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Abstract
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Top Income and Wealth Inequality.” It contains the details of the models dis-

cussed there.
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1. Introduction

This note should be viewed as an extended appendix to “Pareto and Piketty: The

Macroeconomics of Top Income and Wealth Inequality” in the Journal of Economic

Perspectives. That paper summarizes the main results from some simple models of

income and wealth inequality. This note provides the details backing up the claims

there. It is probably useful to read that paper first.

This note seeks to illustrate the simplest models of Pareto inequality. The model

for income is about as simple as it can get and is quite useful for intuition and for

understanding where Pareto distributions come from. The model for wealth builds

on the key insight of the income model. However, it is more complicated, partly by

nature and partly so that it can speak to the roles of “r − g” and population growth

that Piketty (2014) highlights in his book.

2. Income Inequality

The simplest models of Pareto inequality are surprisingly easy to understand. Pareto

inequality emerges from exponential growth that occurs for an exponentially-distributed

amount of time. Excellent introductions to Pareto models can be found in Mitzen-

macher (2004), Gabaix (2009), Benhabib (2014), and Moll (2012b). Benhabib traces

the history of Pareto-generating mechanisms and attributes the earliest instance of

a simple model like that outlined here to Cantelli (1921).

To see how this works, we first require some heterogeneity. Suppose people are

exponentially distributed across some variable x, which could denote age or expe-

rience or talent. For example, Pr [Age > x] = e−δx, where δ denotes the death rate in

the population.

Next, we need to explain how income varies with age in the population. A nat-

ural assumption is exponential growth: suppose income y rises exponentially with

age (or experience or talent) at rate µ: y = eµx. Inverting this assumption gives us

the age at which an individual earns income y: x(y) = 1/µ · log y.
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That’s it, and the Pareto distribution then emerges easily:

Pr [Income > y] = Pr [Age > x(y)]

= e−δx(y)

= y
−

δ
µ

(1)

Recall that the Pareto inequality index is just the inverse of the exponent in this

equation, which gives

ηincome =
µ

δ
. (2)

The Pareto exponent is increasing with µ, the rate at which incomes grow with age

(or experience or talent) and decreasing in the death rate δ. Intuitively, the lower

is the death rate, the longer some lucky people in the economy can benefit from

exponential growth, which widens Pareto inequality. Similarly, faster exponential

income growth across age (a higher return to experience?) also widens inequality.

Jones and Kim (2014) build a richer model of labor income inequality along these

lines that endogenizes µ and δ.

3. Wealth Inequality

A Pareto distribution of wealth can be obtained using a similar logic. Richer models

of wealth inequality that motivate the simple model below can be found in Wold and

Whittle (1957), Stiglitz (1969), Huggett (1996), Quadrini (2000), Castaneda, Diaz-

Gimenez and Rios-Rull (2003), Benhabib and Bisin (2006), Cagetti and Nardi (2006),

Nirei (2009), Benhabib, Bisin and Zhu (2011), Moll (2012a), Piketty and Saez (2012),

Aoki and Nirei (2013), Moll (2014), and Piketty and Zucman (2014).

3.1. Individual wealth

Let a denote an individual’s wealth, which accumulates over time according to

ȧ = ra− τa− c (3)
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where r is the interest rate, τ is a wealth tax, and c is the individual’s consumption.

Assume consumption is a constant fraction α of wealth (e.g. as it will be with log

utility), which yields

ȧ = (r − τ − α)a. (4)

With this law of motion, the wealth of an individual of age x at date t is

at(x) = at−x(0) e
(r−τ−α)x (5)

where at−x(0) is the initial wealth of a newborn at date t−x, described further below.

