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A Proposition 1 (the Optimal Allocation)

The social planner problem is :

max
{Lpt,xt,x̃t}

∫ ∞
0

e−ρ̃tL0

(
log ct −

κ

2

1

Nt
x2
t −

κ̃

2
x̃2
t

)
dt, ρ̃ ≡ ρ− gL

s.t.

ct = Yt/Lt

Yt = N
1

σ−1

t

(
αxt
Nt

+ (1− α)x̃t

) η
1−η

L
1

1−η
pt

Ṅt =
1

χ
(Lt − Lpt)

Lt = L0e
gLt

Next, define Hamiltonian with state variable Nt, control variables {Lpt, xt, x̃t} and

co-state variable µt:

H(Lpt, xt, x̃t, Nt, µt) = log Yt/Lt −
κ

2

1

Nt
x2
t −

κ̃

2
x̃2
t + µt

1

χ
(Lt − Lpt)

The FOC are: 

∂H

∂Lpt
= 0

∂H

∂xt
= 0

∂H

∂x̃t
= 0

ρ̃ =
∂H/∂Nt

µt
+
µ̇t
µt

Start with ∂H
∂Lpt

= 0, which implies

1

Yt

∂Yt
∂Lpt

=
µt
χ

and therefore

Lpt =
χ

1− η
· 1

µt
.
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Next, consider ∂H
∂xt

= 0:
1

Yt

∂Yt
∂xt

=
κ

Nt
xt.

Computing the marginal product and substituting gives

xt =
α

κ

η

1− η
1

αxt
Nt

+ (1− α)x̃t
.

The next FOC is similar, ∂H∂x̃t = 0:

1

Yt

∂Yt
∂x̃t

= κ̃x̃t.

Computing the marginal product and substituting gives

x̃t =
1− α
κ̃

η

1− η
1

αxt
Nt

+ (1− α)x̃t
.

Finally, the last FOC is the arbitrage-like equation, ρ̃ = ∂H/∂Nt
µt

+ µ̇t
µt

. The derivative

of the Hamiltonian ∂H
∂Nt

is:

∂H

∂Nt
=

1

Yt

(
1

σ − 1

Yt
Nt
− αxt
N2
t

η

1− η
Yt

αxt
Nt

+ (1− α)x̃t

)

=
1

Nt

(
1

σ − 1
− αxt

Nt

η

1− η
1

αxt
Nt

+ (1− α)x̃t

)
.

Substituting this into the FOC and rearranging to solve for µt gives

µt =
∂H/∂Nt

ρ̃− µ̇t/µt

=

1
Nt

(
1

σ−1 −
αxt
Nt

η
1−η

1
αxt
Nt

+(1−α)x̃t

)
ρ̃− µ̇t/µt

.

A.1 Solving the Optimal Allocation

The 4 FOCs are:

Lpt =
χ

1− η
· 1

µt
(A)
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xt =
α

κ

η

1− η
1

αxt
Nt

+ (1− α)x̃t
(B)

x̃t =
1− α
κ̃

η

1− η
1

αxt
Nt

+ (1− α)x̃t
(C)

µt =

1
Nt

(
1

σ−1 −
αxt
Nt

η
1−η

1
αxt
Nt

+(1−α)x̃t

)
ρ̃− µ̇t/µt

(D)

Solving for x̃t and xt (eqs. 24 and 25).

Divide (B) by (C):

xt =
α

1− α

(
κ̃

κ

)
x̃t

Replace in (C):

x̃t =
1− α
κ̃

η

1− η

(
αxt
Nt

+ (1− α)x̃t

)−1

=
1− α
κ̃

η

1− η

(
α α

(1−α)

(
κ̃
κ

)
x̃t

Nt
+ (1− α)x̃t

)−1

Solve for x̃t:

x̃2
t =

(
η

1− η
1

κ̃

) (1− α)
α α

(1−α)(
κ̃
κ)

Nt
+ (1− α)



and lim
Nt→∞

 (1−α)

α α
(1−α)(

κ̃
κ)

Nt
+(1−α)

 = 1. Hence the optimal values for x̃t and xt as Nt grows

large are:

x̃spt =

(
η

1− η
1

κ̃

) 1
2

(24)

xspt =
α

(1− α)

(
κ̃

κ

)(
η

1− η
1

κ̃

) 1
2

. (25)

Solving for Lspit (eq. 26).

From (A), along a balanced growth path, gµ = gLp = gL. Substituting this into (D) along

a balanced growth path gives

µspt N
sp
t →

1

ρ

1

σ − 1
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since the last term in the numerator of (D) goes to zero as Nt gets large.

Using this fact and combining (A) and (D) gives

Lspi =

(
Lpt
Nt

)sp
=
ρχ(σ − 1)

1− η
=: νsp (26)

Solving forN sp
t (eq. 27).

From the definition of the innovation process, ṄtNt = 1
χ(LtNt −

Lpt
Nt

) and therefore

Lt
Nt

=
Ṅt

Nt
χ+

Lpt
Nt

Along a balanced growth path, ṄtNt = gN = gLp and gLp = gL therefore Ṅt
Nt

= gL and we

get:
Lt
Nt

= gLχ+
Lpt
Nt

From above we know that when Nt grows large, then Lpt
Nt

= νsp and therefore

N sp
t =

Lt
χgL + νsp

=: ψspLt (27)

Solving for Lsppt (eq. 28).

Use Lpt = ρχ(σ−1)
1−η Nt and equation (27) directly above to get:

Lsppt =
ρχ (σ − 1)

1− η
Nt

=
ρχ (σ − 1)

1− η
ψspLt

= νspψspLt (28)

Solving for Y sp
t (eq. 29).

Aggregate production is given by Yt = N
1

σ−1

t

(
αxt
Nt

+ (1− α)x̃t

) η
1−η

L
1

1−η
pt . Use the opti-
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mal expression for N sp
t , Lsppt , x̃sp and xsp to get:

Yt = N
1

σ−1

t

(
αxt
Nt

+ (1− α)x̃t

) η
1−η

L
1

1−η
pt .

