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A Proposition 1 (the Optimal Allocation)

The social planner problem is :

oo N 1 -~
max / e PL, <10g ct — E—w? — ch?) dt, p=p—gr
0

{Lpt,e,70} 2 N, 2
s.t.
ct =Y/ Ly
oo [ am N\
Y, = N1 <Nt +(1— oz):nt> Ly

. 1
Ny =—(L; — L
t X(t pt)

L; = Lyedtt

Next, define Hamiltonian with state variable V;, control variables {L,;, z¢, Z;} and

co-state variable p:

k1 P 1
H(L i, N, =logV;/L; — — —x? — ~&? —(Li— L
( pty Tty Tty b i) ogYy/Ly 2Nt95t 2$t+MtX( t pt)
The FOC are:
( OH
=0
0L
OH
=0
61’t
oH
0%y
. O0H/ON,
5= / t T Ht
et et
Start with % = 0, which implies
oY
Y;taLpt X
and therefore
X 1
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Next, consider g—g = 0:
1 9Y; K

= —x4.

?t axt Nt

Computing the marginal product and substituting gives

a N 1
/ﬁl—nam‘—i—(l—a):%t'

Tt =

The next FOC is similar, 2 a~ =0

1oy,
Y, 0z,

— RX¢t.

Computing the marginal product and substituting gives

- l—a 17 1
T = :
! Eol-nS+01—-a)i

Finally, the last FOC is the arbitrage-like equation, p = aH/ ON: | “t . The derivative

of the Hamiltonian g]f,l is:

on_1( 1 Y aw _u Yi
N, i

o—1N; NZ1—nS%t+(1— )i
_1 (1 are 1 1
SN \o—-1 N 1-nSt+(1-a)i )’

Substituting this into the FOC and rearranging to solve for x, gives

 H/ON,
p— fi/

1 (1 _exy m 1
[a% ~
N \ o—1 N; 1-7 Tff +(l—)iy

p— fu/ e

A.1 Solving the Optimal Allocation

The 4 FOCs are:

1
X, (A)
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a n 1
. B
ot k1—n %5+ (01— o) (B)
l—a n 1
. C
o Eol-nSt+1-a)i ©
(1 _azg n 1
Ny <0—1 Nt 1—n ‘?Vztt+(1a)ft>
Mt = (D)

p— fu/

Solving for 7; and z; (eqs. 24 and 25).

Divide (B) by (C):

Replace in (C):

E 1—nm\ N
AN~ -1
l—a n a(lga) (%) ¢ -
= 1—
Ro1-7 ( N, (-
Solve for z;:
= (57) { o ]
1—ni) |ages(E
K < Nz +(1-a)
and lim — (1;0‘) = 1. Hence the optimal values for Z; and z; as N; grows
Ni—o0 Ot(l*a)(z)—‘r(l—oc)
N¢
large are:
I\
2
7= <”) (24)
1—-nk

w_ o (RY( n 1)
=t () () =)

Solving for L. (eq. 26).
From (A), along a balanced growth path, g, = g1, = g. Substituting this into (D) along

a balanced growth path gives
1 1
PN - =
Hg 4V po—1
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since the last term in the numerator of (D) goes to zero as NV, gets large.

Using this fact and combining (A) and (D) gives

L p oc—1

Solving for N,? (eq. 27).

Nt Ly

(ﬁ — LTP;) and therefore

From the definition of the innovation process, % i
Li _ Ne o Lyt
N, - NN,

Along a balanced growth path, Nt = gnN = gLp and gz, = g, therefore Nt = g;, and we

get:
Ly Lyt

Nt_gLX‘FE

From above we know that when NV, grows large, then LT”: = v, and therefore

Ly
NP = 2t oy L 27)
K X9L + Vsp Pt

Solving for L ; (eq. 28).
Use Ly =2 X(” L N, and equation (27) directly above to get:

px (o —1)
1—n
px(a—l)

1—

= Vspwsth (28)

LSP —

pt — N

wsth

Solving for Y, (eq. 29).
1 o
Aggregate production is given by V; = N/ (O‘T”;t +(1-— a)a}t> e L,;". Use the opti-
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mal expression for N;*, L)Y, &, and z, to get:

n

= (wsth)ﬁ <Oé “ <i> jsp + (1 - Oé)i'sp> o (Vsp@bsth)ﬁ

n

1 (a « R\ _ \ 1 S N
= [vsp] 17 (]Vt 1—a </~€) Top+(1— a)xsp> (VspLg)i=n o1

Because - ¢ (£) Zsp — 0 as N, grows, then:

11—«

A= Tt
Vi = [vsp(1 — )" &) T (thepLy) o1 10 (29)

Solving for ¢;” (eq. 30).

By definition, consumption per capita is:

R0
Ct — Lt
o 11
_ [Usp(l B Oz)nxgp]l—n (%th)"*l I=n
Ly
1 14 n
= [opl(L = @)"&,] 77 ()71 T LT T 30)

Solving for g:” (eq. 31).

Using the definition of consumption per capita growth and equation 30 yields:

gip = ggL

_ (! "
(a—1+1—n>m“ G

Solving for D.” (eq. 32).

_1
From equation 19, Y, = N/ ~' D}, L. Plugging the previous results yields:

3=

Y:
I
o—1
Nt Lpt
1
_1 _1 1 N\ 5
_ <[vsp(1 - a)"i”?p] 1 (7/15th)0_1+1_” ) n
- _1
("bsth)"*l Vspwsth

sp__
Dit_
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(100~ )25 (g L) 25)

_1
= [(1 = a)Tspvspthsp L] T

(32)
Solving for D;” (eq. 33).
By definition:
D = N;'D!
_1
= (L) ([(1 = )T epugpthup Li] )
- 1 .
(1 = @) Zspvsp] =7 (Ysplit) =7 (33)
Solving for Y;;” (eq. 34).
Using equation 18 and the results for L,; and D;;
s L t
Y" DZ&Fpt
~ _n_
= [(1 = a)ZspuspthspLe] =7 (vep)
_ 1
= [(1 - a)nxgpvsp} e (wsth)ﬁ (34)

Solving for U;" (eq. 35).

By definition Uy = [;° e~ (P=9L) Lou(cy, x4, &4 )dt. Then:

U():/ ef(pfgL)tLou(ct,xt,i"t)dt
0

R S
Next, assume 5y-z7, =~ 0 and use co = [vsp(1 — a)"Zd] T (thsp)71 T T=0 L1 77, Then:

00 o 1 n
UO:LO/ e’ [logco—i- (—i—) th} dt + ...
0 O'—].

1—n

k_o [T _5
_LOQJESP/ e Ptat
0
1 K 1 n < s
= Lo (1 — 2 Lo (| —+ —— “Pdt
015<0g00 5 Sp)+ 0<0’—1+1—77>9L/0 €
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p
1 K Je
= L= (1 A A 35
015<0g00 5 Tsp T ﬁ) (35)

B Competitive Equilibrium When Firms Own Data

B.1 Household Problem

The problem is defined by:

Uy :max/ e_(ﬁ)Lou(ct,xit,fcit)dt
{est} Jo

Ne 51 P
0
N
ay = (re — gr)as + wy — / pitCitdi
0

Define the current value Hamiltonian with state variable a;, control variable ¢;; and

co-state variable :

a

o—1

Nt o—1 o—1 Ni
H(ay, ity pit) = u((/ Cit” di) s Tty i) + g [(Tt —gr)a; + w; — / pitcitdi:|
0 0

The FOCs are:
0H
=0
Ocit
OH .
aa - plu’t /ut

First, start with 222 =0
1t

1 o Nt o—1 . o—1 o — 1 -1
o o1 (/0 ond dZ) pu Cif — MtPit = 0
Ne & 2.\
<fo “ei dZ)

-1
= ¢ 7 ¢f — upi =0
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= ey = (upir)°

1-0)2 Nt ,-1 1 N L
o o . _ —0' —O’ .
= ¢ /0 cy” di = () /0 Py i

= M = 1
N, — .\ 1—0o
Ct (fo tpzlt UdZ)

_1
Next, use the fact that the price of ¢; is normalized to 1, i.e., P, = ( ON ¢ p};"dz’) g

1. Next, plug the expression for 1, in the FOC and this gives equation (39):

—0
Cit = CtPy

Next, compute the FOC 52 = jy; — fu:
pe(re — gr) = ppe — fue

e

= (re—g9gL)=p—
(re—gL)=»p "

But y; = ¢; ' then % = —g,. Thus:

= (re—gL)=p+9ge
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B.2 Firm Problem

The firm problem is:
v
r¢Vie = mar <t> Yit — wiLit — potDpie + psieTieYie — 0(25) Vie + Vi
Lit,Dyisxin,Zie} \ Yi

s.t. }/it = Dlet
Dyt = axyYir + (1 — o) Dy

1
_1 By <
i+ = AprN, ¢ | ——
Dsit DIV (fith‘t>
Tit c [0, 1]

Ty € [0;1]
taking as given Apy, By, Ny, pp and Y;. To solve this problem, write the Lagrangean:

1 1-1 ~ ~ ’
L= (Y)Y, 7 —wLit — porDyit + psitTitYie — 6(25t) Vie + Vig....

+z0(wie) + pz0(Zi) + pa1 (1 — Zig) + pa1 (1 — z4)

Simplify using the constraints:

1

1_1-1 -2
L= (Y1)eY;, ° —wiLit — ppDyie + Apr N, < (Bt)

=

(@itY;t)l_% — 6(@) Ve + Vig....
Fpz0(Tit) + pa0(Tir) + a1 (1 — Tig) + a1 (1 — i)

Now take the FOCs.

