those 3, B > 0 for which rf £l

Lemma 4.6. There exists 5_ > 0 such that for B < B_ the map f has exactly one fixed point for
any B € R. For > [_ there exist real-valued B_(3) < B4+ (B) (smooth in B) such that f has one,
two, or three fized points depending on whether B is in [B_, By|, {B_, By}, or (B_,By). The
curves extend continuously to B_(f-) = B4 (5-).

Proof. We have
) = (d—1)e" (ef —1) (¢ +ef —1)
(g+e +ef—2)(g+et8-1)
so f is increasing in r with f’(r) — 0 as r — +oo. Since f(r; 8, B) = f(B;r, B), it easily follows
from (4.7) that dgf(r) has the same sign as r while dg[f’(r)] > 0. Further
(d—1)e"tP (ef —1) (g+€° —1) (¥ — @)
(q+e +eB —2)* (q+ertB —1)°

(4.7)

f”(’l“) = y = (q_l)(1+(q_2)6_6)7
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with a > 0 since ¢ > 1. Notice that f”(r) > 0 for r sufficiently negative and f”(r) < 0 for r
sufficiently positive, with a single sign change occurring at (loga)/2 which is zero for ¢ = 2 and
strictly positive for ¢ > 2. This proves that f has between one and three fixed points. When B = 0,
one fixed point is always given by rf(3,0) = 0. Further f(r;0,0) =0, so (by monotonicity of f in
B) there exists oo > - > 0 such that f" < 1 everywhere for f < S_ and f’ exceeds 1 somewhere
for B> [_.

Solving the equation f/(r) =1 in terms of ¢t = e” yields solutions

d
te(B)=—vEV1:—q, VE65+q—2—§(1—6*5)(6ﬁ+q—1)-

Since a > 0, t+(f) are not positive if v > —y/a, equal to \/a > 0 if ¥ = —/«, and positive but not
equal if v < —y/a. If d > 2, it is easy to check that both « and ~ decrease smoothly in 3, starting
at v[g—o = ¢ — 1 and ag—p = (¢ — 1)?, so there is a unique value 3 = _ > 0 at which v = —/a: if
d =2 then f_ = o0, and if d > 2 then S_ is the logarithm of the unique finite positive root b_ of

(d—2)20* + (d—2)* (¢ — 2)b—d*(g—1) = 0. (4.8)

Hence, the equation f’(r) = 1 has no solutions for 5 < S_, and it has solutions p4(3) = logt4(3)
for § 2 B, with p_(5-) = py(5-) and p_(8) < ps(5) for § > B_. The values of B_(8), B4 (5)
are then given explicitly by

B+ (B) = p£(B) — f(p£(8); 5,0), (4.9)
which clearly meet at 5 = _ and are smooth for § > §_. O

Considering hereafter only d > 2 (so that f_ < o0), suppose 8 > (_, so that the functions py
are defined. Since 9g[f'(r)] > 0, p— and p; must be, respectively, decreasing and increasing in f.
Further, since f has a unique inflection point at (log av) /2, we must have p_(5) < (loga)/2 < p4(5),
with strict inequalities unless p_(5) = p4+(8). For ¢ = 2 (Ising), this implies p— < 0 < p; from
which it is easy to see that whenever B > 0 we have rf(ﬁ , B) = r(B3, B), which is then continuous
in (8, B) by the same argument as in the proof of Thm. 1.11. When B = 0, r{(3,0) is zero for all
B, while r!(8, B) is zero for 8 < B_ and strictly positive for 8 > 3_.

