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1. Introduction ¢

-.Déépité*%ﬁe=fbrcefﬁi*ériﬁié{émséwhiéh s&ﬁﬁeléahﬁilghvr‘maae*bf

vo'igue amo‘rig:‘a.pplized' ebonomists"whb' have tO' ‘égtimate the benefits‘ of ‘a
projééii“?iﬁ”is*aisb*to'be'féuﬁﬁ} usually without any criticism; in the
':1arge nuniber ‘of textbooks~fr6ﬁ“ﬁhiéh'sfidentégieéiﬁ’theiraintérmediite
iévei“mfé}béééhéﬁiés;’”Péi% of the reason for its'iievaieﬁﬁé;in-apbxied
 stidies may bBe that the standard manuals on cost benefit analysis issued
by the U.E.C.D. and U.N.I.D:0. (Little and MiFrless [1968] and (197413
“Dasgupta, Marglin and Sen [1972}) do ot deal very ‘successfully with the
'ﬁé@biéﬁ*d%?ééaiﬁatingfiafgé:bfojeé%s;’roEVwﬁiéh'{E’caﬂﬁﬁi be assumed
“that shadow prices are uichanged if the project’is actually adopted. -
 7ié€?E3§£iaf‘%ﬁéfﬁisgééﬁs which governménts and thelr advisors evaluate
“are large, for the very good reason that worthwhile small projects are

often taken up anywdy by the private sector. It is large projects which
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' present problems of coordination and finance to which government inter-
,véntion is most suited.

Although large projects are important, the literature in cost-
" benefit analysis devoted to them is extremely scanty. Negishi [1972]
followed by Harris [1978] pointed out how large projects could sometimes
Se éssessed by index number tests such as those associated with
Laspeyrés and Paasche. These tests are often inconclusive, however, and
their validity relies on social welfafe being quaéi-concave as a func-
tion of the net output vector of the project, a property which can
easily fail as poinfed out in Hammondr[19801.

For these reasons, it may not be too. surprising that the,uée of
unweighted total consumer surplus remains popular, for want of a good
alternative. Also, Harberger [1971] hes made an impassioned pleg for
using consumer surplus, in effect. One form of calculation he proposes
also has the advantage that it relies only on dats concerning.the pre-
project and fost-project prices and qHantitiés, without needing to know-
the precise ghape of the variéus demand curfeé nor any demand elastici-
ties (though it is a little unclear how post-project prices and quanti-
ties can be predicted in advance without some such knowledge). The use
- of consumer surplus as a good approﬁimation has also recently been
advocated by Willig [1976], whose work is called into question somewhat
by Hausman [1982] and by Markandya [1978].

Consumer surplus, of course, is an exact measure of welfare for a
single individual if all the goods for which prices change happen to

‘have a zero income elasticity of demand. In this paper, I shall show



how t6 correct consumer surplus wheré the income elasticity of demsnd is
“not ‘zero. 5Thé’fofﬁniae*févﬁeiéévéiéﬁédéwfif;déﬁeﬁ&véfﬁci&iliﬁﬁnfkﬁﬁﬁins
iheome elasticities. 'However, this is not really such a serious’ Limita-
tion: income elasticities of demand have béen ‘studied in great detafl
ever since thé;ﬁork—Of'Engel'ovér{é'hundfed’yeérélagb."Evén ifonly a
“rough estimaté is available, it is surely better to use this'rough
éstimate than to assume that the income elasticity is zéro, 48 consuier
sﬁfilué,iﬁplicitly‘does;“>0therﬁisé.tﬁe’fofmniae will also deﬁén&;only
on-date concerning preiproject prices, quantities and incomes; as’ does
_tﬁé?ﬁarbergér'ﬁrigﬁgle measure of consumer surplusi: =~
”f:-fyfAftéf‘cbrfeéiihg individual welfare measures for incomé effects,
the next sﬁep'is to construct a social welfare measure out of the indi-
vidual welfare measures. The standard Harberger'[1971],a9proach-here is

-tbffakéfthéZ;nﬁéiéhied-sﬁﬁlbffindiViﬁhal“cbﬁéﬁmeré1 su§§1ﬁséS§7’this'has

'-the‘advaﬁiaéé-thAt it iélies'6i1yion"data’cohcé%nlng §fi§é§*aha"aggfe-
gate ﬁﬁéhtiéiés,1ﬁith6ut5ah?1reé§rd:f6r the distribution of ‘the aggre-
gﬁﬁezﬁétﬁééﬁ aifferen£ individuals. Eﬁoﬁéﬁér,‘fﬁié'coﬁféhiéncé is bought
aﬁiﬁhempfiCe of ethical unécéépféﬁility (as Harberger [1978] himself
seems to realize and admit later on). Calculating unweighted total
csﬁéumé%4sﬁrplﬁé“ié not really a way eitler of avoiding making the
'ihterpéfsonal comparisons of utility which so many economists have found
' 80 abhorrent. Rather, such a calculation makes very special interper-
sonal comparisons to the effect that. everybody's marginal dollar is

worth the same, whether tﬁat person is extremely wealthy or & very poor

person in need of & dollar's worth of medicine to arrest the progress of




=he

.of. ethlcal attltudes teward 1nequality and poverty.‘ And the Jeasures .
are %139¢§%?¢¥Fa§a@9?$139?“¥aﬁggﬁh%9uEPQ‘5¥m93§;¥§i59239f5“m32f each
individual's QWn~we1farergains.d They do, rely on con31derable cross—t¥