1) Start with the FOC w.r.t. to L;;:

oL
=0
OLj
1
1. (Y \7 0y 1,.-1 -1 1, -1 0V
S (1-——) | — 1—-)Y, “AprN, < (By)< (2 € =0
(=0 (1) G =t (= D Amady (B @) 1
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And using Y;; = DZLit and assuming D;; depends on L;;, then by implicit deriva-
tion:

O o1 0Dy
= = r,—= 4+ DI
OLj i St OLj i

0  YuODi Ya

OLy nDit 0Ly Ly

Next, compute % using Dy = ax;Yie + (1 — ) Dy

0D Y
— gt
OLj; " OLy
Substituting above:
Ny _ Ya i Yu
0Ly "D "OLy | L
Y;
Ny 1=
oLy 11— ng’; QT
The FOC for L;; is then:

Yit 1
I L(Y\T Ly Lt it
ﬁ (1- ;) Y, +01- g)th AprNy “Bf Ty = wy
77[)” it

2) Compute the FOC w.r.t. to Dy;;:

0Dy
1
1 Y:\° 90Y; 1\ -1 -1 1, .1-1 9Y;
< <1 - U) <Yt> 8Dbt-t " <1 - 6) Yy, “AprN; © (By)« (Fu)' ! =
1 {2

1
0Y; 1 Y\ 7 1 _1 _1 1 g1
\ (1 - 0) <Yt> " (1 - 6> Yit “AprNy “Bf Ty | = pn
7

0Dyt
And using Y;; = D], L;; we have:
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Y . Yit 0Dy
0Dy Djs 0Dy

and using Dj; = ax;t Y + (1 — a) Dy

0D 0Yit
— 1—
0Dy it 0Dy -9

Substituting above:

Y (1— a)n%@’;

0Dy 1—n g”t Tt

%

Then the FOC for Dy;; is

(1—a)npt 1. /Y7 1 1 11 g
— Du - o)L 1= )Y, Ap/N, <Bri ¢| =
1 — nptaw ( G)<Yz‘> (= Y P ApeN, T B bt

3) Compute the FOC w.r.t. to z;:

OL
=0

Ot

1
1 Y;S ;aY;t 1 -1 -1 1 1-1 ath

s (1-——-) = 1—2)YY, <Ap/N, < (B¢ (z; « —— — =0

( 0) <Yz> 8mit+( 6) i AprN, < (Be)« (Ta) 8xit+ux0 Ha

1
% [ L (YT, Lty gt

dY; 7. .
Now to compute 8@%2 use Y = D, L :

Yy _ Yie 0Dy
Oz Djy Oz

and using D;; = ax;4 Y + (1 — «) Dy;; and implicit derivation:

oD; aY;
L= azyo— + Yo
8561;t

3xit
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66
Thus:
OY;: Yie 0Yi
— it | o Y,
Ox;t nDit awltawit R
oY, 77}/)1; it

Then the FOC w.r.t. to z;; is:

1 1

Yit 1
Np,, Yit® 1 Y \° 1. -1 1 1 g
o Y+ - *) <Yt> + (1 - 7)1% 6)\Dl“]\[t SB; Ty | = —Hz0 + Hazl
1 —azunpt o’ \Y; €

Now, note that the LHS is > 0, then:

Ha1 > peo = 0

:>Mw1>0

=z =1 (A.1)

4) Compute the FOC w.r.t. to Z;:

oL
0%y

0

1 1 3
‘ (1 - 6) — 8"(@t) Vit + pao — pz1 = 0

it 1 )
€ <1 - ) — §'(Ti)Vie = —pao + pa

Or also:

1 .
Dsit Yit (1 - 6> — §'(@i) Vi = —pazo + pa1

Finally, the 4 FOCs of the firm problem are:
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Yit 1
Tit 1 Y; 1. -1 ~1 1 4.1
I1——) |+ 1—--2)Y, “ApiN, Bz, = A
i 0 (5) 0 e e <
(1 - a)npt 1 <Yt>o 1 11 g
: 1-—) =) +(@1 Y. “AprN, ‘Bz, = B
1—775&1@!% J) Y, ( ) DIty t it poe (B)
1 -
PsitYit <1 - e> — 8" (@it) Vit + pzo — pz1 = 0 (D)

5) Solution in terms of equilibrium aggregates

Divide (A) by (B) :

Yit v 11
T A—api | w
Y; Y; ) B
1—79 D:t azyg | [1—n D; QT4 Dot

Di wy

(1 - 04)77Lz't B ITbt

Hence:
w
= Dy = ]7;(1 — a)nLi (A.2)
t
Next, substitute in (A) and use (C):
Yit 1
ye N T B
% [(1 -) (YZ) + (1= )Yy “AprNy < By Ty ] = w
it

1
1./ Y\~ 1..,-1 ~1 1 g1 L, Y,
(]. - *) i + (1 - 7)Yt EAD]Nt eBtefi,:'Lt € el wtilt 1 _'r] Zta
e’ ‘ Y; Diy

1
Y\ 1,1 _1 1 g1 L, L
(1 - *) <t> + (1 - 7)Y;'t EADINt eBte Ty | = wtit — WM i o
€ Yit Dj;

But from above D;; = ;UTi(l — a)nLy, therefore substitute in RHS:
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1
L( Xy 1 totast o | Ya
[( — E) <Yz> +(1—=-)Y, “AprN, “Bfx;, <+ a(1 — a) L—it = w; (A.3)
Next, we need to compute }f—”t using: Yi; = D}, Ly
}/i n Wt K n
(2

B.3 DataIntermediary Problem

The problem faced by the data intermediary is :

Ny N
Max Py Dyirdi — / Psit Dsitdi
Dot Dsit 0 0

€

1 Ve 1 e—1
s.t.Dyyy < By = (Nt € / (Dsit) € dl)
0

Dot < Py

where pg;, i.e. the purchase price of data is taken as given.

B.3.1 The downward-sloping demand curve: data intermediary cost minimization

To compute the demand curve of the data intermediary, we solve the following cost

minimization problem:

Ny
min / psitDsit di
st’,t 0

_1 Nt e—1 =
s.t. Dy < By = (Nt € / (Dsn)fd2>
0

The Lagrangean is given by:
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Ny 1 N 1 =1
L Z/ Psit Dsitdi + Apr | Dpit — <Nt / (Dgit) < dz’>
0 0

By symmetry:

_1 Nt e—1 . e—1
Dbit — <Nt E/ (Dsit) € dZ>
0

Ny
L= / DsitDsirdi + Apr
0

Taking FOC yields:

oL
=0

8Dsit

£ -1

€ _1 M -1\l Te—1 e—1_

< Dsit _)\DI <Nt 6/ (Dsit) € dZ> Dyt < L =0
e—1 0 €

1 1 _1
€ 67_1 [
Dsit — )\DIBt Dsit € Nt =0

1
Bt e _1
Apr [ —=&) N, < =pa
DI <Dsit) t Dsit

We get the following demand curve:

1
1/ B, \*«
which is equation (44), which is used as a constraint in the firm problem. Next, by

symmetry

€

1 €

Ny e—1 1 €
e e-1 .. :€,1+5,1
By = (N, © (Dgit) « di =N, Dyt = N¢Dg (A.5)
0

Substituting in equation (44)

1
_1 /N D.: €
Dsit = )\DINt ¢ < é 'szt)
st

= Psit = ADI

B.3.2 The zero profit condition

The objective function is increasing in py;. It is clear that p,, = p},, which is the price

given by the zero profit condition.Use the zero profit condition:
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II=0
N, Ny
Dbt Dyidi — / PsitDgirdi = 0
0 0

Nt Nt
Dot / Bydi — / PsitDsitdi = 0
0 0

Pot Be Nt — psitDsit Ny = 0

Thus we get:
Dyt = psitDsit
bt B
L
Next, from the demand curve, we have \p; (%) ° N, < = ps: and solving for B,

€
we get By = (%j) N¢Dg;y = N;Dg;; where the last equation comes from the fact that
Psit = >\DI- Finally:

ot = psitDsit
" NiDa
Dsit
= g A.6
Dot N, (A.6)

B.4 Free Entry and the Creation of New Varieties

The free entry condition is given by:

Ny ¢/~ .
$5(Zip) Virdi
vn = Vg 4 Jo 0(Ei) Virdi
t
by symmetry:
0(x4) Vi
xwy = Vig + <Atft)
Ny
o(z;
e = Vig(1 + 22

gL
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B.5 Equilibrium when Firms Own Data

B.5.1 Solve for py, Yii, Dsity Dyit, we as a function of 7;; and aggregates

Take the FOC w.r.t. to L; in the firm problem, i.e. A.3

1./ Y\~ 1..-1 _1 1 g1 Dbt wy n
1——)| 1—--)Y, “ApiN; “Bfz,; ° — 1- L} =
[( a)<Yit> P PApN BTy el O | [ (] L =

Substitute above:

o=

1
Now, from the date intermediary problem, i.e. A.6, py; = 2% = A\p; N, (

By
ZitYit ) °

Y, 1. Dbt wy K
1— = 1 — F4pn N, —(1 - Ll =
[( a><m> F U= e+ a2 | | (1 - a)n| L = w
Next, from A.2, D;; = prtt (1 — a)nLy, then

Wt
= 1-— L;
Dbt Dy ( 06)"7 it

-1
Use (A.4) to get g—ft = DI 'Ly = [1%(1 — a)n]n L. Substitute:

Dot

Wt
= 1— L:
Dit( a)nLi

— 20y " L1 - e (1) h

Lt

Next, from equatlon (13), by symmetry, we know that L; =
symmetry, c¢; = Nt"

Thus Yt = <YE, évt> =N, =1 Ly—t Substituting above:
it N1 pt pt
t

Lyt
ot Moreovtir, by
cit = N7~ 1Y” and therefore Y; = ¢;L; = N/~ 1Y“Lt = N7'Yy,
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Put Li
n—1
wt Lpt o—1 Lpt
=|—(1- = 1 NS~ —
o= || (5) il - g
.
pbt—[wt(l—a)n] Lpt Ny A
t
1
1L /L \ 7
pbtzwt(l—a)ULptNt(U_l n)n( pt)n
Y,
L 1.\l 1 oq_1
por = (L= a)n (wt pt)Nt(Ul n)"L{Jth !