= (ψspLt)
1

σ−1

(
α

Nt

α

1− α

(
κ̃

κ

)
x̃sp + (1− α)x̃sp

) η
1−η

(νspψspLt)
1

1−η

= [vsp]
1

1−η

(
α

Nt

α

1− α

(
κ̃

κ

)
x̃sp + (1− α)x̃sp

) η
1−η

(ψspLt)
1

1−η+ 1
σ−1

Because α
Nt

α
1−α

(
κ̃
κ

)
x̃sp → 0 as Nt grows, then:

Yt =
[
vsp(1− α)ηx̃ηsp

] 1
1−η (ψspLt)

1
σ−1

+ 1
1−η (29)

Solving for cspt (eq. 30).

By definition, consumption per capita is:

ct =
Yt
Lt

=
[vsp(1− α)ηx̃ηsp]

1
1−η (ψspLt)

1
σ−1

+ 1
1−η

Lt

=
[
vsp(1− α)ηx̃ηsp

] 1
1−η (ψsp)

1
σ−1

+ 1
1−η L

1
σ−1

+ η
1−η

t (30)

Solving for gspc (eq. 31).

Using the definition of consumption per capita growth and equation 30 yields:

gspc = gspY/L

=

(
1

σ − 1
+

η

1− η

)
gL (31)

Solving forDsp
it (eq. 32).

From equation 19, Yt = N
1

σ−1

t Dη
itLpt. Plugging the previous results yields:

Dsp
it =

 Yt

N
1

σ−1

t Lpt

 1
η

=

(
[vsp(1− α)ηx̃ηsp]

1
1−η (ψspLt)

1
σ−1

+ 1
1−η

(ψspLt)
1

σ−1 νspψspLt

) 1
η
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=
(

[(1− α)x̃sp]
η

1−η (vspψspLt)
η

1−η
) 1
η

= [(1− α)x̃spvspψspLt]
1

1−η (32)

Solving forDsp
t (eq. 33).

By definition:

Dsp
t = N sp

t D
sp
it

= (ψspLt)
(

[(1− α)x̃spvspψspLt]
1

1−η
)

= [(1− α)x̃spvsp]
1

1−η (ψspLt)
1

1−η+1 (33)

Solving for Y sp
it (eq. 34).

Using equation 18 and the results for Lpt and Dit:

Y sp
it = Dη

it

Lpt
Nt

= [(1− α)x̃spvspψspLt]
η

1−η (νsp)

=
[
(1− α)ηx̃ηspvsp

] 1
1−η

(ψspLt)
η

1−η (34)

Solving for U sp0 (eq. 35).

By definition U0 =
∫∞

0 e−(ρ−gL)tL0u(ct, xt, x̃t)dt. Then:

U0 =

∫ ∞
0

e−(ρ−gL)tL0u(ct, xt, x̃t)dt

= L0

∫ ∞
0

e−(ρ̃)t

[
log(

[
vsp(1− α)ηx̃ηsp

] 1
1−η (ψsp)

1
σ−1

+ 1
1−η L

1
σ−1

+ η
1−η

t )...

... − κ

2Nt
x2
sp −

κ̃

2
x̃2
sp

]

Next, assume κ
2Nt

x2
sp ' 0 and use c0 = [vsp(1− α)ηx̃ηsp]

1
1−η (ψsp)

1
σ−1

+ 1
1−η L

1
σ−1

+ η
1−η

0 . Then:

U0 = L0

∫ ∞
0

e−ρ̃t
[
log c0 +

(
1

σ − 1
+

η

1− η

)
gLt

]
dt+ ...

− L0
κ̃

2
x̃2
sp

∫ ∞
0

e−ρ̃tdt

= L0
1

ρ̃

(
log c0 −

κ̃

2
x̃2
sp

)
+ L0

(
1

σ − 1
+

η

1− η

)
gL

∫ ∞
0

e−ρ̃ttdt
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= L0
1

ρ̃

(
log c0 −

κ̃

2
x̃2
sp

)
+ L0

(
1

σ − 1
+

η

1− η

)
gL

1

ρ̃2

= L0
1

ρ̃

(
log c0 −

κ̃

2
x̃2
sp +

gc
ρ̃

)
(35)

B Competitive Equilibrium When Firms Own Data

B.1 Household Problem

The problem is defined by:

U0 =max
{cit}

∫ ∞
0

e−(ρ̃)L0u(ct, xit, x̃it)dt

s.t. ct =

(∫ Nt

0
c
σ−1
σ

it di

) σ
σ−1

ȧt = (rt − gL)at + wt −
∫ Nt

0
pitcitdi

Define the current value Hamiltonian with state variable at, control variable cit and

co-state variable µt:

H(at, cit, µt) = u(

(∫ Nt

0
c
σ−1
σ

it di

) σ
σ−1

, xit, x̃it) + µt

[
(rt − gL)at + wt −

∫ Nt

0
pitcitdi

]
The FOCs are: 

∂H

∂cit
= 0

∂H

∂at
= ρ̃µt − µ̇t

First, start with ∂H
∂cit

= 0 :

1(∫ Nt
0 c

σ−1
σ

it di

) σ
σ−1

σ

σ − 1

(∫ Nt

0
c
σ−1
σ

it di

) 1
σ−1 σ − 1

σ
c
−1
σ
it − µtpit = 0

⇒ c
1−σ
σ

t c
−1
σ
it − µtpit = 0
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⇒ cσ−1
t cit = (µtpit)

−σ

⇒
(
cσ−1
t cit

)σ−1
σ = (µtpit)

1−σ

⇒ c
(1−σ)2
σ

t c
σ−1
σ

it = (µt)
1−σ (pit)