sectlo ﬁlnformatlon about dlfferent 1nd1v1dua1s consumptlon before and

..afber the project and about different 1nd1viduals’ 1ncome? 1astic1t1es

Aaref°£gno%;m£9xt§59§~fa S

»i;?*:.;;é@PIQKimgteﬁCalgulations?for.One—Consumer and Many Private Goods

e Marshalllan co'sumer surplus is really just a partla _equ llbrlum

bool, designed only to be used when the prices of most goods

s unaffected by the project which is being evaluated. True measures of -

benefit, hoyever, can be developed also in & general equilibrium set-

ting, in which the whole price vector may be affected by the project.
(True,measures are derived from the consumer's expenditure or cost (of
« Hivine) function, Their initial use for welfere calculations is essen-
tially due to Hicks (1941, 1956], with motable elaborstion and clartfi-
cation by Klein and Rubin [1948] and McKenzie [1957].
Given the price vector p and & utility level u, the value of

- the expenditure function E(p,u) . is defined as that level of consumer



expenditure which just enables the consumer to achieve utility level
u when the price vector is p. E(p,u) is the.value of px vhen the
commodity vector x is choséh to minimize px subject to the con-
straint that U(x) » u -- i.e., the consumer's utility must not fall
below u. The minimizing value of x here is x{(p,u), the compensated
demﬁnd of the consumer when the price vector is p and inéome is varied
to hold the consumer's utility constant at ‘u,

Sﬁppose the consumer faces the price vector p° and has tﬁe
commodity vector x° yielding utility w® = U(x®°). Suppose too that
- x° 1is expenditure minimizing, so x° = x(po;uo) and p° - x° = E(p°,u®).
'Noﬁ,,for any other price vector p, the minimum expenditure needed to

achieve utility level u°, namely E(p,u®), cannot be more than p °* x°

o]

because, if p * x o

is the consumer's expenditure, he can afford x
which is a way of achieving utility u°.

It follows that, for all p:

(2.1) S E(p,u®) < p » x°
and so, for all p:
(2.2) B(p,u®) - p *» x®° <E(®°,u®) -p° +x°=0 .

Thus, the function E(p,u®) - p * x° of the price vector p achieves a
global maximm at p°. Assuming E(p,u®) is differentiable at p°, the

first order condition for & maximum guarantees that:
(2.3) gradp E(p®,u®) = x°

which is the well-known "envelope property" of the expenditure function.
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.gggegﬁggg,ggicqévggtg;r,g; without.the project buys the commodlty

bundle. % bas income . u® and enjoys utility u° = U(e®). With the
".@roJept&{§upggge_th%t:th%;Pﬁice;vgctor«bec9@6§“ v, the commodity. bundle

,9{? i 1€ 7;& and utlllty u U(q1) ;g ?§i$>9ﬁ§§g'§§§ consumer's

¥illingness to pay for the project is measured by: .o

(2.8) C el DE(pl,u0)

b§2§§s§3%igignggcgsjpriQes.”pl and enjoys an 1ncome levelrof e
:_m%if?ﬁr=;§(91§p ) wzth the project he 1s Just able to afford to. main—
tamhimmylevel at_u° his “tlllt¥w1th°utthepr°38ct -

. T.8hall now show hov to calculate an approximation to {(2.b) vased
on_the, data avallable - namely, b ,q ,m _ and pl,ql,m1 - and on the .
vector estimate b° of the 1nceme responsiveness of the consumer 8.

‘demand for each good at. r°,q°m%.  Suppose, in fact, that the con-

sumer's vector {uncompensated) demand function tékes. the -linear form:
(2.5) hip,m) = ¢° + A%(p - 2°) + b%m - n°)

near (p°,m°). Then the Slutsky matrix of compensated demand responses

© or pure substitutlon effects w1ll be.

near (p®,u°). The corresponding 11nearized compensated vector ‘demand

- function is then (as an approxlmatlon valid near p°):

(2:.7_) x(p,u ) Q® + S°(p - p°)



when utility is held fixed at u®. Integrating the envelope formula
(2.3), it then follows that the consumer's expenditure function takes

the quadratic form:
(2.8)  E(p,u®) =u° + (0 - 2°) + ¢ + 5 (» - )7 5%(p - p°)

near p° when utility is held fixed at u®. Substituting (2.8) into

(2.4) and using the formula (2.6) for the Slutsky matrix gives:
(2.9) B=u' -’ - (3* - 2% + ¢® -3 (o' - pTIA% + 22T (B - p°) .

‘But, from (2.5) and the fact that ql

h(pl,ml) it follows that:

(2.10) ¢t = o+ 2%t - p%) + 0%t - n) .
Substituting (2.10) into (2.9) to eliminate Ao(pl - p°):

nt - %~ 1 (pb - 2%) ¢ (®+ah) + 5 (1 - p°)

B

2.11) : ° bolml - n° - (p~ - po) o qol

4m -%AP e (P + b "% (5p » b°) (Am - Ap_"qo) .

The Marshallian consumer surplus formuls comes from assuming that .
Ap - =0 - e.g. because all goods for which prices change have.zero‘

income elasticities. This gives:
M
- {(2.12) - B = Am + CS

where



=B

(2.13) _ cs = - %— Ap » {q° + ql)

is:eﬁactly oﬁe-Marshalllan consumer surplus woen theuoncompensated:“.
. demand curve happens to be llnear. N » . ‘.