1

(A7)

: — L
Now, we need to solve Y;. For that, from above % =N, °! LL; and L = 2. Thus:

Yi =N

But from the firm’s problem we have

Yie = D} Ly

Therefore, solve for D,;, where:

Dy = oYy + (1 — o) Dy

(A.8)

(A.9)

(A.10)

But from the data intermediary problem D,;; = B, and from A.5, Dy;; = By = N¢Dg,

and by definition Dy;; = #;Y;;. Thus:

Dyt = NyZit Yt
Substitute A.11 in A.10and we get:
Dyt = aYj + (1 — a) Dy
=Yy + (1 — o) NyZiy Y
= it(a + (1 — Oz)Nt:Z'it)

Substitute in A.9:

(A.11)

(A.12)
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Yie = (Yie(o + (1 — ) Ne@ir))" Liy
=Y, (a+ (1 — &)NyZit)" Ly

=Y (a+ (1 — a)NeZy)" <Nt>

n (L 1-n
=Yy =(a+(1- Q)Ntﬂ?it)lz” (pt> ' (A.13)

Substitute this expression for Y;; in A.8:

1

7= ~ o (L \ T
Y= N7 (a4 (1— @) Nodig) = | =2
N (A.14)
o _ 1 gl
= Nt"*l 1=n (O[ + (1 - a)thZt)%L;;n

Use thisin A.7:

poe = (1—a)y (wté”t> Nt(ﬁ_ )%thytl_l (A.15)
= (g (P ) N (N - )
= (1—a)y <w§§”) (v ) 020 et 070 (1 g (729
=(1-a)y (“’té”’t) Ny LY, (4 (1 — )2 Ny) ™
Finally,
e = (1= (52 ) N (o (1 ) (.16

We will use this in the FOC with respect to L;;. Recall from A.3:

Dot
l—«

1-1
i €

1
1 Y\ 1. 1 _1 1
[(1 - =) <t> +(1- E)Yit “AprN, “Bfz, <+ af

(Yit> Cw
— | =wy
Lt

But from A.6, py; = % and by the cost minimization problem of the data interme-
1

_1 1
diary, py: = ’}V—t‘ = N%)‘D N, © (5 ,]f{,_t) °. Substituting above:
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[(1 _ 4 <Yt> T %)pbtfcitm +a(-22)

(Yit> Cw
- - t
L

~

o f 11—«

1
but from above 7+ = N, ' 24 and therefore:
3 P

1
1 Yi\- 1 - - Y
[(1 B E) <Yt> +(1- ;)Pbtl’itNt + O‘(lpbta)] N, T = wy

Also, using A.8:

1

1. 1. «a L (weLpy
= (1—- )N 1— =)auN, =N/! d
(L= )N+ pwe {( TaNe + 1 OJ ; ( Y, )

1

1. L w; L 1 o 1 a 1
= (1-=)N "+(1—a)y [ =2 ) N7 (a+ (1 — )2 N) ™ |(1 — 2)Za Ny + - N
o Y: € 1l -«

= (1- %) + (1 —a)n (wtépt> (a+ (1 —a)azuNy) ™! [(1 - %):EitNt +1 “ a] = <th”>

= (1= )+ (1-a)y

(thpt> (1 - %)jtht + ﬁ B <thpt>
Y; a+ (1 —a)r; Ny Y;

_ 1z, _a
Next, define f(NV;) = % Thus:

o

thpt (U - 1)

= = (A.17)
Yo o o(l=(1—anf(N))
1
When N, is large, lim f(N;) = (&:;;. Therefore:
NtA)OO
thpt> (0' — 1)
N — a (A.18)
< Y: ‘7(1 - 775_71)

Next, substitute A.14 in A.17 :
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(c—1) Y,
wy = —
" o(l— (1= a)nf(No)) Lyt
1) o o (A.19)
= — NoU T 1 — Q)Ne@iw) L) "
di—U—amfvy ¢ T (TN T Ly
So far we have:
(‘7—1) P et U |
NZTUT 1—a)Negg) L5 =
- (o @ maNE) T L=
_o ___1 _1
N7 (@ (- @) Nga) L, = Y,
L 1.y 1 g1
(1 _ 01)77 (101;/17t> Nt(o'—l n)nL;t}/t n — pbt
t
— Dsit
Dot N,
1 =uwy
i (A.20)
Yie(o + (1 — a)NeZit) = Dy
NiZiytYie = Dy
YN, 7 =Yy
NiDg;y = By
Ty Yy = Dgyt
Ly
L., = =P
ot Nt
B.5.2 The Value of the Firm and Profits
The firm’s problem is:
v\ L
r¢Vie = maxr <t> Yit — wiLit — potDyir + psitTitYie — 0(25) Vie + Vi
{Lit, Dyt sxie ey \ Yit

Thus:

(%) * Yyt — wiLit — pot Dpit + psitTitYit

T+ O (Fa) — P
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1
Next, define m;; = (Ylft) ” Yy — wLy. Then using the expressions above:

Yit
1
Yi\° Ly
== Yy;— =
(Yit> e <Nt>
ﬁ N_ﬁy (1 - %) Nﬁiﬁ( + (1 )N s )%Lﬁil Lpt
! ! LI —anmf(Ny) “ @ p Ny
AT I T 1-2) Pt e B T
= Nt th K (O[ + (1 - a)Ntxit) T [, 77 — g th K (Oé + (1 - O[)Ntl‘it) 1=n Lpt K

1= (- a)nf(Ny)

1-5) Nﬁiﬁil(a—l—(l—a)]\fﬁ )%nLﬁ
L= (1—a)f(N;) o v

_ )T LT N (-9
= (a+ (1 — a)N¢zip) ”Lpt N, (1 1 - (1-— a)Uf(Nt)>

o 1

e 1. AN
= N7 T (a4 (1= a) Ny T Lyt =

(A.21)
On the other hand:
—putDyit + psitTitYie = — <€i;t) (NtZitYit) + psitZTirYie
3 (A.22)
=0
Hence, the value of the firm is given by:
1
. (%) * Y — wiLit — poe Dyt + psitTit Yt
it = :
T+ 6(Zy) — %i
B D T
_ (- a)NE) LN T (4
v+ O() — Gt 1—(1—a)nf(Ne)
oo =
(a+ (1= a)Nyit) =7 Ly, (0 —1) (A.23)

SIS

it
1 1 1

(a+(1- a)Ntiit)ﬁL;t_nNtﬁ_m
r+ (5(53“5) — szz

o(1 -1 —a)nf(Ni)) — (0 — 1))
o(1 =1 —a)nf(Ni))

<.

1

1 1 1
(o +(1 - a>thit)%"L;;" Ny T
T+ Olau) - v o1 = (1= a)nf(N0)

B r + 0(in) — e (1 Tl (1 a)nf(Nt)))
(
(
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B.5.3 The Free Entry Condition

0(Zit)

xwy = Vir (1 +
gL

)

Using A.19 and A.23:

(-1  ameg :

1
Ny 1—a)Ny@y) T L), " =
Xl—(l—Oé)T]f(Nt) t (Oé+( Oé) txzt) K pt

1

(Oé + (1 — a)Ntfit)ﬁLpltantﬁiﬂ (1 (1 — %> > 1+ 5(jlt)
- )

4 0(ZTi) — % L= a)nf(Ni)

1-Hy 1 1-2) 0(it)
:Xl_(l_a)nf(Nt)Lpt _T-f-(s(jit)_% (1 ) e

it

N\ (—(—amf(N)e [, ()
<Lpt> % (r—i— 6(Tq) — ‘%) (0 —1) <1 o(1—(1- a)nf(Nt))> (1+ q1, )
N\ _o(l-(-a)nf(Ny)) —o+1 5(7)
:><Lpt> x(r+6(xit)—%> (0 —1) (1+ 9L )
<Nt) __ 1ol —a)nf(Ny) . O)
Lyt % (r +6(Zi) — V—Z (o0 —1) + gr )
Ly X (7’ +6(Ti) — 1‘%) (0 —1) gL A.24
- <Nt> T 1-o(l—a)nf(Ny) (gL + 5(55“)) a0
From the evolution of the number of varieties, we have N, = i(Lt — Lyt). Thus:

N 1,Lg Ly
Ne x Ny Ny




78 JONES AND TONETTI

Le Ly
= — = —
N, ~ N, XL

Next, using % = g and substituting A.24:

Ly x(r+0@i) —g«)(0=1), g
N, 1—0o(1—a)nf(Ne) gr + 6(Zi

Ly

R ] Cay
i (grisGay) T X9L

= N; =

r+0(Zit)—gr)(c—1 .
Define V(Nt) = X(l—o((li)a)g]f)((Nt) )(9L+95L(9~C¢t) )’ so that:
Ly
Ny=——2%
" u(Ny) + xo
Moreover, define ¢ (Ny) = m so that:
Ny = Lyb(Ny) (A.25)

B.6 Solution of the Competitive Equilibrium
B.6.1 Datashared with other firms

From above, the FOC for z;; is:

1 -
Psit Yit <1 - 6) — 6" (25) Vit + pao — pa1 =0
Assume an interior solution so uz¢ = pz1 = 0.
1 S
psitYie [ 1 — - - 8 (25)Vie =0

1
but from above p; = 5+ and py; = (1 — a)n (%’i‘”) N7 (a+ (1 — a)@3N;) " The-

refore:

D ywmvi=o

€

L _o
(1 (M) N ok (1 @) 1

Substitute thLpt using A.17:
t
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W (c—1) o
L PG GRS PO

Substitute Y;; using A.13:

(0—1) N7 (o + (1= a)aiN) ™ (a4 (1 - 0)Nidi) ™ (Lpt> h

1—«
0= =0 = 2y (V)
Next, substitute Vj; using

i (0—1)
L PG GRS PO A

79

-1
N7 (a+ (1 - a)zuN,) ' Y; (66) —8(x3)Vie =0

-2 B _1 o (L \ T
N7 (a4 (1 —a)xiNy) ™ (a4 (1 — a) NeZigg) T=n N
t

Simplify:

(1= (o = DNi(a-+ (1= a)Nid) ) <o 1 T
(@) -y _(e=1) (0—1)
m(a +(1—a)Nizy) = . (1 — a)nNy o) ()
(@) a S (e=1) (0—1)
= m(ﬁt +(1—a)zy) = ; (1 a)nl T

Next, use ¢’ (2;) = doZy and 6(Z;) = %%ft and N, is large :

(1-a)3%d0  (e—1) _ (0 —1)
T s g« o anf ()
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= (- @it = (r+ 0% - 0o ) -

N

(e—1) (o—1)
= Gy = (5 ((T —90) e (L~ =g )
0

e—1 o—1
1-a)— 65201 - a)”m

~

(1-«

Z

1
When N, islarge, lim f(N;) = (1=
Nt—)OO

1
— g, 9 “1)(1 - (o—1) 2
$@< (r = gx)2(c = 1) ( mmJW1))

260(1 — &) — dp(e — 1)(1 — a)ﬁ%

1
- (r—gW)Q(e—l)n% 2
Tit =
' 250 — (6 — 1)5077 (0—1)

= Gy = (2(7°gn) {(el)n%])é
§o(2 — [(e — 1)776_(;]—(6111)})

Define

F'=(e—1)n = == . (A.26)

Then:

Since p = r — g, then:
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B.6.2 Dataused by own firm

From A.1 above:

B.6.3 Firm Size

Use A.24:
2~ Vit (g —
L= (Ln :X<T+5($zt) Vit)(a 1) (— 9L
N, 1—o(1—a)nf(Ny) 9L + 6(Zit)
When N, is large:
x(rHiE ) e a
R G g1+ 0(Fi)
_x(p+0(&i)) (0 = 1) (— 9
1—0’77(1—1) gL‘f‘(s(l'zt)
o p+ 5(1%“5) oc—1
T 5 (Fa) 1 — on(=h)
And define

These are equations (72) and (75).

B.6.4 Number of Varieties

. r+0(Zit)—gn)(oc—1
From A.25, Ny = Lyp(Ny) with ¢y (N}) = oot and w(N;) = X(lja((lj)a)g f>(gvt) )(gL ).

Now, from above, we know that when N, is large v = ygr, g’”L Jfé?xtg) ) 17:{(1;1). Thus:

B.6.5 Aggregate output

1

o __ _1
FromA.14,Y; = NJ7' ""(a+ (1 - a)thit)ﬁL;{". But (LT”:)f = vy Therefore:

Y = (V)77 (N) ™7 (5 + (1= 0)&) 77 ()T
t
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When NV, is large:

1

Y = (V)71 (Ny) T (1 — )Fie) T (vg) T

= (vy(1 = a)"}) ™7 (V) 7T

and from equation (79), Ny = s L, thus:
N — o 4. n
Y/ = vy (1= )" (g L) 77 T

B.6.6 Consumption per capita

1 n
o LT

;v

This is equation (83) in the paper.

B.6.7 Consumption per capita growth

Using equation (83):

1
f— "

This is equation (85) in the paper.

B.6.8 Firm production

Combining equation (80) th = (ve(1 - a)":i‘?t)ﬁ (wat)ﬁjL% and A.8:

Y = (s (1 — )"&) 75 (L) 71 T N, T
L o _4_n_ __o
= (vf(1 — a)z},) =0 (¢th)"*1+1’" (pLy) o1
1 n

= (vp(1 = a)"23) 10 (s Le) T0

and this is equation 91 in the paper.

B.6.9 DataProduction

Combining equation 91 and A.12:
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DY = Yi(a+ (1 - a)Nta?it)
= (v (1 — Q)"FL) T (hpLy) T Nt(Nt +(1—a)iu)
= (vs(1 — @)"&) =7 (L) =i (1 - a)a
= (ve(1 - a)iitwat)ﬁ

and this is Equation 87 in the paper.

B.6.10 Aggregate data production
By definition D, = N;D;; , hence:
_1
DI = ¢ Li(vs(1 — Q)Zitp s L) =7

= (v (1 — Q)u) T (o Ly) Tt

and this is exactly equation 89 in the paper.

B.6.11 Labor share

From A.18:

thpt f_ (1—%) - g
<Yt>_1—neil_ (1_ )

6

which is equation (93).

B.6.12 Profit share

_1 1

1 1
From A21, m = (a + (1 — @) Ne@i) 7 L) K (1 - m) and when N,

is large:

=(a+(1—- Oé)Ntxzt)l L, nN%*T <(1 —(1—a)nf Nt))( ))(0' — 1))

(L= (L —a)nf(
= 11n 1ty (1= (- a)nf(No
(1 —a)Zit) =L, "Ny ((1 — (1= a)nf(Ny) U)
1
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(vp) =
g (i)
(v) ™
s (1= ne ()
= (V1) (Tzz)th) ((1 _ 77(6; )) U)
= i—n o 1_770-(%)
- (wat) (wat) (1 _ 77(%)) o

which is equation (94).

B.6.13 Data Share

Use pat = 195 pue to value the data the firm owns, using the perfect substitutes argu-

ment. Then,

a
PatYit + Pot Dot = Dot ( Y + Dbt>

1—a '
Dot
=1_ a(OéYit + (1 — a)Dy)
b
= 1p_taDit
b ~
= 1Zita [Oéﬂi‘it + (1 — a)xitNt}Yit
Dot o1

=1—a [axit + (1 — @)Zi N¢ | YNt
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L n

o 1 1
Now recall from (A.14) that Y; = N/™" "7"[axy + (1 — @)% N¢] =7 L,;". Substituting

this into the last equation above gives

o 1 1 —o
b ~ o—1 1-n ~ A T Aro—1
DatYit + ot Dyt = 1p_ta [aﬂfz‘t + (1 - Oé)xitNt]Nt b [O@’z‘t + (1 - Oé)afitNt] 1=n L;t nNt !
Dbt ~ A Ty
1 _a lazi + (1 — )@ Ne] 77 Ly " Ny

1 4 1 q_1
Now recall from (A.15) that £ = (“”‘TL}") N9 LMY, 7 and substitute this in to

get

1 1

I 11 S DR S
wtpt) NJCI T LY w4+ (1 a)F N TR LN

DatYit + PotDpe =1 < Y,

_1
Again use equation (A.14) for ¥; to substitute for Y, ” and simplify the exponents to get

thpt> Y;

Y, Dy = —
DatYit + Pot Dt 77( Y, N,

which gives the data share of GDP as

Ni(patYit + pot Do) _ wi Ly
Yi v

Finally, using the result for the labor share in equation (93), we have our result:

Ni(patYit + pot D) N o—1

Y 1-n=t o

€

which is equation (101).
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B.6.14 Price of a variety

and from equation (79), N; = ¢y L, thus:
f _1
by = (@Z)th)”_l

which is equation (98).

C Competitive Equilibrium When Consumers Own Data

In this section we compute the Consumers Own Data equilibrium, including a pro-
duction and entry subsidy. This allows us to compute the subsidies that align equili-
brium allocations with those chosen by a social planner. The considered policies are
a subsidy to firm revenue and a subsidy to entry, and thus do not appear directly in
the Household Problem nor the Data Intermediary Problem. Of course, setting the
subsidies to zero delivers the equilibrium allocations that arise without government
intervention beyond setting property rights. It is straight forward to adapt the Firms

Own Data equilibrium similarly.

C.1 Household Problem

The household problem is
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o
Up= max / e P Lou(cy, i, Tig)dt
0

{cit @it ,Tit }

Nt 51 o1
s.t.cp = (/ ¢’ di)
0

Ny N, N, \
ag = (r¢ — gr)as + wg — / DitCirdi +/ TP Citdi +/ TitpgiCirdi
0 0 0
N
= (r¢ —gr)ar +wy — / qitCitdi
0

The Hamiltonian of the problem is

Nt o—1 o—1 Nt .
H(cit, zit, Tit, ag, p1g) = </ Cit” di) s Tit, Tyt |+ {(T’t —gr)as +w; — / QitCitdl]
0 0

The FOCs are:

OH
=0
Ocit
oOH
=0
Ox;t
oOH
=0
0%y
on_
aat = PHt Ht

First, start with 92 =0
it

1

1 o Ne 51 . o1 g1 =L
o ( / Cit” dz) Tcz‘f — peqit = 0
0

N, D'T—l . co—1 0 — 1
(fo "oy dl)

1—0o

-1
= ¢ ¢ —mqit =20

= e = (i)
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<170)2 =1 1—0o 1-0o
= ¢ 7 ot = () (qit)

(1—0)? Nt 51 1 Ny )
o o . _ 70' 70' .
= ¢ /0 ¢y’ di = () /0 q;; Cdi

1 Mo

5 —o —0 g;

= G ¢’ = () / q di
0

= M= 1
Nj — . 1—0o
Ct (fo ‘ qilt Udz)

1

Next, define P, = ( fON ‘ ilt_"dz‘> 7 Thus:

= (A.28)

ct Py

Next, plug the expression for y; in the FOC:

=L 1
&7 ¢f ———F5t=0
t it CtPt

AN
7
= Cit = C¢ —

Using the normalization P, = 1 yields :

cit = ¢ (qie) ° (A.29)

and therefore we get equation (52)

it = (Ct> (A.30)
Cit

Q=
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Next, compute the FOC 22 = (:

6xit

OH
=0
Ozt
K Qa
ﬁtfﬁit = P Cit Ny
K

— a .
N2 Lit = HtPstCit
t

Next, compute the FOC 2L = 0:

oOH
0%t
Ko b
ﬁ it = HtPstCit
t

=0
Finally, compute the FOC g—g = Py — fue:
pe(re — gr) = ppe — fu

But /; = ¢; ! then % — —g.. Thus:
= (re—gr)=p+ge

Next, use A.28 and A.29 in the FOC of z;;:

K _
thxit = pgt (Qit) 7

Thus:

89

(A.31)
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Similarly, use A.28 and A.29 in the FOC of Z;;:

k= b
ﬁtl‘it = DPst
5 N; 1
Tip = f*PZtCt (qit)
- t —
= Tit = — Pgt (ta)

(A.32)

1
Now, we know that ¢;; = (i> = (%) * and that ¢;; = pit — zup% — %, which

Cit

implies equation (53):

1
Y;\° .
Pit = <Ytt> + zup? + Tapl
(2
C.2 Firm Problem
The firm problem is given by:
v\
t\° o
Vit = max -t a ‘
tVit {Lit,Dqit,Dpit } <Y; > + TitPgr T TitPgy

s.t. Yy = D! Ly
Djt = aDgit + (1 — ) Dy
Deyit 2 0
Dy =2 0

Start with the FOC w.r.t. L;;:

Y; Ly

1
Yi\° 0 aY; 1 1L _1.10Y;
<<t> + TitPs + witp&:) (14 sy) 77— (1+5,)Y; (0> V7Y © 8Lt
it

(A.33)

(1 + sy)Yit — wiLit — poeDyit — PatDait — 6(23) Vie + Vit
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91
Yy [ /v 7 1\ /Y, \ 7
it t\° ~ b t\°
(1+ sy)aL; <Yz> + xapt + TiDo — <0> (th> = wy
But g{i =D}, = zt and therefore the FOC is:

1
1 Yi\° _—
(1 — o) <Yz> + zipl, + wz’tpst] = wy

Yii lo—1/7Y:\° 5
(1+ sy)L—Zt [ . <Yt> + zipl, + xitpgt] = wy (A.34)
it it

Next, the FOC w.r.t. Dg;;:

oL
aDait B

0
Y,

1
- oY; 1 1 -1 0Y;
- b t 1 = ¢
<<Yz > + xupy + fitpst) (1+ Sy)aD;t - <U) Y7 Y, (1+ Sy)ntiaD;t + —Pat =0

1
c—1 /Y \° - b
- (Y;) + Ty + Tithoy

(A.35)

Y

(1+ Sy)iaDait

= Dat

Next, compute the derivative 2o
att

Yy  O0Yy 0Dy
0Dyt ODjy 0Dy

0Yi _ Yit N
0Dt Dj;

Thus the FOC w.r.t. D,;; is:

Yit
Djy

na (1+sy)

1
oc—1/Y;\° -
70’ (Y,Z.) + l'itpgt + %’tpgt] = Pat (ASG)
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Similarly, the FOC w.r.t. Dy, is:

1

Y; c—1/Y\° ~

n(l— Q)Dzi (1+sy) [ . (Yt) + Tpg + l'itpgt] = Pot (A.37)
K2 1

We have computed the 3 FOCs. Now I solve the problem. First, divide A.36 by A.37
to get:

e (A.38)

w
= Dz’t = 77577(1 — Ct)Lit
Dbt

but we know that Y;;, = D], L;;, therefore L;; = giﬁ . Substituting L;;:
it

w
Dyt = ;binu —a)y;

1

CE=1
Dy = [“’%(1 — )Y, } ’
Dbt

1

but ¢;; = (%) “ therefore Yit = Yiq;,°. Substituting:

wt S #
Dy = | —n(1 — a)Yiq, (A.39)
Dbt

On the other hand, using A.34:

1
o—1(Y\° -
wy = (1+sy) D} e <t> + TPy + xitpgt]

Yi

1
E o — o Wy — o — b
Yit o—1\(1+sy,)D}, itDst itDst
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—0
g Wi - b
Yie =Y — TPl — T A.40
it t|:0_1<(1+sy)DZ TitDst xztp3t>:| (A.40)

C.3 The 2 Data Intermediary Problems

The 2 data intermediary problems are given by:
Ny Ny
max / Pait Daitdi — / P D
pait’Dcit 0 0
S't'Da’it S D?’Lt
Pait < Pait
and

N -
max / Doit Dpirdi — / Dot Deidi
0 0

b
pbichit

_1 [N pe=1 =1
S't'Dbit S Bt = <Nt € Dcits dl)
0

DPoit < Diy
As in the allocation when firms own the data, these problems can be decomposed

in a cost minimization problem and a zero profit condition.

C.3.1 The Cost Minimization Problem

The cost minimization problems are:

N¢
. @ a -
min /O PstDeipdi

cit

S.t.D(m’t S D?’Lt

and

Ny
min / pls’tch’itdi
D%, Jo
_1 N e Y
S-t'Dbit S Bt = <Nt € Dcite dl)
0

The solutions are given by:
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Dait =Dy,

cit

_1 b .
Dyt = By = <Nt ‘ D di = N,D%;,

N <5 (A.41)
[ ona)

where D,;; and Dy;; are given by the firm problem.

C.3.2 The Zero Profit Condition for Each Data Intermediary Problem
By symmetry, the profit for each data intermediary is:

a

Tait = N¢ [Pm‘tDaz‘t - p?tDa't] = Ni Dt [pm‘t - P(;t]
b b Pbt
Thit = Nt | Poit Dvit — pstDcit:| = N¢Dy |:pbit - ]\Z}

The zero profit condition yields:

DPait = Pgt
A.42
- e
bit Nt

and these are exactly equation (63).

C.4 Market Clearing Condition for Data

Imposing the market clearing condition in the data market, we get:

D¢y = xici Ly (A43)
Db, = ZirciLy

_1 1\ 1
but from the data intermediary problem Dy;; = B; = <Nt € fONt Dﬁitf di) =

Ntch)it and D,;; = D%, Thus the market clearing conditions yield

cit

Dyt = xircit Ly
(A.44)
Dyt = Tipcit LNy

and therefore the supply of data is given by:
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Dit = aDgit + (1 — &) Dyt

= axyci Ly + (1 — )&y LNy

(A.45)
= ciLy [axiy + (1 — )T Ny
= Yit [azi + (1 — )TNy
Moreover, the zero profit condition means:
Tait + Tpit = 0
= patDait + pot Dyt = p% D%, + DYyl
Next, use A.41:
= patDgiy + por IV tDZc)it = pstDeir + ch)itpgt
Substitute using A.44:
= ParTitCit Lt + poeNiZiscis Ly = p&ivcis L + Eaci Lip?,
= Patit + Poe Nt Tyt = Dy Tir + iitpﬁt
Use A.38:
@ . = a4 o~ b
= ————DPutTit + PNt Tit = PgyTit + TitDgy
1-a)
And we finally get:
Dot ~ 1 _ . a ~ b
= (-0 lazi + (1 — a)NiZit) = pgyit + Tipoy (A.46)

C.5 Summary of Equations and Solution
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C.5.1 Summary

Let’s summarize all the equations we have so far, from the FOCs of the consumer and

firm problems:
—52 Yie  cit _
NoeT o it Gt
t Y, c (ta)
N2 a B
Tip = tpst ( it) o
Nt
Ty = 2 P ¢ (qit)”
Yie |lo—=1/[Y;
1 —_ -t
(1+5y) Lj; o <Yz‘t Dy + xltpSt
c—1/Y
no (14 sy) 5 7@1‘, + TPy + JUztpst
o«
1
w s n+1
Dy = [tn(l — a)Yiq;, ]
Dot
o w -0 (A.47)
Yy =Y t @ &b
B L’ -1 ((1 +sy)Df J:ltp“)}
Dyir = Dg’Lt
Dbit = NtDcit
Pat = p?t
b
_ Pst
Pot = N,
Dyt = wircip Ly
Dyt = Ticiu L Ny
b - -
(1p_toz) [owis + (1= @) NeFie] = plyie + Tanly

Djy = [axi + (1 — a) Ty Ny Vi

C.5.2 Solution for z;; and z;;

First, use (¢;;) 7 = N, °~' in A.32 and A.31 to get:

o

a —_—
Tt = %Nf = (A.48)
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o

b
-
= DN, T (A.49)
K
Next, using N, °~' = %’f and A.45 in A.36:

Y;

1+ sy)na
( u) Dj;

1
o—1 Y;f v a ~ b
. f + XitDgt + TitPsr | = DPat

_1
AN+ 2up? + Tupl
(1+ sy)na

— = A.50
azit + (1 — )Ty Ny Pat ( )

Now, use A.48 and A.49 to substitute p% and p?:

1 o a
1 24 o —1+-2
o—1 o—1 2 o—1 ~2 ~ o—1
=N+ aikN, + z5REN,

(1 +3y)77a = Pat

azis + (1 — a)Ti Ny

_1 2-0o 1
AN 42l wNST + ELENS
(1+ sy)na

azit + (1 — a) Ty Ny = Pat

1
o—1 o—1 2 —1 ~2 ~
NV [T F af kN + 3R]

azy + (1 — )Ty Ny

(1 + sy)nex = Pat

1
=1 [o—1 2 ar—1, ~2=
Ny [70 + x5 kN + SL‘Z-tK,]

aX;t + (1 — Oé)(i‘itNt

(1 + Sy)na = Pat

Use pys = af‘—a)pbt and get:

Dot

o1
(1+ sy)nNS1 [UU + a:%t,«;Nt_l + ijlztf?a] =7 (azis + (1 — )Ty Ny) (A.51)

Now, recall from A.46: (1p_bfa 3 [z + (1 — a)NyZy] = p%ais + Tip?,. With this, substi-
tute the RHS in A.51:

1 [o—1 - L )
(1+ sy)nN,S 71 [U + :c?t/iNt Ly x?t/@} = Pyt + :L'itpls)t
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Again, use A.48 and A.49 to substitute p% and p?;:
s lo—1 2 A=l 22~ 9 AT A2 T
(1 + sy)niVy Y +ayeNy -+ anR| = apeNy T + T3 RN,
5 |o—1 2 -1, ~2~ T2 -1, ~2~
(14 sy)nNy Y +apkNy T+ TRk = Ny [l‘z‘t“Nt + xz‘tﬁ]

oc—1 9 - _ 9 -
(1+ Sy)nT + (1 + Sy)nfC?mel + (1 + Sy)nxfm = xz?t"th T+ l"zzt’f

c—1 _ 9 ~
(1+ Sy)UT + (1 + Sy)” - 1)x12t’iNt L+ (1 + Sy)77 - 1)%2#‘9 =0

Finally:

SEN + E5R = (A.52)

On other hand, divide A.48 by A.49:

Tit _ Pt NiF

it pgtlﬁl

Use the zero profit condition for the data intermediary problems:

Tit _ PatNtR
Tit PotINi R

Use A.38:

Tit ak

Lit _ . A.53

Ty (1—a)k (A.53)

Hence, use A.53 in A.52:
- 2

. _ QR o n(l+s,) o—1
2 N1 2= Y A.54
FihlVy ((1—a>n> TR T sy o A5



NONRIVALRY AND THE ECONOMICS OF DATA

LN 2
When N, is large, lim N{l ( ak ) = 0, therefore:
Np—s00 (1-a)k

jC:[l n(l+s,) o—1]2

R1—n(l+s,) o

which is equation (65). Moreover, the expression for z¢ is:

which is equation (69).