1−σ

⇒ c
(1−σ)2
σ

t

∫ Nt

0
c
σ−1
σ

it di = (µt)
1−σ

∫ Nt

0
p1−σ
it di

⇒ c
(1−σ)2
σ

t c
σ−1
σ

t = (µt)
1−σ

∫ Nt

0
p1−σ
it di

⇒ c
σ−1
σ

+
(1−σ)2
σ

t = (µt)
1−σ

∫ Nt

0
p1−σ
it di

⇒ µt =
1

ct

(∫ Nt
0 p1−σ

it di
) 1

1−σ

Next, use the fact that the price of ct is normalized to 1, i.e., Pt =
(∫ Nt

0 p1−σ
it di

) 1
1−σ

=

1. Next, plug the expression for µt in the FOC and this gives equation (39):

cit = ctp
−σ
it

Next, compute the FOC ∂H
∂at

= ρ̃µt − µ̇t:

µt(rt − gL) = ρ̃µt − µ̇t

⇒ (rt − gL) = ρ̃− µ̇t
µt

But µt = c−1
t then µ̇t

µt
= −gc. Thus:

⇒ (rt − gL) = ρ̃+ gc
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B.2 Firm Problem

The firm problem is:

rtVit = max
{Lit,Dbit,xit,x̃it}

(
Yt
Yit

) 1
σ

Yit − wtLit − pbtDbit + psitx̃itYit − δ(x̃it)Vit + V̇it

s.t. Yit = Dη
itLit

Dit = αxitYit + (1− α)Dbit

psit = λDIN
− 1
ε

t

(
Bt
x̃itYit

) 1
ε

xit ∈ [0; 1]

x̃it ∈ [0; 1]

taking as given λDI , Bt, Nt, pbt and Yt. To solve this problem, write the Lagrangean:

L = (Yt)
1
σ Y

1− 1
σ

it − wtLit − pbtDbit + psitx̃itYit − δ(x̃it)Vit + V̇it....

+µx0(xit) + µx̃0(x̃it) + µx̃1(1− x̃it) + µx1(1− xit)

Simplify using the constraints:

L = (Yt)
1
σ Y

1− 1
σ

it − wtLit − pbtDbit + λDIN
− 1
ε

t (Bt)
1
ε (x̃itYit)

1− 1
ε − δ(x̃it)Vit + V̇it....

+µx0(xit) + µx̃0(x̃it) + µx̃1(1− x̃it) + µx1(1− xit)

Now take the FOCs.

1) Start with the FOC w.r.t. to Lit:

∂L
∂Lit

= 0

⇔ (1− 1

σ
)

(
Yt
Yit

) 1
σ ∂Yit
∂Lit

− wt + (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t (Bt)
1
ε (x̃it)

1− 1
ε
∂Yit
∂Lit

= 0

∂Yit
∂Lit

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= wt
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And using Yit = Dη
itLit and assuming Dit depends on Lit, then by implicit deriva-

tion:
∂Yit
∂Lit

= ηDη−1
it Lit

∂Dit

∂Lit
+Dη

it

⇒ ∂Yit
∂Lit

= η
Yit
Dit

∂Dit

∂Lit
+
Yit
Lit

Next, compute ∂Dit
∂Lit

using Dit = αxitYit + (1− α)Dbit:

∂Dit

∂Lit
= αxit

∂Yit
∂Lit

Substituting above:

⇒ ∂Yit
∂Lit

= η
Yit
Dit

αxit
∂Yit
∂Lit

+
Yit
Lit

⇒ ∂Yit
∂Lit

=

Yit
Lit

1− η YitDit
αxit

The FOC for Lit is then:

Yit
Lit

1− η YitDit
αxit

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= wt

2) Compute the FOC w.r.t. to Dbit:

∂L
∂Dbit

= 0

⇔
(

1− 1

σ

)(
Yt
Yit

) 1
σ ∂Yit
∂Dbit

+

(
1− 1

ε

)
Y
− 1
ε

it λDIN
− 1
ε

t (Bt)
1
ε (x̃it)

1− 1
ε
∂Yit
∂Dbit

− pbt = 0

∂Yit
∂Dbit

[(
1− 1

σ

)(
Yt
Yit

) 1
σ

+

(
1− 1

ε

)
Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= pbt

And using Yit = Dη
itLit we have:
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∂Yit
∂Dbit

= η
Yit
Dit

∂Dit

∂Dbit

and using Dit = αxitYit + (1− α)Dbit:

∂Dit

∂Dbit
= αxit

∂Yit
∂Dbit

+ (1− α)

Substituting above:

∂Yit
∂Dbit

= η
Yit
Dit

(
αxit

∂Yit
∂Dbit

+ (1− α)

)

⇒ ∂Yit
∂Dbit

=
(1− α)η YitDit

1− η YitDit
αxit

Then the FOC for Dbit is

(1− α)η YitDit

1− η YitDit
αxit

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= pbt

3) Compute the FOC w.r.t. to xit:

∂L
∂xit

= 0

⇔ (1− 1

σ
)

(
Yt
Yit

) 1
σ ∂Yit
∂xit

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t (Bt)
1
ε (x̃it)

1− 1
ε
∂Yit
∂xit

+ µx0 − µx1 = 0

∂Yit
∂xit

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= −µx0 + µx1

Now to compute ∂Yit
∂xit

use Yit = Dη
itLit :

∂Yit
∂xit

= η
Yit
Dit

∂Dit

∂xit

and using Dit = αxitYit + (1− α)Dbit and implicit derivation:

∂Dit

∂xit
= αxit

∂Yit
∂xit

+ Yitα
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Thus:

⇒ ∂Yit
∂xit

= η
Yit
Dit

[
αxit

∂Yit
∂xit

+ Yitα

]

⇒ ∂Yit
∂xit

=
η YitDit

Yitα

1− αxitη YitDit

Then the FOC w.r.t. to xit is:

η YitDit
Yitα

1− αxitη YitDit

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= −µx0 + µx1

Now, note that the LHS is > 0, then:

µx1 > µx0 ≥ 0

⇒ µx1 > 0

⇒ xit = 1 (A.1)

4) Compute the FOC w.r.t. to x̃it:

∂L
∂x̃it

= 0

⇔ λDIN
− 1
ε

t (Bt)
1
ε (Yit)

1− 1
ε x̃
− 1
ε

it

(
1− 1

ε

)
− δ′(x̃it)Vit + µx̃0 − µx̃1 = 0

λDIN
− 1
ε

t (Bt)
1
ε (Yit)

1− 1
ε x̃
− 1
ε

it

(
1− 1

ε

)
− δ′(x̃it)Vit = −µx̃0 + µx̃1

Or also:

psitYit

(
1− 1

ε

)
− δ′(x̃it)Vit = −µx̃0 + µx̃1

Finally, the 4 FOCs of the firm problem are:
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

Yit
Lit

1− η YitDit
αxit

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= wt (A)

(1− α)η YitDit

1− η YitDit
αxit

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= pbt (B)

xit = 1 (C)

psitYit

(
1− 1

ε

)
− δ′(x̃it)Vit + µx̃0 − µx̃1 = 0 (D)

5) Solution in terms of equilibrium aggregates

Divide (A) by (B) :

[
Yit
Lit

1− η YitDit
αxit

][
(1− α)η YitDit

1− η YitDit
αxit

]−1

=
wt
pbt

⇒ Dit

(1− α)ηLit
=
wt
pbt

Hence:

⇒ Dit =
wt
pbt

(1− α)ηLit (A.2)

Next, substitute in (A) and use (C):

Yit
Lit

1− η YitDit
α

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= wt

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= wt

Lit
Yit

(
1− η Yit

Dit
α

)

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= wt

Lit
Yit
− wtη

Lit
Dit

α

But from above Dit = wt
pbt

(1− α)ηLit, therefore substitute in RHS:
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[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it

]
= wt

Lit
Yit
− α(

pbt
1− α

)

Then:

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it + α(
pbt

1− α
)

]
Yit
Lit

= wt (A.3)

Next, we need to compute Yit
Lit

using: Yit = Dη
itLit:

Yit
Lit

= Dη
it =

[
wt
pbt

(1− α)η

]η
Lηit (A.4)

B.3 Data Intermediary Problem

The problem faced by the data intermediary is :

max
pbt,Dsit

pbt

∫ Nt

0
Dbitdi−

∫ Nt

0
psitDsitdi

s.t.Dbit ≤ Bt =

(
N
− 1
ε

t

∫ Nt

0
(Dsit)

ε−1
ε di

) ε
ε−1

pbt ≤ p∗bt

where psit, i.e. the purchase price of data is taken as given.

B.3.1 The downward-sloping demand curve: data intermediary cost minimization

To compute the demand curve of the data intermediary, we solve the following cost

minimization problem:

min
Dsit

∫ Nt

0
psitDsitdi

s.t. Dbit ≤ Bt =

(
N
− 1
ε

t

∫ Nt

0
(Dsit)

ε−1
ε di

) ε
ε−1

The Lagrangean is given by:
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L =

∫ Nt

0
psitDsitdi+ λDI

[
Dbit −

(
N
− 1
ε

t

∫ Nt

0
(Dsit)

ε−1
ε di

) ε
ε−1

]
By symmetry:

L =

∫ Nt

0
psitDsitdi+ λDI

[
Dbit −

(
N
− 1
ε

t

∫ Nt

0
(Dsit)

ε−1
ε di

) ε
ε−1

]
Taking FOC yields:

∂L
∂Dsit

= 0

⇔ psit − λDI
ε

ε− 1

(
N
− 1
ε

t

∫ Nt

0
(Dsit)

ε−1
ε di

) ε
ε−1
−1

ε− 1

ε
Dsit

ε−1
ε
−1 = 0

psit − λDIB
1
ε
t Dsit

ε−1
ε
−1N

− 1
ε

t = 0

λDI

(
Bt
Dsit

) 1
ε

N
− 1
ε

t = psit

We get the following demand curve:

psit = λDIN
− 1
ε

t

(
Bt
Dsit

) 1
ε

which is equation (44), which is used as a constraint in the firm problem. Next, by

symmetry

Bt =

(
N
− 1
ε

t

∫ Nt

0
(Dsit)

ε−1
ε di

) ε
ε−1

= N
1
−ε

ε
ε−1

+ ε
ε−1

t Dsit = NtDsit (A.5)

Substituting in equation (44)

psit = λDIN
− 1
ε

t

(
NtDsit

Dsit

) 1
ε

⇒ psit = λDI

B.3.2 The zero profit condition

The objective function is increasing in pbt. It is clear that pbt = p∗bt, which is the price

given by the zero profit condition.Use the zero profit condition:
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Π = 0

pbt

∫ Nt

0
Dbitdi−

∫ Nt

0
psitDsitdi = 0

pbt

∫ Nt

0
Btdi−

∫ Nt

0
psitDsitdi = 0

pbtBtNt − psitDsitNt = 0

Thus we get:

pbt =
psitDsit

Bt

Next, from the demand curve, we have λDI
(

Bt
Dsit

) 1
ε
N
− 1
ε

t = psit and solving for Bt

we get Bt =
(
psit
λDI

)ε
NtDsit = NtDsit where the last equation comes from the fact that

psit = λDI . Finally:

pbt =
psitDsit

NtDsit

⇒ pbt =
psit
Nt

(A.6)

B.4 Free Entry and the Creation of New Varieties

The free entry condition is given by:

χwt = Vit +

∫ Nt
0 δ(x̃it)Vitdi

Ṅt

by symmetry:

χwt = Vit +
δ(x̃it)Vit

Ṅt
Nt

χwt = Vit(1 +
δ(x̃it)

gL
)
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B.5 Equilibrium when Firms Own Data

B.5.1 Solve for pbt, Yit,Dsit,Dbit,wt as a function of x̃it and aggregates

Take the FOC w.r.t. to Li in the firm problem, i.e. A.3:

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it + α(
pbt

1− α
)

] [
wt
pbt

(1− α)η

]η
Lηit = wt

Now, from the date intermediary problem, i.e. A.6, pbt = psit
Nt

= λDIN
− 1
ε
−1

t

(
Bt

x̃itYit

) 1
ε

.