3.2. Heterogeneity through a birth-death process

The simple birth-death process here is a canonical model of the demography litera-

ture; for example, see Tuljapurkar (2008) or do a google search for “stable population

theory”. The number of people born at date t is

Bt = B0e
n̄t. (6)

Death is a Poisson process with arrival rate d̄. As shown at the end of this note, the

stationary distribution for this birth-death process is exponential:

Pr [Age > x] = e−(n̄+d̄)x. (7)

To see the intuition behind thid equation, notice that the (long-run) birth rate for

this process is b̄ ≡ n̄ + d̄.1 That is, a fraction b̄ of the population is newly born at

each instant, some to compensate for deaths and some representing net population

growth. The age distribution then declines exponentially at rate b̄.

1The law of motion for the population is

Ṅt

Nt

=
Bt

Nt

− d̄.

So population growth is constant if and only if N grows at the same rate as B, i.e. at rate n̄. In this
case, B/N = n̄+ d̄.



SIMPLE MODELS OF PARETO INCOME AND WEALTH INEQUALITY 5

3.3. The wealth distribution in partial equilibrium

Newborns equally inherit the wealth of the people who die in this economy:

at(0)=
d̄Kt

(n̄+ d̄)Nt

= ākt

(8)

where ā ≡ d̄/(n̄ + d̄) and kt ≡ Kt/Nt is capital (wealth) per person in the economy.

To understand this equation, consider the first line. The numerator in the first part

of this equation, d̄Kt, equals aggregate wealth of the people who die, and the de-

nominator is the number of newborns. In the second line, notice that because of

population growth, newborns inherit less than the average amount of capital per

person in the economy, and this fraction is given by ā.

Assume that the macroeconomy is in steady state, so that capital per person

grows at a constant and exogenous rate, g, over time: kt = k0e
gt. Equation (8) can

be used to help characterize the cross-section distribution of wealth at date t. In

particular, the amount of wealth that a person of age x at date t inherited when they

were born (at date t− x) is

at−x(0) = ākt−x = ākte
−gx. (9)

And substituting this expression into (5), we obtain the cross-section of wealth at

date t by age:

at(x) = ākt e
(r−g−τ−α)x (10)

This is the exponential growth process that is one of the two key ingredients that

delivers a Pareto distribution for normalized wealth, and one can already see that

r − g plays a role. The other key ingredient is the exponential age distribution in

equation (7), providing the heterogeneity. Together, these two building blocks give

us our requirement: exponential growth occurs over an exponentially-distributed

amount of time.

Inverting equation (10) gives the age at which a person in the cross-section achieves
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wealth a:

x(a) =
1

r − g − τ − α
log

(

a

ākt

)

. (11)

Then the wealth distribution is

Pr [Wealth > a] = Pr [Age > x(a)]

= e−(n̄+d̄)x(a)

=

(

a

ākt

)

−
n̄+d̄

r−g−τ−α

.

(12)

Recall that Pareto inequality is measured by the inverse of the exponent in the

expression above, which gives our first main result for wealth inequality:

ηwealth =
r − g − τ − α

n̄+ d̄
. (13)

3.4. The consumption share of wealth, α

If expected lifetime utility is

∫

∞

0
e−(ρ+d̄)t log ctdt (14)

then it is straightforward to show that ct = (ρ + d̄)at. That is, consumption is a

constant fraction of wealth, and we have α = (ρ+ d̄). The linearity of consumption

in wealth applies more generally, delivering a richer formula for α; see Moll (2014),

for example.

It is worth pausing here to address a natural question: why is there no Nt or Bt

in the utility function? The answer is that leaving Nt out is the simplest approach.

This case corresponds to the assumption that individuals do not care about their

offspring, and this is consistent with the structure of the rest of the model — namely,

that newborns equally inherit the wealth of the people who die. It would be useful

to consider altruism, where newborns inherit wealth from parents who care about

their well-being, and such structures have been considered in the literature cited

earlier.
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3.5. The wealth distribution in general equilibrium

We close the model in two different ways, which turn out to yield the same result for

Pareto inequality in general equilibrium. Consider an “AK” production function:

Yt = AtKt. (15)

Our two cases are

1. Capital model: Here, At = Ā is constant over time, and capital accumulates

endogenously: K̇t = Yt−Ct −Tt − δKt, where C denotes aggregate consump-

tion and Tt = τKt denotes aggregate tax revenue. The fact that tax revenue

enters the budget constraint (rather than being rebated lump sum) leads to

substitution and income effects canceling. This case corresponds to the tax

revenue being thrown away or alternatively being spent on a public good that

enters utility in an additively separable fashion.