C.5.3 The prices p,; and p;;

From A.51:

L[ a2 kN 4 32E]
por = (14 sy)(1 — a)pN™ (Zz:n't +l(tl —ta)fi't]\lfi)
3 7

In the numerator, when NV, is large:

) o1 | 52

2 [l #2257

= ]_ 1 - Nail [ z .

o = (1 +5y)(1 = a)nh, azi + (1 — @)z Ny

-1 n(l+sy) o—1
UT + 1—77(14:9!,) UT}

aX;t + (1 — Oé):i’itNt
L 1 oc—1 1

= (1+s,)(1 = a)nNy ™ [

— (14 5,)(1 - a)uN7
1
o—1 n(l+sy) NSt

=(1-«a
( ) o 1—nl+sy) axy+(1—a)zyN;

C.5.4 Wage w;

Divide A.34 by A.36:

Dj;
Liyna

Wt = Pat

1—-n(l+sy) o azi+ (1—a)TyN

99

(A.55)

(A.56)

(A.57)

(A.58)
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Substitute D;; and L;;:

NYi [axy + (1 — )2 Ny
Lyina

Wt = Pat

ButN, °! = YTZ:, therefore:

=754 -
N Y [axi + (1 — @)z V]
Wt = Pat I .
ptna

Using N, large, (A.58), and p,; = ﬁpbt yields

1

=1 =354 -
c—1 n(l+sy) N, A\ Vi [awi + (1 — )@ Ny
o 1-=n1+sy) azy+ (1 —a)TyNg Lyma

Wy =

Cleaning up yields

co—1 nl+s,) 1Y

- (A.59)
o 1—n(l1+sy)n Ly

Wt =

C.5.5 Value of the Firm and Profits

The value of a firm is:

it

1
<%) T b zapl + Taph, | (14 sy)Yie — wiLit — pot Dpit — Pat Dait

VJ
t r+ 0(i) — gv

We define components of firm profit to ease computation:

c
1 B A
}/;I o a B b —
Y, + xipey + TP | (14 8y)Yie — wieLis—po Dyit — Pat Dait
(A

V p—
t 4 8(Zi) — gv

First, we compute A:

A = ppDyit + Pat Dait
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a
= pot | Drit + 17Dait
-«

— (1p_bta) [(1 — Oé)Dbit + Osz't]
Dot -
= i-a) [aziici Ly + (1 — a)Tipcip Ly Ny
_ Dot
(1-a)
_ Dot
(1-a)

Yie [owie + (1 — ) T4 Ny

N, 77V Jaxi + (1 — )2 Ny]

1

1 o—1 n(l+sy) Nyt

=——(1-0a) -

(1-«) o 1—n(l+sy)azi+ (1 —a)ziN
c—1 nl+sy) Y

o 1-n(l+sy) Nt

"N, 7Y [axy + (1 — @)y Ny

Note, this term is equation (100), which gives the data share of the economy.

Next, let’s compute B using (A.59):

B =wLy
o—1 nl+s,) 1Y
o 1—77(1—}—3@,)571% i
o—1 nl+sy) 1Y Ly
o 1—n(1+sy)n Ly Ny
o—1 nl+s,) 1Y,
o 1—n(1+s,)nN

Finally, compute C:

r 1
Y; \ ¢ 5
C= ( t> + zypl + ﬂ%tpgt

}/i (]- + Sy)Y;t

1
= N7 + ziply + :i‘itp’;t] (1+5y)Yy

1 24T o
=N+ x%tmNt o=l 4 :c?t/{} (14 s,)Yi

1
=N/ [1+ whrNy jz?t’ﬂ (14 sy)Yit
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For N, large:
— Ntﬁ [1+ Z5R] (1 + sy)Yir
= N7 {1 w7 i(;(ﬁyiw} (1 o)V
= Ntﬁ {1 + z ; ! 1 i(;(—:_iyiy)} (1+ Sy)Y;szt_ﬁ
= () 14 T |

Using (A), (B),and (C') we can compute the value of the firm:

C
1 B A
}/t o o 5 b N~
v, + 2D + Titbor | (14 8y)Yie — wiLit—pot Dpit — Pat Dait
KA
Vi = _
i r+6(Tit) — gv
B 1 [(1—1—3)(1—1—0_1 n(1+ sy) )_0—1 n(1+ sy) 1 o-1 n(1+ sy) Y
r+6(%i) — gv Y o 1-n1+sy) o 1-n(l+sy)n o 1-n(l+s)] N

Which, after simplifying, is

B 1 [1—017(1—1—51,)_1_83,} Yy

(r+0(zi) —gv) lo—on(l+sy) o N,

C.6 Solution of the Competitive Equilibrium

Recall on a BGP gy = gy = gy and r — gy = p.

C.6.1 Firm Size

The free entry condition is

o(;
(1 —se)xwy = Vi [1 + * t)}
gN
Substitute V;; and w; to get
(1—se)x071 n+sy) 1Y [H&(m)} 1 {l—an(lﬁ-sy) Sy
1=n(1+sy)n Ly gy | (r+0(@iu) —gv) lo—on(l+sy) o
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Ly (L= sox T Pass b (r 4+ 8(@u) — gv)

Moo et [+ 2

Use p =r — gy and gy = g7, on BGP:

Lyt (I =se)xgr(p+0(@u) o—1 (+s) 1
N, lgr + 6(Zit)] o 1—n(l+s,) [loon(tsy) ia]
o—on(1+sy) o
+ 6(Z; -1
= (1-se)xgrr @) o

gr +6(Zit) 1 —mn(o+ sy)
Define v, = LTP: Finally:

p—i—é(fit) oc—1

. A.60
gL +6(Ti) 1—n(o+sy) ( )

ve = (1—s¢)xgL

which is equation (74) in the paper (when the subsidies are zero).

C.6.2 Number of Varieties

From the evolution of the number of varieties, we have N, = i(Lt — Ly). Thus:

Ny 1 L Ly
Ny x N N

In BGP: % = gn and since gy = g, then:

1, Ly Ly
o= (b

X Ny Ny
Lt o Lpt
NN, + X9L

L

N, = I 2

Ve + X9L

Define ¢ = —-—. Then

Ve+XgL

Ny = Ly, (A.61)
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which is equation (79) for the allocation when consumers own the data.

C.6.3 Aggregate Output

First, substitute D;; = Yt [awit + (1 — @)% N in Yy, = D, L.

Yit = (Yie(owi + (1 — a)NeZit))" Li
=Y. (amit + (1 — &) Nyit)" Ly

L
=Y (azy + (1 — a)Nyzy)" <pt>
Ny

1
n (L =
= Yie = (azit + (1 — @) Neiig) 7 (]\I;t) ’ (A.62)
t

o

On the other hand, aggregate outputis Y; = Y;; N°~'. Hence:

1
o _ 0 (L -
Y = N7 (ami + (1 — a)Nedyg) T (]\I;t> !
¢

el 1 1

=N T (e + (1 — Q)Nt@t)ﬁlj’?
When N, is large:

1

Y = (N)7T (N) ™7 (1 - a)a) ™ (ve) ™
= (el — )} T (V)71

and from equation (79), Ny = 1. L, thus:
YE = (ve(l = a)1F) 77 (L) 71 T

C.6.4 Firm production
Yi=YiN,
(ve(1 — @)&) ™7 (e L)7T T N, 7
= (el — @) 77 (e L) 7T (g Ly) 7T
= (ve(1 = Q)" T (YeL) ™7

which is equation (91) for allocation c.
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C.6.5 Consumption per capita and growth

Consumption per capita is defined as ¢f = %C, and using the expression for aggregate
output, then:
Y;c

cf = —

1 n
o e kg
O(L; 1" 1—m
Ly

which is equation (83) in the paper for the allocation c. Using this, the growth is:

1 n
Cc __
gc_<a—1+1—n>gL

which is equation (85) in the paper for the allocation c.

C.6.6 Data used by each firm and aggregate data
Djf; = Yit(oxiy + (1 — o) Nyt
= (e(1 — @)"E) T (1heLe) T Ny (;‘t:ct +(1- a)@t>
= (el = a)"Z) ™7 (L) ™7 (1 )i
= (ve(1 — Q)i Le) T
By definition D; = N;D;; , hence:

1

Dg = wCLt(Vc(l - a):Eitqbth)ﬂ
— (o1 — a)dta) ™7 (L) !

and this is equation (89).

C.6.7 Labor Share

From A.59:

o 1*7](1+5y)77Lpth
_o—1 nll+s,) 1
R 1—n(1+sy)n

(thpt>c B o—1 77(]. +Sy) 1 Y;g Lpt
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and this is equation (93) in the paper.

C.6.8 Profitshare

Using the results from C.5.5, the profit is defined as 7, = C — A — B, where C, B and A
are defined in C.5.5. Then:

<Nt7rt> 1 —on(1+sy) LSy

Y; o—on(l+s,) o

C.6.9 Prices
From A.47, (¢;:) 7 = N, °~'. Then:

1
-1
qit = Nta

= (Litpe) 7T

Q=

Next, from equation (53) in the paper, p;; is defined as p;; = (Y%) + 2upY + Tipl.