Substitute above:

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)x̃itpbtNt + α(

pbt
1− α

)

] [
wt
pbt

(1− α)η

]η
Lηit = wt

Next, from A.2, Dit = wt
pbt

(1− α)ηLit, then

pbt =
wt
Dit

(1− α)ηLit

Use (A.4) to get Yit
Dit

= Dη−1
it Lit =

[
wt
pbt

(1− α)η
]η−1

Lηit. Substitute:

pbt =
wt
Dit

(1− α)ηLit

=

[
wt
pbt

(1− α)η

]η−1

Lηitwt(1− α)η

(
Yit
Lit

)−1

Next, from equation (13), by symmetry, we know that Lit =
Lpt
Nt

. Moreover, by

symmetry, ct = N
σ
σ−1

t cit = N
σ
σ−1

t
Yit
Lt

and therefore Yt = ctLt = N
σ
σ−1

t
Yit
Lt
Lt = N

σ
σ−1

t Yit.

Thus Yit
Lit

=

(
Yt

N
σ
σ−1
t

Nt
Lpt

)
= N

− 1
σ−1

t
Yt
Lpt

. Substituting above:
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pbt =

[
wt
pbt

(1− α)η

]η−1

Lηitwt(1− α)η

(
Yit
Lit

)−1

pbt =

[
wt
pbt

(1− α)η

]η−1(Lpt
Nt

)η
wt(1− α)ηN

1
σ−1

t

Lpt
Yt

pηbt = [wt(1− α)η]η Lη+1
pt N

1
σ−1
−η

t

1

Yt

pbt = wt(1− α)ηLptN
( 1
σ−1
−η) 1

η

t

(
Lpt
Yt

) 1
η

pbt = (1− α)η

(
wtLpt
Yt

)
N

( 1
σ−1
−η) 1

η

t L
1
η

ptY
1− 1

η

t

(A.7)

Now, we need to solve Yt. For that, from above Yit
Lit

= N
− 1
σ−1

t
Yt
Lpt

and Lit =
Lpt
Nt

. Thus:

Yt = N
σ
σ−1

t Yit (A.8)

But from the firm’s problem we have

Yit = Dη
itLit (A.9)

Therefore, solve for Dit, where:

Dit = αYit + (1− α)Dbit (A.10)

But from the data intermediary problemDbit = Bt and from A.5,Dbit = Bt = NtDsit,

and by definition Dsit = x̃itYit. Thus:

Dbit = Ntx̃itYit (A.11)

Substitute A.11 in A.10and we get:

Dit = αYit + (1− α)Dbit

= αYit + (1− α)Ntx̃itYit

= Yit(α+ (1− α)Ntx̃it)

(A.12)

Substitute in A.9:
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Yit = (Yit(α+ (1− α)Ntx̃it))
η Lit

= Y η
it (α+ (1− α)Ntx̃it)

ηLit

= Y η
it (α+ (1− α)Ntx̃it)

η

(
Lpt
Nt

)

⇒ Yit = (α+ (1− α)Ntx̃it)
η

1−η

(
Lpt
Nt

) 1
1−η

(A.13)

Substitute this expression for Yit in A.8:

Yt = N
σ
σ−1

t (α+ (1− α)Ntx̃it)
η

1−η

(
Lpt
Nt

) 1
1−η

= N
σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt

(A.14)

Use this in A.7:

pbt = (1− α)η

(
wtLpt
Yt

)
N

( 1
σ−1
−η) 1

η

t L
1
η

ptY
1− 1

η

t (A.15)

= (1− α)η

(
wtLpt
Yt

)
N

( 1
σ−1
−η) 1

η

t L
1
η

pt

(
N

σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt

)1− 1
η

= (1− α)η

(
wtLpt
Yt

)
N

( 1
σ−1
−η) 1

η
+
(

σ
σ−1
− 1

1−η

)(
1− 1

η

)
t L

1
η

+ 1
1−η

(
1− 1

η

)
pt (α+ (1− α)Ntx̃it)

(
η

1−η

)(
1− 1

η

)

= (1− α)η

(
wtLpt
Yt

)
N

1
σ−1

t L0
pt (α+ (1− α)x̃itNt)

−1

Finally,

pbt = (1− α)η

(
wtLpt
Yt

)
N

1
σ−1

t (α+ (1− α)x̃itNt)
−1 (A.16)

We will use this in the FOC with respect to Lit. Recall from A.3:

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)Y
− 1
ε

it λDIN
− 1
ε

t B
1
ε
t x̃

1− 1
ε

it + α(
pbt

1− α
)

](
Yit
Lit

)
= wt

But from A.6, pbt = psit
Nt

and by the cost minimization problem of the data interme-

diary, pbt = psit
Nt

= 1
Nt
λDIN

− 1
ε

t

(
Bt

x̃itYit

) 1
ε

. Substituting above:
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[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)pbtx̃itNt + α(

pbt
1− α

)

](
Yit
Lit

)
= wt

but from above Yit
Lit

= N
− 1
σ−1

t
Yt
Lpt

and therefore:

[
(1− 1

σ
)

(
Yt
Yit

) 1
σ

+ (1− 1

ε
)pbtx̃itNt + α(

pbt
1− α

)

]
N
− 1
σ−1

t

Yt
Lpt

= wt

Also, using A.8:

⇒ (1− 1

σ
)N

1
σ−1

t + pbt

[
(1− 1

ε
)x̃itNt +

α

1− α

]
= N

1
σ−1

t

(
wtLpt
Yt

)