The approximation in (2.11) can also be Justifie;jby feplacing
ql in (2.13) vy a;'where,thercﬁange from q° to '; represents the
'movement along the (llnear approxlmatlon to) the coggensated demand

functlon rather than the uncompensated one. Thus
(2.1%) B=Am-%ﬁp°(q°+q) .

There are two possible procedures for computlng en approxlmation to q,
fortunately, these two give the same answer. One procedure is to use

(2.7) to derive the following approximation to the substitution effect:
(2.15) q-q°=5°a .

Alternatively, the consumerfs change in real income is approximately
Am - Ap o q° and this gives rise Lo an approximate income effect on

demand of:
(2.16) | ol - q=b%m - ap + ¢°) .

‘These are consistent because, if (2.15) is added to (2.16), the result

is:

ag = [8° -~ v%(q®)T)ap + v°m

A%p + vam



correctlon of (2. 12) to allow for the income effect q1 - Q.

eqnilibrlum calculatlon, however, all qnan i

6); and this accords. with {245} 5-15_0,:;';f-‘isui:istf:i:tu'_bing from. (2.16) in
=(which is equivﬁléﬁt $o . but much imore direct than substituting -

nd: then using (2.5) and (2:6) as well) gives:.

- ::t): 1 N o . B 71‘:“;:2’;" ":I i S0 7 ot .‘:
2 -5 0p - [° + o -2(am - 2p + °)]

L]
E

% Ap » (qO + q_l)'!'-é- (Ap' bo)(Am -Ap . qO) .

as in (2.11). Alternetively! (2.11) can be written as:

W
n

b + C_S * 3 (ap + %) (&n - 2p + ¢°)

BM &+ — [AP * bo(m - AP *q )] | -7 i‘lf'

M 1 s 1%y
B + 5 AI_) M (‘_1 - q)

using (2.13), (2.12) and (2.16).. Thismkes it clear that (2.11) is a

~

; All the above formulae represent partlal equilibrlum calculat1ons

e

which are approprlate for mnltiple price chenges.: For a true generel

ymchanges must be computed

~even if some prices do not change. Notice first ‘that. the 1dent1ty o

pehlpem) =n imlies from (2.5) that:

o 1 11

then, because m° = p°%° end m =pro, (2.11) become:

1 l

1 |

B =1 (pla - 2°¢° - p'd® + %) + 2 Lot - °)T °[pMa" -
=1
=3

1 l
(pQ+p) . Aq+%—(Ap . bo)(p + Aq)

=,% [Po + (p1 . bo)pll « Aq (using (2.17)) .

a1




WO

=

KU

e

=10-

These calculations are-based~onrliceer approximations to the compensated

and uncompensated vector . demand functions. They rely only on knowing
the n—vector b°  of ‘demand responses to income changes and not on

the nxn matrix A° of demand re3ponses to price changes - though
the prices and quantities 1nduced by the project are difflcult to pre-

dict without knowing A°, of course..

3. _ One Consumer #itﬁ Many Pfivate'and Pﬁbiic éoo&s

Many 1arge public'pfobects_naturelly involve providing public
goods and it is therefore important to extend the-scope of our welfare
measures to accommodate such goods. To do so, let =z denoterthe typi-
cal vector of publicly provided goods. The components of z ﬁay be
Quantity‘or oﬁeiitiﬁmeasuree;*ﬂepending’upon‘the context. Let the one

consumer we contlnue to cdonsider for the moment have utility ‘function

' U(x,2z) in private goods x &nd public goods z. Given thé price

vector p, public goods vector z -and utility level u, define the -

"consumer s conditlonal expenditure- function E(p, ,1) as the 1evel of

expenditure on private goods which Just enables the consumer to° achieve

utility level u at prices p‘"when z “is the public- good vector.

Then E(p,z,u) = p * x(p,z,u) where x(p,z,u) is the conditional-

compensated demand function of the consumer for private goods.

Arguing as in"Section<23 it is easy to show that:
(3.1) gradp E(p°,z°%,u°) = x(p%,2°,u°) .

Iﬁraddition:
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(3.2)  grad, E(p®,2%,u°%) = «w%(p°,2°%,u°)

where w 1is a vector with each component equal to the consumer's (goms
pensated) marginal willingness to pay for the appropriate public good.
The minus sign ogdurs becausé, if more desirsble public goods are pro-
vided, the consumer requires less expenditure on private'goods>to
achieve the same utilitj level. |

Consider a project which alters the price vector p, publié good
vector z, utility level u = U(x,z) and income m of the consumer
respectively from po,zo,uo,mo without the project to pl,zl,ul,m;
“with the project. The consumer's willingness to pay for such a project

- is then given by:
(3.3) B =mt - E(pl,zl,uo) .

To calculate an approximation to B, postulate the following linear

uhcompensated conditional demand function for private goods:

(3.4) n(p,z,m) = q° + A% (p - p°) + &% (z - 2°) + v°(m - n°)
PP bz
and the following linear marginal willingness to pay function for public

goods:

(3.5) w(p,z,m) = w° + AZP(P - p°) + A:z(z - zo) + co(m.- n°)

The corresponding mixed Slutsky-Antonelli matrix evaluated at

(po,zo,uo)_then has the following partitioned form:



g° g° A° +' o7 0yT A% _ po(y° T

PP Pz pp * © (@) Pz (w")
(3-6) ' 7 = _

o} o o o 07 . .o 07 O\T

2p 5, Azp + ¢ (q) AL -c (w’)
or

T
B° qo
o _ ,0

(307) S = A f (co) (—wo) .