Now, from the computation of profit component C' in C.5.5, we have

L —1 1
Dit :Ntcr—l |:1+ g T’( +8y) :|

o 1—n(1+sy)
o—1 n(l+sy) ]
o 1—n(l+sy)

— (L) |1+

C.6.10 Price p’,

1

o—1
Recall from A.58 that py, = (1 —a) =2 lﬁ(nl(ﬁil) am +]E[f_a)iu ~; and we know that, by the
b

zero profit condition in the data intermediary, p,; = %. Then:

pgt = Niput
1
-1 1 N7t
:Nt(].*()é)o- 77( +5y) X t _
o 1—nl+sy) axy+(1—a)zyN;
1
-1 n(1 N7t
:Nt(l—a)a 77( +Sy) X t

o 1—=n(l+sy) Ny (% +(1- oz):Eit>
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For N, large:

C.7 Optimal Subsidies

Recall that when Consumers Own Data,

o [l n+s) o-1]2
CEl-n(l+sy) o

25

and that optimal data use chosen by the social planner is

1

oo (1 1Y}
1—-nk

o — @ B\ o
(1-—a) \k '

The revenue subsidy that aligns equilibrium and optimal data use is

1

1+8y:—_1.
n+1-n%=

Notice that this is smaller than the typical subsidy in the classic monopolistic competi-
tion setup of ~Z; exactly because of the importance of data, captured by 7.

This revenue subsidy is not enough by itself to align the Consumers Own Data allo-
cation with the Social Planner allocation, because, in addition to the distortion in the
production of existing varieties, there is a distortion in the amount of firm entry. When

Consumers Own Data,

,0—|—5(:Z‘¢t) ) oc—1
gL +0(%i) 1—n(o+sy)

ve = (1 —se)Xx9L
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but the optimal firm size chosen by the social planner is

oo E T _px(o—1)
v=\N) T i

Thus, the entry subsidy that aligns equilibrium and optimal entry and firm size is

P gL +6(F) 1 —n(o+sy)

1—s,= = ,
gL p+éE)  1-n
where,
—(1—=p)e=L
o+ sy = 77)03
+ 1+7])?

Given the structure of the equilibrium and planner allocations when written as a function
of 7, v, and parameters, setting subsidies to ensure z. = %5, and v. = v, ensures that

the subsidized Consumers Own Data equilibrium is optimal.

D Competitive Equilibrium With Outlaw Data Sharing

D.1 Household Problem

The problem is

m ~
Uy :max/ e_(p)Lou(ct,:vit)dt
{eit} Jo

Nt -1 71
s.t.c = (/ ¢’ di)
0
Nt
ag = (re — gr)as +wg — / DitCirdi
0

Define the current value Hamiltonian with state variable a;, control variable c¢;;, and

co-state variable p;:

fed

o—1

Ny o—1 Nt
H(ay, ity pur) = u( (/ Ci” di) s Tit, Tit) + fot [(Tt —gr)at + w — / pitcz‘tdi:|
0 0

The FOCs are:
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OH
=0
ocit
oH .
6at = PH Ht

First, start with 9 = 0:
1t

1 o Nt %d- “*10—1%1
c; 7 c;
(thal >;’10—1 | it 5 il
¢, di
0 ot

-0 -1

= ¢ 7 ¢y — pit =0

= Cf_lcit = (uepir)”

= Mt =

1
N 1o\ 10
Ct (fo tpilt 0d2>1

Next, use the fact that the price of ¢, is normalized to 1, i.e., P, = ( ONt pz.lt_”di) =7

Next, plug the expression for 4, in the FOC and this gives equation (39):

— mpit =0

109

1
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—0
Cit = CtPyy

Next, compute the FOC g—g = Pt — fi:

Mt(Tt - QL) = ppt — fit

But y; = Ct_l then % = —g.. Thus:
= (re—g1) =p+gc

D.2 Firm Problem

D.2.1 Define the Problem of the Firm

The firm problem is:
v\ 2
Vi = max <t> Yt — wiLy + Vi
{Lit,Dyir} \ Yit

s.t. Y;‘t = DZngt
Dy = axyYi
Tit € [0, .f]
D.2.2 Compute FOC

To solve this problem, write the Lagrangean:

11—
L=M)"Y,
Now take the FOCs. Start with the FOC w.r.t. L;;:

oL
OLy

1
1, (Ye\° OYy
1— ) (=L —
<:>( O')<Y;> ath we

0

1 )
7 —wiLig + Vig. + peo(Tit) + pa1 (T — 24t)
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And using Y;; = DZLit and assuming D;; depends on L;;, then by implicit deriva-
tion:
0Dy
it ath

6Y;t anlL

oLy " + Di

0  YuODi Ya

OLy nDit 0Ly Ly

Next, compute % using Dy = oy Yy

0D oY
= Qrjy——o
OLj; " OLy
Substituting above:
N _ Yu i Vi
OLj nDit "Lyt ' Lu
Y;
Ny 1=
OL; 1-— ng’; %
The FOC for L;; is then:
Yii s
- 1 Yi\°
L;; 1—2) < t> = wy (A.63)
1—7n DZ Xt o’ \Y;

Next, compute the FOC w.r.t. x:

OL
=0
Oz
1
L, (Y7 0Y
& (1-= — fig1 =0

1
Yy 1 Yi\°
1 _ — _— = —
3$it( J) <Yz Hae0 + Uzl
Yy

— 7 .
Now to compute oo use Yit = D}, Ly

oYy _ Yi 0Dy
Oz Djy Oz

and using D;; = ax;Y;; and implicit derivation:
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0D;; 0Yi

— ara Ly
Oyt ATt D2yt + Yo
Thus:
OY;; Yit 0Yi
- Bl v
Oxyy nDit Lt Oz e
Yit

N oYt >) ito;
it

Oxit 1 —azyn Do
1

it

Then the FOC w.r.t. z;; is:

Yit

: 1
Np. Yt 1./ Y\~
D, Tt - 1- = <t> = —z0 + Mzl
1 — awunpt o’ \Y;

Now, note that the LHS is > 0, then:

Uzl > Hz0 > 0

:>Matl>0

Il
Kl

= Tt

and the FOC w.r.t. z;; is:

Y.
1 —azxyn Dlitt o

npsYea 1 (Y .
Y;; = Mzl

D.3 Free Entry and the Creation of New Varieties

The free entry condition is given by:

xwy = V;

D.4 Equilibrium with Outlaw Data Sharing

(A.64)

(A.65)
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D.4.1 Expressions for Aggregate Output and Firm Output

_1
Now, we need to solve Y;. For that, from above z—i =N, 7! LL; and L;; = LT”: Thus:
Y, = N7 Y (A.66)
But from the firm’s problem we have
Yyt = D}, Ly (A.67)
and D;; = azY;;. Hence:
Yit = (axYir)" Lit
=Y ()" Liy
_ Lyt
~ Ve ()
Lo\ TS
1-n
= Yy = (az)T7 <pt) (A.68)
Ny

Substitute this expression for Y;; in A.66:

fod L 1—n
}/t — Nta—l (af)ﬁ ( pt) n
(A.69)

D.4.2 Expression for w;
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Finally:

D.4.3 Expressions for Profits and Value of the Firm

The firm’s problem is:

Yi

1
Y, ) Yit —wiLs -I-Vit

rVip = max (

{Lit,Dpit,Tit, Tt y
Thus:
1
Y o
(YTZ) Yie —wi Lyt

_ Vi
r Vit

Vie =

1

Next, define m;; = <%) 7 Yt — wL;. Then using the expressions above:

(A.70)
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Lt (A.71)
_yery @@T 1 e
=N Y - -7 (1_E)LptnNt !
n
L 7)1 1 1 11
= NN )Py - S N
1 1 1 -1
— Llanofl 1—n — 1% 1 _ g
pt t (OZ.T) K |: 0_(1 - 77)
Then, the value of the firm is given by:
1
(YL:) " Yi —wi Ly
‘/7;15 = v
r— Yat
Vi (A.72)
=T e l e o1
B Ly " Ny (az)T=n [1 — U(I_n)}

r—gv

D.5 Solution of the Competitive Equilibrium
D.5.1 Firm Size v,

Use the free entry condition:

xwy = V;

Subsisting the expressions for w; and V;; using A.70 and A.72:

1 11 "
— p— — A\ -1
o1 o Ly "N T (ar) [1_0?1—77)}

1—n o’ P r—gv

o—1

1 _ |:_O'(1—17)i|

—  1-L} N =t
Xl—n( o v N r—gv
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o—1
a(1-n)
L Lo _ x5 —gv)
N, = (-1
a(1-n)
L Lp X0 —gv)
Ny o(l—n)—(c—-1)

but p = r — gy then:

_ Lt _xp(o—1)

Nt 1—0'77

L
Define v, N—”: . Then:

_xp(o—1)
1—o0on

Vos

which is equation (76).

D.5.2 Number of varieties
From the evolution of the number of varieties, we have N, =

N, 1 Ly Ly
Ny X Nt Ny

In BGP: % = gy and since gy = gr, then:

1 L Lpt

— = —(— — =

9L X(Nt Ny
L _ Ly

N, = N, + X9L
Next, using % = g and substituting the firm size:

L L _ xp (o —1)

N 1-on + X9L

+ (Lt — Lyt). Thus:

(A.73)
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Ly

xp(o—1)

=N=—"322
T TXIL

_ 1 _ 1 .
Define 1,5 = e so that:

l—on

Nt = Ltwos

which is equation (79).

D.5.3 Solution for aggregate output Y,**.
1

o 1 1
FromA.69, Y, = N7 "7 (&) ™7 L], ". Then: v,

o 1 n 1
0s __ o—1 1—n =\ 1on 1-—n
Y = Ny (@Z)T=n Ly,
1

= Ntﬁ(ai)ﬁvolsfn
o, . _m_
= (wosLt> o-1 (@x) =1 Vps
1 _o_
= (Uosanjn) 1=m (@DosLt)o*l

and this is equation (82).