⇒ (1− 1

σ
)N

1
σ−1

t +(1−α)η

(
wtLpt
Yt

)
N

1
σ−1

t (α+ (1− α)x̃itNt)
−1

[
(1− 1

ε
)x̃itNt +

α

1− α

]
= N

1
σ−1

t

(
wtLpt
Yt

)

⇒ (1− 1

σ
) + (1−α)η

(
wtLpt
Yt

)
(α+ (1− α)x̃itNt)

−1

[
(1− 1

ε
)x̃itNt +

α

1− α

]
=

(
wtLpt
Yt

)

⇒ (1− 1

σ
) + (1− α)η

(
wtLpt
Yt

)
(1− 1

ε )x̃itNt + α
1−α

α+ (1− α)x̃itNt
=

(
wtLpt
Yt

)
Next, define f(Nt) =

(1− 1
ε
)x̃itNt+

α
1−α

α+(1−α)x̃itNt
Thus:

⇒ (1− 1

σ
) + (1− α)η

(
wtLpt
Yt

)
f(Nt) =

(
wtLpt
Yt

)

⇒ wtLpt
Yt

=
(σ − 1)

σ(1− (1− α)ηf(Nt))
(A.17)

When Nt is large, lim
Nt→∞

f(Nt) =
(1− 1

ε
)

(1−α) . Therefore:

⇒
(
wtLpt
Yt

)
=

(σ − 1)

σ(1− η ε
ε−1)

(A.18)

Next, substitute A.14 in A.17 :
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wt =
(σ − 1)

σ(1− (1− α)ηf(Nt))

Yt
Lpt

=
(σ − 1)

σ(1− (1− α)ηf(Nt))
N

σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η−1

pt

(A.19)

So far we have:



(σ − 1)

σ(1− (1− α)ηf(Nt))
N

σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η−1

pt = wt

N
σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt = Yt

(1− α)η

(
wtLpt
Yt

)
N

( 1
σ−1
−η) 1

η

t L
1
η

ptY
1− 1

η

t = pbt

pbt =
psit
Nt

1 = xit

Yit(α+ (1− α)Ntx̃it) = Dit

Ntx̃itYit = Dbit

YtN
− σ
σ−1

t = Yit

NtDsit = Bt

x̃itYit = Dsit

Lit =
Lpt
Nt

(A.20)

B.5.2 The Value of the Firm and Profits

The firm’s problem is:

rtVit = max
{Lit,Dbit,xit,x̃it}

(
Yt
Yit

) 1
σ

Yit − wtLit − pbtDbit + psitx̃itYit − δ(x̃it)Vit + V̇it

Thus:

Vit =

(
Yt
Yit

) 1
σ
Yit − wtLit − pbtDbit + psitx̃itYit

r + δ(x̃it)− V̇it
Vit
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Next, define πit =
(
Yt
Yit

) 1
σ
Yit − wLit. Then using the expressions above:

πit =

(
Yt
Yit

) 1
σ

Yit − wLit

=

(
Yt
Yit

) 1
σ

Yit − w
(
Lpt
Nt

)
=

(
N

1
σ−1

t

)
N
− σ
σ−1

t Yt −
(1− 1

σ )

1− (1− α)ηf(Nt)
N

σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η−1

pt

(
Lpt
Nt

)
= N−1

t N
σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt −

(1− 1
σ )

1− (1− α)ηf(Nt)
N

σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η−1

pt

(
Lpt
Nt

)
= N

σ
σ−1
− 1

1−η−1

t (α+ (1− α)Ntx̃it)
η

1−ηL
1

1−η
pt −

(1− 1
σ )

1− (1− α)ηf(Nt)
N

σ
σ−1
− 1

1−η−1

t (α+ (1− α)Ntx̃it)
η

1−ηL
1

1−η
pt

= (α+ (1− α)Ntx̃it)
η

1−ηL
1

1−η
pt N

1
σ−1
− 1

1−η
t

(
1−

(1− 1
σ )

1− (1− α)ηf(Nt)

)
(A.21)

On the other hand:

−pbtDbit + psitx̃itYit = −
(
psit
Nt

)
(Ntx̃itYit) + psitx̃itYit

= 0

(A.22)

Hence, the value of the firm is given by:

Vit =

(
Yt
Yit

) 1
σ
Yit − wtLit − pbtDbit + psitx̃itYit

r + δ(x̃it)− V̇it
Vit

=
(α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt N

1
σ−1
− 1

1−η
t

r + δ(x̃it)− V̇it
Vit

(
1−

(1− 1
σ )

1− (1− α)ηf(Nt)

)

=
(α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt N

1
σ−1
− 1

1−η
t

r + δ(x̃it)− V̇it
Vit

(
1− (σ − 1)

σ(1− (1− α)ηf(Nt))

)

=
(α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt N

1
σ−1
− 1

1−η
t

r + δ(x̃it)− V̇it
Vit

(
σ(1− (1− α)ηf(Nt))− (σ − 1)

σ(1− (1− α)ηf(Nt))

)

=
(α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt N

1
σ−1
− 1

1−η
t

r + δ(x̃it)− V̇it
Vit

(
1− σ(1− α)ηf(Nt)

σ(1− (1− α)ηf(Nt))

)

(A.23)
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B.5.3 The Free Entry Condition

χwt = Vit(1 +
δ(x̃it)

gL
)

Using A.19 and A.23:

χ
(1− 1

σ )

1− (1− α)ηf(Nt)
N

σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η−1

pt =...