For ¢ > 2 (Potts), this implies that p4 (3, B) > 0 while p_(3, B) > 0 if and only if f/(0; 3, B) < 1.
From the calculations above, f/(0) is zero at 8 = 0 and increases in 3. We therefore define

fr =inf{f > 0: f(r; 8,0) = r for some r > 0},

By =inf{5>0:p(8) <O} = mf{8 >0 f/(0;5,0) > 1} = log (1 + ﬁ) (4.10)
(where the formula for 54 comes from (4.7)). Clearly 5_ < ¢ < (4, and in fact these inequalities
are strict: at B, f’ must exceed one between zero and the positive fixed point, so f_ < B¢.2
Likewise, if f/(0) > 1 at 8 = [, the concavity of f(r) at » = 0 would imply the existence of a
positive fixed point at some 5 below f¢ which is a contradiction, so ff < [4.

We refer again to Fig. 1 which illustrates this for ¢ = 30, d = 10. Fig. la shows the map
f(r;0.7,0.2) with three positive fixed points. Fig. 1b shows the region of (8, B) > (0,0) delineated
by the curves By (f).

Proof of Thm. 1.10. (a) We found above that R = @ for d = 2 and R = (f_, 00) for ¢ = 2, so
suppose d,q > 2. If B > 0, rf = r! holds for all 3 > 0 with 8 ¢ (8_, 84). For 8 € (3_, 54) there is
a closed interval [B_(B) V 0, B4 (B)] of B values for which r! < r!: this interval is strictly positive

2Note that rl(ﬁf, 0) > 0, i.e., the 1-biased fixed point “arises discontinuously.”
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for B < B¢ and includes zero for 8 > f¢. If B =0, rf = 7! for 0 < 8 < B¢ and rf < ! for g > ;.
Recalling (4.9),

9pB=(8) = 0plpx(B) — f(p=(B))] = [L = f'(p=(8))]10sp+(8) — () (p=(8)) = —(9p.f)(p=(B)).

This has the same sign as —p+(), which are both negative for 0 < 5 < 4, so the curves B4 ()
are decreasing. Inverting them gives the curves f¢(B), 4 (B) which delineate the region R as
described in the theorem statement, with 5¢(0) = B¢ and 54(0) = [+

(b) Away from the boundary of R, hf and h! correspond to isolated zeroes of a smooth func-
tion, and so are continuous by the implicit function theorem. From part (a), any point of R is
connected to R by an interpolation path contained in R, so applying Thm. 1.9(a) verifies the
Bethe prediction for (8, B) & R.

Since changing B only translates f(r; 3, B), it is not difficult to see that when g € (5_,3+),
the function hf(B, B) is continuous in B for B € [0, B, (83)] while h'(3, B) is continuous for B €
[B_(B)V0,00). It follows by Lem. 2.1 that for (3, B) € OR. with 8 = B¢(B), ¢(8, B) = ®(3, B, h!),
while for (3, B) € 9R with 8 > 8.(B), ¢(8,B) = ®(3, B, h').

Recall our convention that Sy < f1,Bp < Bj: by Thm. 1.9(b) we may interpolate in B from
(B,Bo) € R to (B,B1) € R using the message hl, yielding liminf, o ¢n (8, B) > ®(3, B, h')
for (8,B) € RS, Likewise, we may interpolate in B from (B,Bo) € R to (B,B1) € R using hf
(and once inside R we may also interpolate in § using Rf), which gives liminf, o ¢n(8, B) >
®(B, B, ht) for (8,B) € RS,

Next, since hf(3, B) and h'(3, B) are lower and upper semi-continuous respectively in 3, and
both are non-decreasing in 3, for 0 < B < B, we have that h'(3, B) + ' (84.(B), B) as 8 1 B+(B)
and h'(B,B) | h'(B¢(B), B) as 8 | B(B). Again by Thm. 1.9(b), we may interpolate in 3 from
(6o, B) = (B:(B),B) € 9Rx to (B1,B) € RS using ', and from (5, B) € Ry to (61, B) =
(B+(B), B) € R using h', giving

limsup ¢, (8, B) < min{®'(8, B),®'(8, B)}, (8, B) € RY,

n—o0

which completes the proof. (|
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