So linear approximations to the compensated demand function for private
goods and marginai willingness to pay function for publiec goods, valid

near (p°,z°%,u°), are:

0oy - O o _ 0 ) _ 0
| x{p,z,u ) =a +8p(p-p°) +8 (z-2°
(3.8)
’ - . o]
wc(p,z,uo) =+ S:P(p - po) + s:z(z -z ) .

It follows that a quadratic approximation to E(p,z,u )° is:

VE(Pszsuo)—= mo + (P - PO)TQ,O - (Z - ZO)TWO

e | p-2°" _p-1°
1 |

+5( o 0 )
-z + 2 Z - Z
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Then
B = m; - E(pl,zl,uo) : ' {(from {3.3))
' _ . Ap T Ap
=tm-dp+® bz -2( ) s°( ) (from (3.9))
-Az Az
&p T P
=Am-p°q°+Az,-w°-}-( )-.Ao[ )
2 ~Az Az
. T _
Ap T v° qo Ap
SO (trom (3.7))
Az ¢ -w Az
Ap T Aq .
I S VIR N Gl
. 2 -Az  Aw
(3.10) ,
T
Ap T B° " ap
+ %-( ) ( o)[Am - o) ()] (from (3.4) and (3.5))
-4z c -w Az .

&n‘-Ap°q°+Az-wo-%APOAq+%Az_' Aw

‘+%(_Ap'b°-Az e %) (Am-Ap-q°+z °w?)

Am--lal-Ap . (qo-l- q_l) +'%- (w°+w1) ¢ Az
+!2'-(Ap e = c® s Az)(Bm - Ap o g° +w° o AzZ) .

The first three terms of (3.10) leﬁve out ﬁhe income effect and corres-
pénd to an approximate Marshailién consumer surpius caléﬁlation. The
_change in real income is approximately Am - Ap q° + w° s Az which
leads to income effects on the demand for privete goods and on the

marginal willingness to pay for public goods givén by:




=1k

. | 0
_ qQ ~q b o °
(3.11) - ( 1 )= o] (dm « Ap » q° + w° + Az)
- W =W Cc
Then
(3.12) B=Am - %-Ap o (g% + a) +-% (w® + w) » Az

where the move from (q°,w°) to- (a,;) represents ﬁhe substitution
effeet, to é linear approximation.

Once agaip; the calculation ofr(3.10) requires information only
about the income responses - (1°,e%); the details of the price responses
and quantity respoﬁses in the matrix A° are not required to be known,
except insofar as they help to predict the quantities and priceé if the
project is introduced,

| For a general equilibrium calculation, when the quantities of all

private goods are included, the budget constraints m° = p° . qo,

w = pl ¢ gl and equation (2.17) ~~ p° « v° =1 —- can be imposed

upon (3.10) to give:

%-( ° 4+ ply . Aq +~% (w° + wh) « Az

(s~
it

(3.13) |
+ %—(pl e p° -1 .- 0%. Az) (p1 « Ag + w° o« Az)

%-[po ¢ Ag + who. Az + (pl 1% -0 Az)(p1 . Aq + wo_- Az)]

‘which is a little simpler if less intuitively appealing than (3.10).
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4.,  Many Individuals and Many Private Goods

To calculate social we;fare benefits in a.community of-many indi--
viduals, it is obviously necessary to specify a social welfare function
and to weight the gains which different individuals experience. This
requires interpersonal comparisons of utility, to which many economists
havé'been so averse. Yet the all too common procedure of éalculating-
total unweighted consumer surplus a;so makeé interpersonal comparisons
of utility implicitly, and these particular comparisons have very little

-ethical appeal, as pointed out in the introduction.
Thus, I shall postulate a (Bergson {1938]) social welfare function

of the form:
(4o1) W= F(Ul,Uz,...,Uk)

where 'Ul,Uz,...,Uk is the vector of utilities of the k individuals
in the community, and F is a differentiable function with positive
partial derivatives everywhere. Write g for this vector of utilities.
Eﬁch individual i has an indirect utility function vi(p,mi) which
specifies i's ttility when he chooses an optimal consumption bundle
when faced with the price vectorr p and the income level m. It
follows that social welfare can be expressed as a function of the price.‘

vector p and of the income profile m = (ml,mz,...,mk):

W F(vl(p’ml)’VQ(P’mZ)'...’v#(P’mk))

V(Psl}})

where V is the indirect social function corresponding to F, given the

utility functions of the k individuals of the community.
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Consider now a project which takes the comminity from a price

vector p°®, a distribution of consumption bundles ¢° = (qg,qg,...,qz)

and an income distribution m° = (ng,mg,...,mg) to & new price vector

pt, consumption distribution ql = (qi,q;,...,qi) and income distribu-

tion m' = (mi,m;,...,mi). Let b? denote individual i's vector of

demand responses to income changes evaluated at’ (po,mg). Then, as in

equation (2.18) above, a measure of i's welfare gain is:

(5.3) By =3 1%+ (h e b Y e ag

A first approximation to a measure of the social welfare benefit of
the project can then be found by using welfare weights B8° = (81,82,...,Bk)

determined as partial defivatives of the indirect social welfare function

(k.2) so that for all i:

o 9V , 0 o
(hak) Bi= o, (P oU
i
and
_ ¢k L0
(k.5) B = I _,B(B,

_1 o,k o
RS LI

1l .k o, 1 lo] 1
+ts Zi=lﬁi(p . bi)(p . Aqi)

1'Such a calculation depends on cross-section information concerning the

quantity changes Aqi and the income-responsiveness of demands bg for
- 3

each individuel, as well as on the welfare weights Bg.

requires considerably more information than the corresponding

It therefore

R R e
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calculation based on unweighted total Marshallian consumer surplus,
vhich iz (see {2.12) and (2.13)):

1
)

(1.6) o M=z -2 5+
and which therefore depends Snky on aggregate income and demands with

and without the project, and not on the distribution of that income or
those demands. However,.in a commmnity where there.is serious inequal-
ity or poverty, the details involved in the more complicated calculation
“of (h.S) can be of vital importance. Total consumption ZiAqi could

rise and yet particularly poor individuals simultanéously-mighp be
'7driven below the margin of survival. Even in less dramatic instances,
(4.6) depends on very particular interperscnal cdmpafisons whereas (h.S)'
"is much more flexible, as well as correcting properly for income
effects.

Formala (4.5), however, is only a first approximation whiéh can be
iﬁproved by taking account of second order effects on the indirect social
welfare function. To do this, I shall follow Sen [1976, 1979] and treat
the comminity as one large consumer interested in each individual's
consumption of each good. Thus, given the profilg X ='(x1,x2,...,xk)

of the k individuals' commodity vectors, social welfare--the mitility"

of the large consumer-~-is, using (k.1):
(4.7) w(x) = F[Ul(xl),Uz(x2),...,Uk(xk))

I shall assume that W here is quasi-concave as & function of the

consumption profile x - as pointed out by Negishi [1963], this will be
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true provided that F is quasi~-concave and each individual'’s utility
function U; is concave (since F is increasing, as assumed earlier).
Then the consumption distribution q associated with prices p and an

income distribution m (with m; =p q; for all 1) maximizes W

subject to a budget constraint of the form:

k . X
(4.8) I8P c xS I B.m

where Bi = (Bvlami)(p,m) is the welfare weight attached to i's income.
Thus the community behaves as a singlé consumer achieving a consumption
distributién q aﬁ prices BpT and income m = Zk f.m, = Ek 8.pa .l!
> ~ i=17i"1 i=171%7
To estimate the welfare benefit of a project to the commnity, the
obvious approach is to adapt the formula (2.18) for a single consumer to
the community as a whole, treating different individuals' consumption as
different goods in the community "utility" function which represents the
measure of social welfare. Thus q?,q;' are replaced by the distribu-
tions qo,ql respectively, and the price vectors p°,pl by BOPOT,

11T

B p respectively. It then remains to calculate the appropriate

replacement for b° +the vector of demand responses to income changes.
For good g and consumer 1, the appropriate response of Xig» i's

consumption of good g, to the change in aggregate income m = Ziﬂzmi,

with relative welfare weights 8° and relative commodity price p°

- held constant, is given by:

| 3m,
(k.9) - b, = b,

~ig ig om
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ig = Bxigfami,

g"to e change in i's own income. Thus the vector u of responses,

where b the ordinary response of i's demand for good

My s Bmilam, of 1i's income m toa chahge in welfare weighted total
income m must be calculated. This can be done by noticing that,

because the relative welfare weights 8° are held constant, by assump-

~

tion, there must be some positive number A independent of i for

which, all i:

(L.10) %%T-(po,g) = lBg

_ vhile, in addition, of course:

(_h.n). m = I,Bm .
bifferentiating these equations totally gives:

o

by v (p°,m%°)dm, = ax® (1 =1 to k) ;
J Bmian:l.'j L 3 i B ‘ >
(h.12) : o
dm = EiBidmi .

Writing H for the Hessian matrix {32V/8m13m3] of partial second

-derivatives of the indirect social welfare function V, and assuming

that H has an inverse, it follows that dh = #18%A and that
am = g%TH1g%A so dr = dam/B°TH™I8  and, finally:
H'lBO
' °o_____ "
(h°13) o ¥ e 1o °

BT H
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A very important special case is when the direct social welfare function
and the indirect social welfare fﬁnction both have corresponding addi-

tively separable forms:

E
1-1 i

(h.1h) W(x) (%505 V(p,m) = i =174 (Pomy)

of the kind strongly advocated recently by Mirrlees [1982], for instance.
Then the Hessian matrix H is diagonal, with its diagonal terms given by
the total second derivatives vi" of the individuals' indirect utility

functions which appear in (4.14). Thus, corresponding to (4.13):

or. "y-1
(h.25) e B (v )
| AT AL e
-d=1 J

] ] "
in this case. But B, = v, and so, writing Ny = -v {v g for each

individual i; and n? for the ratio of these derivatives evaluated at

(po,mg), equation (h.S) can be written as:

O

. n.

o _ i
(k.16) 1T X
3=173 3

'By analogy wi£h the Arrow-Pratt theory of risk-bearing, Atkinson
[1970] éuggests interpreting the elasticity of mérginal utility - m.v;/v;
as the coefficient of relative inequality aver51on, and Kolm {1976]

- suggests that ~v ;/vi- be interpreted as the coeff101ent of absolute'
inequality aversion. This prompts the interpretation of 'ni, the recip-
rocal of the coefficient of absolute inequality aversion, as the coeffi-

cient of "inequality tolerance" (by analogy with risk tolerance). In
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dhy case, however ng is interpreted, the calculation of 'ni from any

assumed additively separable form of indirect social welfare function
(4.14) is just routine.