...
(α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt N

1
σ−1
− 1

1−η
t

r + δ(x̃it)− V̇it
Vit

(
1−

(1− 1
σ )

1− (1− α)ηf(Nt)

)
(1 +

δ(x̃it)

gL
)

⇒ χ
(1− 1

σ )Nt

1− (1− α)ηf(Nt)
L−1
pt =

1

r + δ(x̃it)− V̇it
Vit

(
1−

(1− 1
σ )

1− (1− α)ηf(Nt)

)
(1 +

δ(x̃it)

gL
)

(
Nt

Lpt

)
=

(1− (1− α)ηf(Nt))σ

χ
(
r + δ(x̃it)− V̇it

Vit

)
(σ − 1)

(
1− σ − 1

σ(1− (1− α)ηf(Nt))

)
(1 +

δ(x̃it)

gL
)

⇒
(
Nt

Lpt

)
=
σ(1− (1− α)ηf(Nt))− σ + 1

χ
(
r + δ(x̃it)− V̇it

Vit

)
(σ − 1)

(1 +
δ(x̃it)

gL
)

⇒
(
Nt

Lpt

)
=

1− σ(1− α)ηf(Nt)

χ
(
r + δ(x̃it)− V̇it

Vit

)
(σ − 1)

(1 +
δ(x̃it)

gL
)

⇒
(
Lpt
Nt

)
=
χ
(
r + δ(x̃it)− V̇it

Vit

)
(σ − 1)

1− σ(1− α)ηf(Nt)
(

gL
gL + δ(x̃it)

) (A.24)

From the evolution of the number of varieties, we have Ṅt = 1
χ(Lt − Lpt). Thus:

Ṅt

Nt
=

1

χ
(
Lt
Nt
− Lpt
Nt

)

In BGP: ṄtNt = gN and since gN = gL , then:

⇒ gL =
1

χ
(
Lt
Nt
− Lpt
Nt

)
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⇒ Lt
Nt

=
Lpt
Nt

+ χgL

Next, using V̇it
Vit

= gπ and substituting A.24:

⇒ Lt
Nt

=
χ (r + δ(x̃it)− gπ) (σ − 1)

1− σ(1− α)ηf(Nt)
(

gL
gL + δ(x̃it)

) + χgL

⇒ Nt =
Lt

χ(r+δ(x̃it)−gπ)(σ−1)
1−σ(1−α)ηf(Nt)

( gL
gL+δ(x̃it)

) + χgL

Define ν(Nt) = χ(r+δ(x̃it)−gπ)(σ−1)
1−σ(1−α)ηf(Nt)

( gL
gL+δ(x̃it)

), so that:

Nt =
Lt

ν(Nt) + χgL

Moreover, define ψ(Nt) = 1
ν(Nt)+χgL

so that:

Nt = Ltψ(Nt) (A.25)

B.6 Solution of the Competitive Equilibrium

B.6.1 Data shared with other firms

From above, the FOC for x̃it is:

psitYit

(
1− 1

ε

)
− δ′(x̃it)Vit + µx̃0 − µx̃1 = 0

Assume an interior solution so µx̃0 = µx̃1 = 0.

psitYit

(
1− 1

ε

)
− δ′(x̃it)Vit = 0

but from above pbt = psit
Nt

and pbt = (1− α)η
(
wtLpt
Yt

)
N

1
σ−1

t (α+ (1− α)x̃itNt)
−1 The-

refore:

(1− α)η

(
wtLpt
Yt

)
N

σ
σ−1

t (α+ (1− α)x̃itNt)
−1 Yit

(ε− 1)

ε
− δ′(x̃it)Vit = 0

Substitute wtLpt
Yt

using A.17:
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(1− α)η
(σ − 1)

σ(1− (1− α)ηf(Nt))
N

σ
σ−1

t (α+ (1− α)x̃itNt)
−1 Yit

(ε− 1)

ε
− δ′(x̃it)Vit = 0

Substitute Yit using A.13:

(1− α)η
(σ − 1)

σ(1− (1− α)ηf(Nt))
N

σ
σ−1

t (α+ (1− α)x̃itNt)
−1 (α+ (1− α)Ntx̃it)

η
1−η

(
Lpt
Nt

) 1
1−η (ε− 1)

ε
=

δ′(x̃it)Vit

Next, substitute Vit using

(1− α)η
(σ − 1)

σ(1− (1− α)ηf(Nt))
N

σ
σ−1

t (α+ (1− α)x̃itNt)
−1 (α+ (1− α)Ntx̃it)

η
1−η

(
Lpt
Nt

) 1
1−η (ε− 1)

ε
=

δ′(x̃it)
(α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt N

1
σ−1
− 1

1−η
t

r + δ(x̃it)− V̇it
Vit

(
1− σ(1− α)ηf(Nt)

σ(1− (1− α)ηf(Nt))

)

Simplify:

(1− α)η(σ − 1)Nt(α+ (1− α)Ntx̃it)
−1 (ε− 1)

ε
=δ′(x̃it)

1− σ(1− α)ηf(Nt)

r + δ(x̃it)− gπ

⇒ δ′(x̃it)

r + δ(x̃it)− gπ
(α+ (1− α)Ntx̃it) =

(ε− 1)

ε
(1− α)ηNt

(σ − 1)

1− σ(1− α)ηf(Nt)

⇒ δ′(x̃it)

r + δ(x̃it)− gπ
(
α

Nt
+ (1− α)x̃it) =

(ε− 1)

ε
(1− α)η

(σ − 1)

1− σ(1− α)ηf(Nt)

Next, use δ′(x̃it) = δ0x̃it and δ(x̃it) = δ0
2 x̃

2
it and Nt is large :

⇒
(1− α)x̃2

itδ0

r + δ0
2 x̃

2
it − gπ

=
(ε− 1)

ε
(1− α)η

(σ − 1)

1− σ(1− α)ηf(Nt)
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⇒ (1− α)x̃2
itδ0 =

(
r +

δ0

2
x̃2
it − gπ

)
(ε− 1)

ε
(1− α)η

(σ − 1)

1− σ(1− α)ηf(Nt)

⇒ x̃2
itδ0

[
(1− α)− (ε− 1)

2ε
(1− α)η

(σ − 1)

1− σ(1− α)ηf(Nt)

]
= (r − gπ)

(ε− 1)

ε
(1− α)η

(σ − 1)

1− σ(1− α)ηf(Nt)

⇒ x̃it =

 (r − gπ) (ε−1)
ε (1− α)η (σ−1)

1−σ(1−α)ηf(Nt)

δ0(1− α)− δ0
(ε−1)

2ε (1− α)η (σ−1)
1−σ(1−α)ηf(Nt)

 1
2

When Nt is large, lim
Nt→∞

f(Nt) =
(1− 1

ε
)

(1−α) .