2. Land model: Alternatively, suppose At = A0e
ḡt and let Kt = K̄ denote a fixed

supply of land.

Both interpretations generate economic growth. The fact that they lead to identical

Pareto wealth inequality highlights the fact that whether wealth is capital that ac-

cumulates or just land that does not does not matter from the standpoint of wealth

inequality.

Because the details are somewhat involved, we’ll just report the main result first.

In both cases, we assume that taxes are taken out of the economy and thrown away.

In each, the interest rate in general equilibrium satisfies:

r − g − τ − α = n̄, (16)

so wealth inequality in general equilibrium is

ηwealth =
n̄

n̄+ d̄
. (17)
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What is going on here? The first intuition comes from the standard Euler equa-

tion for the standard neoclassical growth model with log utility, e.g. r − g = ρ. In

particular, the interest rate moves one-for-one with the growth rate, and r− g is just

a constant. Another feature of log utility is that substitution and income effects off-

set. This, together with the fact that we are throwing away the tax revenue in this

setup, delivers the result that the tax rate does not matter for long-run inequality. If

taxes are rebated lump sum, the tax parameter will matter once again for inequality

in general; I suspect that the progressivity of the tax on wealth could also matter

more generally.2

A second intuition is even more appropriate here. Recall that r − g − τ − α is

the growth rate of an individual’s normalized wealth. It is this growth rate that turns

out to equal the rate of population growth, n̄. To see why, look back at equation (8)

and recall that each newborn inherits less than the average amount of capital per

person in the economy; in fact, they get the fraction d̄
n̄+d̄

. Apart from this cohort

effect, each person in this economy is essentially the same. In particular, in this

setup, the size of each cohort grows at rate n̄, so that the per capita wealth of each

generation falls at rate n̄ as we look at younger and younger cohorts. But this is just

another way of saying that normalized wealth — i.e. taking out macroeconomic

growth at rate g — grows over time at rate n̄. This is why the general equilibrium

requires r − g − τ − α = n̄.

An important implication of this reasoning can now be seen: if there were no

population growth in the model, newborns would each inherit the per capita amount

of wealth in the economy. The accumulation of wealth by individuals over time

would correspond precisely to the growth in the per capita wealth that newborns

inherit, and there would be no inequality in the model!

This section illustrates very nicely an important point about models of Pareto

inequality: the general equilibrium of the model must be considered, and it can

2The lump-sum rebate case makes the model more complicated, in that a lump sum rebate adds a
form of income that is not directly proportional to wealth, so we lose the simple exponential growth
that makes this model so easy, though results should still go through asymptotically. Heathcote,
Storesletten and Violante (2014) highlight a related point and note that similar issues arise with pro-
gressive taxation.
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change the comparative statics. For example, we already noted that in partial equi-

librium, an increase in the population growth rate n̄ lowers Pareto inequality, as the

concentration of wealth gets diluted by more offspring. In general equilibrium, the

effect works in the opposite direction for the reasons discussed above. Similarly,

r − g and τ no longer matter for inequality in general equilibrium.

3.6. Details of the Capital Model

Since individual consumption is proportional to wealth, aggregate consumption is

as well: C = αK. For the baseline case, we assume that tax revenue is used to

pay for government services that enter utility in an additively separable way, so the

aggregate resource constraint for this economy is Y = C + I + T , where I is gross

investment. The capital accumulation equation then implies that aggregate growth

is gY = A− δ − τ − α, and therefore per capita growth is g = A− δ − τ − α− n̄.