After this necessary diversion to show the partial derivatives
ami/Bm appearing in (4.9) can be evaluated, it is now>possible to give
formilae for a better approximate measure of social welfaré benefits
than the first approximation>(h.5) afforded. Making the apﬁropriate
replacements in the formula (2.18) for individual benefit leads tb:

1.0, .08 41,1, .00 1, 5l
(h.lj) B=3p *IBAg +5(p Ejsjbjuj)p EiBiAqi‘

where each 1° is to be calculated from (4.13) or, in the special

J
additively separable case, from (4.16).

Compared with the earlier first approximation in (4.5), the extra

information required by this second approximastion consists of the wel-

fare weights Bl

~

for the income distribution after the project (as well

as B° which was required earlier), and the "inequality tolerances”

~

ug (i =1 to k) associated with the indirect social welfare function

(4.2). Once again, making even crude guesses of the appropriate values
of these parameters seems far superior to ignoring them.altogether.
Notice now that the calculated "willingness to pay" for a change
B has no significance other than its sign;‘ Because of changing welfare
weights, a general equilibrilum calculation is almost iﬁevitable, and
_this requires specifying how the costs as well as the benefits of the
project will be distributed between different individuals. When all

this has been done, the sign of B, a measure of net benefit, determines
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whether or not the>project is beneficial. Since the measure of B ig
only approximate, caution is neéessary if B is small in absolute

value.

5 Many Individuals with Private and Public Goods

For relative simplicity of notation, the enalysis in Section % was
carried for an economy without public.goods. Using the results of
Section 3, however - particularly the approximéte benefit measure (3.13).
--it is easy to allow for public goods in an approximate measure df
social welfare benefits such as (4.5) or the more accurate (4.17). Each
individual has an indirect utility function vi(p,z,mi) which depends
now on the public good vector z as well. Given a welfare function

such as (4.1}, the indirect social welfare function takes the form:.
(5.1) W= F[vi(p,z,ml),va(p!z,mg),..., vk(p,z,mk)} = V(p,z,T)

which alsb depends on public goods. The welfare weights 8° are the
rartial derivatives 3V/3mi of this function evaluated at (po,zo,mo)
and similarly for Bl. The formula corresponding to (4.5), derived from

(3.13), is:

O

C10 . g g0 01 .
B=glp - 1;808q; + 2,80 bz]

(5.2)
1 cs 1 . 10 o, e 1 . o .
ts Ziﬂi(p b, - o Az)(p Aqi + oWy | Az) .

If the income effects are ignored and the welfare weights taken all

equgl, then the corresponding approximate measure of total unweighted

Mershallian consumer surplus is (from {(3.10)):



(5.3) B 1

i) e Az

_ 1 . o 1 ;_ )
= ZiAmi -3 Ap Si(q_i + q_i) + 3 Ei(wi + W

Like (4.5), this depends only bn aggregates in a convenient manner.
Indeed, Eiwz aﬁd Ziwi represent precisely the Lindahl-Samuelson
measures of marginal benefits for public goods. But like (4.6), this
meaéure has no ethical justification at all. |

To derive a more accurate approximation than (5.2), consider the

soclety as an "aggregate consumer"” with utility function:
(5.4) , W(f,z) = F(Ul[xl;z),Uz(xz,z),...,Uk(xk,z)]

Assuming as before that W is concave in x, a distribution q of
private goods associated with prices p, income distribution m and
public good vector z will maximize W(x,z)} with respect to x

subject to the budget constraint (4.8):
(5.5) I B,px; < L Bm

where B; = av(p,z,m)lami.. This "aggregate consumer's" marginal

willingness to pay for public goods h is then given by:

oo o
h - 9z, ~ Ui d0, =
h i h
(5.6)
v, o, /32y e
i om, ov, /om, i"i"ih
i i i
‘where w, is consumer 1i's marginal willingness to pay for publid

ih

good h. So, as a vector:
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(5.7) - w=LBw .

We also need to calculate c; £ Ow éam for each public good h, where

m=Z Bimi'i In fact:

W dw,,  om

o _- " "h _ o ih i _ o, o o
(5.8) ch T om Elﬁi Bmi om 2181 ih"i
where

v,
. h .
(5.9) . cgh ET;T (all 1i,n)
: i

and uz ='3mi/8m is calculated using formilae akin to {k.13) or, in the
special additive case, (4.16). Substituting all this into an appropri-

ate form of (3.13) for the whole society leads finally to:

=1 (0. o 1.1 .
B=5 ("« I;Bylqy + I;Bw; + 8z)

(5.10)
: 1

+1 0z Bouc-'(pl e % -0 - AZ)l(pl L8]

2 5% 37 %

o0
Aqi + 2151“1 Az)

6. Bibliographical Notes and Conclusion

I have presented approximate measures of social welfare benefits
from a large project which affects relative prices and public goéd
guantities significantly. They are essentially quadratic approximations
derived from integrating linear compensated demand functions. These
compensated demand functions are in turn estimated by combinihg assumed

knowledge of responses to income changes with linear interpolation
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between the price and quantity pairs with and without the project {also
agsumed known, as is cbmmon in the literature on welfare measurement).