D.5.4 Consumption per capita and growth

Y08 1
C?S — t o Ltcr—l
Ly

which is equation (84). Thus, consumption per capita growth is:

which is is equation (86).

D.5.5 Firm Production Y;{*

Using equation (82) of the paper:

117

(A.74)
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Yigs = YtNt_ﬁ
= ('Uosani'n)ﬁ (wosLt)ﬁ Nt_ﬁ
1 _a __o_
= (Uosanjn) t=n (wosLt)a_l (Ltwos) o1

1
= (Vo5 ZT) 77

which is equation (92).

D.5.6 Data used by the firm D¢}
By definition, D;; = ax;Y;;. Then:

f_
D;, = axy Yy
1

= (vosT) T

which is equation (88).

D.5.7 Aggregate Data used by the firm Dy*

By definition D, = N;D;; , hence:

1

D! = Ny (vosa) 70
_1
= (Uosaj) 1=n Lt¢os

which is equation (90).

D.5.8 Labor share (wtépt)

From A.70:
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1 /. J S/
1—n o—1 1-—n
)Lpt Nt

g

<thpt>os _ Lpt (o@)ﬁ (1

Y; Y, 1-79

n
o pem QDT L
= ((vos@"Z") 1=1 (Y05 L) 7T) 1(1277(1— ;)L;t PONSTE
1 o 1 1 1 n_ L n
= ((UOS) 1o (wosLt)a_l) 1@(1 - g) (UosLtwos) ot (Ltwos)(FI 1=n
1 1
1-—n o
_1-0
o(l—n)

which is equation (93).

D.5.9 Profit share (%—?)

1 1 n

U U
FromA.71, 7wy = L,;"N/™" 7" (az) T [1 — 071:177)] . Hence:

1 11
e N\ ©° NtL;z:n NETh o (043_5)ﬁ [1 - 06‘1__*1,7)}
( Y, ) N Yi

e i IR I _
LT e L ]
_1 _o_
(Uosomjn) 1=n (¢03Lt)071
1 1 1 _n_ _
(Vos LitWos) 7= (Littos) 7 17n+1(0@) o [1 o 0(01*177)]

= _1 _o
(Uosomffn) t=n (¢05Lt) o-1

_q__ o1
o(l—n)

- 1—no

~o(1-n)

and this is equation (94).
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D.5.10 Price of a variety p};

1
From the household problem, p;; = <YL:) “ then:

t
jue Y)

(5)
1t
1
Y;N, !
o—1

N

— -

and from equation (79), Ny = 1,5 L;, thus:
f _1
P = (¢05Lt)”_1

which is equation (99).

E Alternative Production Functions: Clarifying the Role of

Data Nonrivalry

E.1 Cobb-Douglas Data Aggregation

In this section we solve an alternative model in which own-variety data is combined
with the bundle of other-variety data by a Cobb-Douglas aggregator, as opposed to the
perfect substitutes case in our baseline model.
First, some preliminaries of the economic environment that are the same as in the
baseline model (imposing symmetry as usual):
Yi=cLy = Ntﬁ it

Yi = DLy = D}y, =2

1
=Y, =N""'D} Ly
The new data aggregation function is

Dy = (2Yiy)" Bf ™
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Diy = (24Y3)" (Nth’th‘t)lia
Diy = (z4)" (Ntft)l_a Yis.

Combining the data aggregate with the aggregate production function yields

1
o—1 ~1— 1—
Yi= N (e ) NV L
1
o—1 ~1— 1—
Vim NI (530 NN L
I4n(l—a)(c=1)=no i
Yi= N, o (x?i’%_a)n Lyt
The social planner problem is the similar to that in the baseline model, with two

changes. First, there is this new production function. Second, the privacy components

of utility need to have different scaling in order to deliver interior solutions for data use.

R K oo K. ~
max / e P L logct—§xt——:ct dt, p=p—gr
0

{Lpt,xe,%t} 2
S.t.
Ct = Yt/Lt
1+n(l—a)(c—1)—no 1 n ﬁ
o—1 ~l—«
Y, = |:Nt (x?xt ) Ly
L, = Loe"!

Next, define Hamiltonian with state variable N;, control variables {L,;, z;, ;} and

co-state variable pi;:

N K K 1
H(Lpt, x4, &4, Ny, pii) = log Yy /Ly — 51}2 - 595? + Mt;(Lt — L)
The FOC are:
OH
=0
0Ly
oOH
— =0
8xt
oOH
— =0
8:6,5
OH/ON, )
b= # + He
et Kt
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Start with ;TI; = 0, which implies

Lo _m
th aLpt X
and therefore
1
Ly—-X . L
L—n fu
Next, consider gTH =0:
t
1 0Y;
— —— = RIt.
Y; Oy !

Computing the marginal product and substituting gives

a B
rp=(—-———1 .
! k1l—mn
The next FOC is similar, % =0:

1 0Y;
Y, 0y

= RT¢.

Computing the marginal product and substituting gives

- <l—a n )é
Ty = —— ] .
Kk 1—mn

Finally, the last FOC is the arbitrage-like equation, p =

of the Hamiltonian g—]{}’ is:
t

0H 1Y 1 n o
e L e
ONy YN, |1—-n 1-—n o—1

Substituting this into the FOC and rearranging to solve for x, gives

OH/ON,

+ £t The derivative
Lt Mt

OH/ON,
= ————
p— Fu/ e
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On a BGP

1
1 [ﬁJrﬁ(l—O‘—ﬁ)}
Ny p

Mt =

Plugging this into the FOC for L, yields

e . Lt _ =
TN, 1
K ﬂJann(l—a—a%)
PX

Finally, plugging this into the entry technology yields

Ly
NP = ————= =ySPL,
t 9L + VSC;;D ¢ t
There are two main advantages to this alternative model. First, the algebra is simple
for all V;, not just as V; gets large. Second, the importance of data nonrivalry shows
up more explicitly here than in the baseline model, with (1 — «) now appearing in key

equations that characterize equilibrium allocations.

E.2 CRS Goods Production: Rival Ideas and Nonrival Data

In this section, we try to highlight the distinction between the nonrivalry of ideas and
the nonrivalry of data. Following Romer 1990, the nonrivalry of ideas is modeled by
having the goods production function have constant returns to rival factors, but incre-
asing returns to rival and nonrival factors. In this alternative model, we model ideas
as if they were rival by modeling a goods production function with constant returns to
scale in ideas and labor, but we still model data as nonrival. Data nonrivalry is modeled
by allowing all firms to use all data, i.e., each firm can use the entire bundle of data.
First, some preliminaries of the economic environment that are different from the

baseline model because the goods production function is different (imposing symme-
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try as usual):

L\ ™"
1— t
Yo = DILL = D (AZ)
ax
Dy = (t +(1— Oé)iﬂt) NiYy
Ny
1-n
1— % 5 Loy
= Y= N (JVt + (1 - a)xt> (]\2)
n
- ax 1-n
Y = Ntl n <]\7tt (1 — a)xt> Lpt
Since
Y, = N7 'Yy,
then

n

AT — 1—
}/t — Nto'—1+1—77 (a]\[‘rt + (]_ — a)fi‘t) ! Lptt
t

The social planner problem is the same as in the baseline model, with this new

production function:

0 ~ 1 ~
max / e Pt L, <log cp — E—x? — H:ch) dt, p=p—gr
0

{Lpt,xt,%1} 2 N, 2
S.t.
Ct = K/Lt
1
14tn(1—a)(c=1)—no S
S

o1
Ny = —(Ly — Ly)
< »

L = Loe*!

Next, define Hamiltonian with state variable V;, control variables {L,;, z¢, Z;} and

co-state variable p:

k1l o K

N _ 1
H(Lpt, x4, &4, Ny, py) = log Yy /Ly — §ﬁtxt 233? + Mt;(Lt — Lypt)
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The FOC are:
( OH
=0
OLp
O0H
sl
8mt
O0H
— =0
61‘t
OH/ON, )
p= 2HON i
ot Mt
Start with % = 0, which implies
1o _m
Y;S 8Lpt X
and therefore
X
Lpt == E
Next, consider g—g =0:
1 9Y; K
— = —Iy.
Y; Oxy Ny !

Computing the marginal product and substituting gives

a N 1

axTt ~

K1—n%t+ (1 —a)i

The next FOC is similar, gg =0:

1on _
Y, 08, O ©

Computing the marginal product and substituting gives

N l—a n 1
€T+ = .
TR 1-n%E+ (- )i

Plug the solution for Z; into FOC(x;):

l—ak
— Tt
K

Ty =
«

N a n 1
Ty = —
t gl—n%—k(l—a)%%xt

125
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As N, gets large:

Finally, the last FOC is the arbitrage-like equation, p = 9H/ON¢ + % The derivative

Mt
of the Hamiltonian 2% is:
t
8H_1Yt<0+77 1) U i} om kK
N, Y, [N \o—1 " 5-1 n—1% 1 (1—a)i N2 = 2N?
_ Lt o 1 azy | Ko}
S Ni|o—1 -1 =184+ 01-)F Ny 2N

Substituting this into the FOC and rearranging to solve for ., gives

OH/ON,
W= ="
p— fu/
1 1 n n 1 z?
m[m*mmwaﬁﬂﬂ
B P — bt/ e
On a BGP with N large
1
y = 1,1t 15
f=
Ny p

Plugging this into the FOC for L, yields

JCRrs _ Lt px
LR

n
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Finally, plugging this into the entry technology yields

Ly C
_. RS
CRS —° wsp Ly.

NP =
Xg9rL + Vsp

Even though there are no increasing returns to producing goods at the firm level, the
growth rate of per capita income in this economy is the same as in the baseline eco-
nomy. The % term in the growth rate is due to the nonrivalry of data, not the increa-

sing returns to goods production that captures the nonrivalry of ideas.