The equilibrium interest rate in this model is just the net marginal product of

capital: r = A − δ. Combining these last two equations gives the key result needed

above: r − g − τ − α = n̄.

Lump-sum rebate of tax revenue: The case in which the wealth tax is rebated

lump sum is different, however. In this case, the exponential growth of normalized

wealth across ages breaks down, except at the very top for the wealthiest people: the

lump sum rebate is a vanishing fraction of the wealth for the richest households. So

the partial equilibrium equation for η continues to apply, but only at the very top

of the wealth distribution. Now, however, the aggregate resource constraint is Y =

C + I, so that all of the tax revenue comes back into the economy as consumption

or investment. In this case, aggregate growth is gY = A − δ − α, which is invariant

to the tax rate in the log utility case. Now r − g − τ − α = n̄ − τ , and top wealth

inequality is given by

η
lumpsum
wealth

=
n̄− τ

n̄+ d̄
. (18)

So what happens to the tax revenue matters crucially for the effect of wealth taxes

on top wealth inequality.3

3This analsis requires n̄ ≥ τ .
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3.7. Details of the Land Model

For the land model, let Pt denote the price (measured in units of output) of one unit

of land. Aggregate wealth is then Wt = PtK̄. The price of land satisfies a standard

arbitrage equation:

r =
At

Pt
+

Ṗt

Pt
. (19)

That is, one can invest P units of output in the bank and earn interest on it, or one

can buy a unit of land, earn the dividend At, and then sell it, pocketing the capital

gain. Along a balanced growth path (no bubbles), this equation implies the capital

gain term equals the growth rate of A, ḡ, so the price of land is pinned down by

Pt =
At

r − ḡ
. (20)

Aggregate consumption in this economy can be computed in two ways, and this

allows us to solve for the interest rate. First,

C = αW = αPtK̄ =
α

r − ḡ
·AtK̄ =

α

r − ḡ
· Yt. (21)

Alternatively,

Ct = Yt − Tt = Yt − τWt = Yt − τPtK̄

= Yt −
τ

r − ḡ
·AtK̄ =

(

1−
τ

r − ḡ

)

Yt

(22)

Equating these two expressions for consumption and noting that gY = ḡ so that

g = ḡ − n̄ gives the required solution for the interest rate: r − g − τ − α = n̄. Wealth

inequality is therefore given by equation (13).

Lump-sum rebate: If tax revenues are rebated lump sum, then C = Y . Then from

(21), we must have r− ḡ = α, so that r−g−α = n̄ and therefore r−g−τ −α = n̄−τ ,

and inequality with lump sum rebates is also given by equation (18) in the land

version of the model.
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3.8. The stationary distribution of the simple birth-death process

Let G(x, t) = Pr [Age > x] denote the complementary form of the age distribution

at time t. With population growth rate n̄ and death rate d̄, the distribution evolves

over a small time interval ∆t as

G(x, t+∆t) =
1− d̄∆t

1 + n̄∆t
·G(x, t) +G(x−∆x, t)−G(x, t). (23)

The first term captures the change from deaths and population growth (to keep the

distribution proper), while the last two terms capture the inflow of younger people

into the higher ages.

Using a Taylor expansion for 1
1+n̄∆t

≈ 1 − n̄∆t and ignoring the higher order

terms leads to

G(x, t+∆t)−G(x, t)

∆t
= −(n̄+ d̄)G(x, t)−

G(x, t)−G(x−∆x, t)

∆x
, (24)

where we’ve also used the fact that ∆x = ∆t.

Taking the limits as ∆t → 0 gives

∂G(x, t)

∂t
= −(n̄+ d̄)G(x, t))−

∂G(x, t)

∂x
(25)

Setting the time derivative equal to zero and solving for the stationary distribu-

tion yields the desired result:

G(x) = e−(n̄+d̄)x. (26)
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