Similar quadratic approximations have been presented by Harberger
[196k4a., l96hb],rBergson [1973], Green and Sheshinski [1979] etc., often
in connection with tax reforms rather than public projects. The same

priﬁciples of measurement apply, however. Green and Sheshihski espe-
cially are concerned with measures of deadwéight loss, a to§i¢ which is
well tréated in Kay [1980] and Zabalza's [1982] improvements of the
earlier article by Diamond and McFadden [19T4]. Most of this work,
-however, treats only one consumer and ignoreé public goods. ;t also
assumes that the Slutsky matrix of the consumer is known at the alloca—‘_
tion that results without the project (or tax reform). Section 2 shcwg
how it suffices to know only the responses of demand to income changes
as well as the details of the allocation that results from the'project
(or tax reform).

The methods of Seade [1978] also rely on Engel curves being
(approximately) linear but his welfare measures depend on complete
knowledge of price responses and so re@uire even more information than
the approximations discussed in the previous paragraph.‘ Approximetions
of an arbitrarily high order have been considered by McKenzie and Pearcé-
[1976, 1982]. This assumes that the consumer's expenditure function to
be continuously differentiable a'suiﬁably large number of times, and

7 requires knowledge of high order derivatives as well.
Exaét measures of benefit for one consumer have been discussed

recently by Diamond and McFadden [19T74], Hause [1975] and Hausman
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{19081}, amongst others, using the methods which go back to Hicks and
which underlie equation (2.1) of this paper. Hausman {1981] in particu- .
lar_shows how to calculate benefit exactly if the consumer's demand
function takes the linear form (2.5) exactly when just one price is
variable. In fact, if (2.5) is exact, then the compensated demand
function is necessarily nonlineér 50 that (2;7) is only an approxima-
tion. As I intend to show elsewhere, however, Hausman's exact calcula~-
tions do not work well when more than one price.is varisble~-or certain-
1y more than two. If (2.5) holds exactly when several prices vary;
Slutsky symmetny imposes unaccéptably strong restrictions. The same is
true for the loglinear form of (2.5) which Hausman also considers.
Fin@ing a flexible functional form which allows an exact calculation of
benefit from knowledge of prices and quéntities.with and without the
project and of income responses at one point is a complicated matter
which I shall leave for a later paﬁer.r For praétical applicetions, the
kind of aﬁp;oximations presented here are probably adequate in any case.
For a community of many individuals; suitable exact formulae with
fixed welfare weights were proposed by Bergson [1980]. However, corres-
ponding approximetions with fixed welfare weights can be improved upon,
as in the more accurate approximation represented in equation (5;10),
for which some information about second derivatives of therwelfare
function is needed. Of course, it is also necessary to have a great
deal of cross-section informetion to compute social welfare benefits
properly. My claim is that, even where this information is'seriously

’lacking, &s will no doubt often be the case, it is far better to make as
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intelligent guesses as possible concerning the required information than
to ignore the problem altogether by using some grude measure such as un-.
weighted total consumer surplué. And in fact the information needed for
such a measure to be calculated properly is actually not so much less,
since it is hard to know what prices and aggregate quantities will be
‘with the project in the absence of any cross-section infofmafion because

of the usual problems of aggregation. Thus the only really new require-

ments are the welfare judgements, and here it seems to me better to be
explicit and to allow much more reasonable Judgments than those which

~ lie behind unweighted total consumer surplus. Even without such welfare

judgments, moreover, one can use formla (3.10) or (3.13) to calculate
individual welfare benefits for different classes of individuals, and so
calculate the likely distribution of bghefits. This is an important

exercise in its own right.

The approximate measures developed here suffer from one mﬁjor
limitation. They have been developed for public goods and for private
goods which consﬁﬁerS'are free to buy (and sell) at fixed competitive
prices. Theée prices can be gross of tak provided that all consumers
face the same tax on any good subject to taxation. What is specifically
excluded are goods (including labour supply) subject to rationing con-
straints which are not the same for everybody, or indged any goods which
are charged for according to nonlinear pricing schemes. The development
of appropriate approximate benefit measures for the many important goods

of this kind must be left for later work.
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Footnotes

Both ¢ and- BpT are k x n matrices, in effect, where k is
the nu;ber of zndividual consumers and n is the number of
commodities. However, the total value of q at prices BpT
takes the form of a scalar product Z?=lﬂip~- qi. i

Notice that now only géneral equilibrium calculations are going
to be of use; because welfare weights will change, so will all
the relevant prices. '

Also, it is not being assumed that any deliberate maximization
of W takes place. donsumers buy and sell freely at market
clearing prices P+ The mechanism which actually determines
income distribution only matters insofar as it affects m® angd
ml, The prices Bi . pg are "virtual" or "shadow" prices rather
like those which "explain” the behaviour of a rational consumer.
In fact, Bi -

constraint has prevented the transfer of income form J to i

BJ is precisely the shadow price of whatever

(assuming Bs > BJ).



129

References

son, ‘A.B. Il9TOl "On “the Measurément of Ineqnality,"fJournal of »
Economic Theorx, 2, pp. 2hh-263.4

ergson, A [1938], "A Reformulation of Certain Aspects of Welfare
Economics," Quarterly Journal of Economics, 52, pp. 310-33h

rgson, A [1973], "On Monopoly'welfare Losses," American Economlc
Review, 63, PP. 853-870.

_Bergson, A. (1980}, "Consumer ! Surplus and Income RediStributios,"
1Journal of Public Economics, 14, pp. 31—h?.

Dasgupta, P. S., S. A. Marglin and A. K. Sen’ [1972} Guidelisesjfor
Project Evaluatlon._ New York', U N I D 0._

'Diamond PJA. and D. McFadden “laoThl i "Some Uses ‘of “the: Expenditure
- Function in Public Flnance," Journal of _Public Economics, 3, pp.
e 25 PR .

ixit, A. K. and P. A. Weller [1979] "ThetThree Consﬁmeris Surpluses,"
;Economica, h6, PDe 125-135.‘ “ R o e

Green, J. R. and E. Sheshinski [19791, "Approximating the Efficiency
.Gain of Tax Reforms," Journal of Publlc Economics, ll, TP 179-

195. -

~Hammond, P. J. [1980], "Cost Benefit Analysis as a Planning Procedure,
. Ch. 8, pp. 221—2&9 of Contemporany Economic Analysis, Vol.,2.
London: Croom~Helm. : :

Harberger, A, C._[196ha] "The Measurement of Waste,™ Americanchonomic
Review, Papers and Proceedings, 54, pps 58-T6." e

‘iHarberger, A. C. [1964b), "Paxation, Resource Allocation and Welfare;"
The Role of Direct and Indirect Taxes in the Federal Revenue
System, N B E.R., pp. 25—70. Princeton: Princeton Univers1ty
Press. e : ~ SR

Harberger, A. C. [1971] "Three Basic Postulates for ‘Applied Welfare
Analysis: An Interpretive Essay,“ Journal of Economic therature,
9, PDs. 785—797- ' :

- Harberger, A. C. {1978], "On the Use of Distrlbutional Weights in Social
Cost Benefit AnaLy51s,“ Journal of Polltical Econogw, 86, pp. S87-
81204 ' _ :

_Harris, R. G. {1978}, "On the Choice of Large Projets," Canadlan Journal
of Economics, 11, pp. 40k-k23. - S




~30-

Hause, J. C. {1975], "The Theory of Welfare Cost Measurement," Journal
of Political Economy, 83, pp. 1145-1182.

Heusmen, J. A. [1981], "Exact Consumer's Surplus and Deadweight Loss,”
American Economic Rev1ew, 71, pp. 662-676.,

Hicks, J. R. [1941], "The Rehabilitation of Consumers' Surplus,” Review -
of Economic Studies, 8, PP 108-116.

Hicks, J. R. {1956], A Rev1s1on of Demand Theory. Oxford: Clarendon
Press.

Kay, J. A. [1980], "The Deadweight Loss from a Tax System," Journsl of
Public Economics, 13, pp. 111-119.

Klein, L.R. and H. Rubin [1948], "A Constant-Utility Index of the Cost
of Living," Review of Economic Studies, 15, pp. 84-87.

Koim, S. C. [1976], ™Unequal Inequalltles, I and II," Journal of Eco-
" nomic Theony, 12, pp. 416-4L2, and 13, pp. 82-111.

Little, I. M. D. and J. A. Mirrlees [1968], Manual of Industrial Project
Analysis in Developing Countries, Vol. II: Social Cost Benefit

Analysis. Paris: O.E.C.D.

Little, I. M. D. and J. A. Mirrlees [1974], Project Appraisal and Plan-
ning for Developing Countries. London: Heinemann.

McKenzie, G. W. and I. F. Pearce [1976], "Exact Measures of Welfare and
the Cost of Living," Review of Economic Studies, 43, pp. 465-h68,

McKenzie, G. W. and I. F. Pearce [1982], "Welfare Measurement: A Syn-
thesis," American Economic Review, 72, pp. 669-682.

McKenzie, L. W. [195T7], "Demand Theory without a Utillty Index," Review
of Economic Studles, 24, PP 185-189.

Markendya, A. [1978], "The Quality of Current Approximations to the

Measurement of Compensation Costs," Oxford Economic Papers, 30,
pp. 423-433.

~ Mirrlees, J. A. [1982], "The Economic Uses of Utilitarianism,"” A. K. Sen

and B. Williams (edsa) Utilitarianism and Beyond, Chap. 3, pp. 63-
84, Cambridge: Cambridge University Press.

Negishi, T. [1963], "On Social Welfare Function," Quarterly Journal of
Economics, TT, PP 156 158.

Neglshl, T. [1972], General Equlllbrium Theory and International Trade.

Amsterdam: North—Holland.



-31-

. A. [1047], | Foundations of Economic Analysis. Cambridge,
eHatVatd University Press. S ' : : _

'{j159$8],;"00nsumerfs Surplus and tbé'Linearity ofiEngel
' Economic Journal, 88, pp. 511-523.,

I 76 ,;“Real National Income," Review of Econbmib-Studies,

K 11979}, "The Welfare Basis of Real Income Comparisbnsz A
rvey," Journal Of Economic Literature, 17, pp- 1-45.

gs R. [1976], "Consumer Surplus without_Apology,“'American‘Economid
Review, 66, pp. 589-597. -

,Aai{1982{;1“Compensating and Equivalent Variations, and the
adweight Loss of Taxation,”" Economica, 49, pp. 355-359.