⇒ x̃it =

 (r − gπ) 2 (ε− 1) (1− α)η (σ−1)
ε−ση(ε−1)

2δ0(1− α)− δ0(ε− 1)(1− α)η (σ−1)
ε−ση(ε−1)

 1
2

⇒ x̃it =

(r − gπ) 2 (ε− 1) η (σ−1)
ε−ση(ε−1)

2δ0 − (ε− 1)δ0η
(σ−1)

ε−ση(ε−1)

 1
2

⇒ x̃it =

2 (r − gπ)
[
(ε− 1) η (σ−1)

ε−ση(ε−1)

]
δ0(2−

[
(ε− 1)η (σ−1)

ε−ση(ε−1)

]
)


1
2

Define

Γ = (ε− 1) η
(σ − 1)

ε− ση (ε− 1)
=

(σ − 1)
ε

(ε−1)η − σ
=
η(σ − 1)
ε
ε−1 − ση

. (A.26)

Then:

⇒ x̃it =

(
2 (r − gπ) Γ

δ0(2− Γ)

) 1
2

Since ρ = r − gπ then:

⇒ x̃it =

(
2ρΓ

δ0(2− Γ)

) 1
2

. (A.27)
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B.6.2 Data used by own firm

From A.1 above:

xf = 1

B.6.3 Firm Size

Use A.24:

Lit =
(
Lpt
Nt

)
=
χ
(
r + δ(x̃it)− V̇it

Vit

)
(σ − 1)

1− σ(1− α)ηf(Nt)
(

gL
gL + δ(x̃it)

)

When Nt is large:

Lit=
χ
(
r + δ(x̃it)− V̇it

Vit

)
(σ − 1)

1− ση(1− 1
ε )

(
gL

gL + δ(x̃it)
)

=
χ (ρ+ δ(x̃it)) (σ − 1)

1− ση(1− 1
ε )

(
gL

gL + δ(x̃it)
)

= χgL
ρ+ δ(x̃it)

gL + δ(x̃it)
.

σ − 1

1− ση( ε−1
ε )

And define

νf = χgL
ρ+ δ(x̃it)

gL + δ(x̃it)
.

σ − 1

1− ση( ε−1
ε )

These are equations (72) and (75).

B.6.4 Number of Varieties

From A.25,Nt = Ltψ(Nt) withψ(Nt) = 1
ν(Nt)+χgL

and ν(Nt) = χ(r+δ(x̃it)−gπ)(σ−1)
1−σ(1−α)ηf(Nt)

( gL
gL+δ(x̃it)

).

Now, from above, we know that when Nt is large ν = χgL
ρ+δ(x̃it)
gL+δ(x̃it)

. σ−1
1−ση( ε−1

ε
)
. Thus:

Nt =
1

νf + χgL
Lt = ψfLt

B.6.5 Aggregate output

From A.14, Yt = N
σ
σ−1
− 1

1−η
t (α+ (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt . But (

Lpt
Nt

)f = νf Therefore:

Y f
t = (Nt)

σ
σ−1 (Nt)

η
1−η (

α

Nt
+ (1− α)x̃it)

η
1−η (νf )

1
1−η
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When Nt is large:

Y f
t = (Nt)

σ
σ−1 (Nt)

η
1−η ((1− α)x̃it)

η
1−η (νf )

1
1−η

= (νf (1− α)ηx̃ηit)
1

1−η (Nt)
σ
σ−1

+ η
1−η

and from equation (79), Nt = ψfLt, thus:

Y f
t = (νf (1− α)ηx̃ηit)

1
1−η (ψfLt)

σ
σ−1

+ η
1−η

B.6.6 Consumption per capita

cft =
Y f
t

Lt
∝ L

1
σ−1

+ η
1−η

t

This is equation (83) in the paper.

B.6.7 Consumption per capita growth

Using equation (83):

gfc = (
1

σ − 1
+

η

1− η
)gL

This is equation (85) in the paper.

B.6.8 Firm production

Combining equation (80) Y f
t = (νf (1− α)ηx̃ηit)

1
1−η (ψfLt)

σ
σ−1

+ η
1−η and A.8:

Y f
it = (νf (1− α)ηx̃ηit)

1
1−η (ψfLt)

σ
σ−1

+ η
1−η N

− σ
σ−1

t

= (νf (1− α)ηx̃ηit)
1

1−η (ψfLt)
σ
σ−1

+ η
1−η (ψfLt)

− σ
σ−1

= (νf (1− α)ηx̃ηit)
1

1−η (ψfLt)
η

1−η

and this is equation 91 in the paper.

B.6.9 Data Production

Combining equation 91 and A.12:
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Df
it = Yit(α+ (1− α)Ntx̃it)

= (νf (1− α)ηx̃ηit)
1

1−η (ψfLt)
η

1−η Nt(
α

Nt
+ (1− α)x̃it)

= (νf (1− α)ηx̃ηit)
1

1−η (ψfLt)
η

1−η+1
(1− α)x̃it

= (νf (1− α)x̃itψfLt)
1

1−η

and this is Equation 87 in the paper.

B.6.10 Aggregate data production

By definition Dt = NtDit , hence:

Df
t = ψfLt(νf (1− α)x̃itψfLt)

1
1−η

= (νf (1− α)x̃it)
1

1−η (ψfLt)
1

1−η+1

and this is exactly equation 89 in the paper.

B.6.11 Labor share

From A.18:

(
wtLpt
Yt

)f
=

(1− 1
σ )

1− η ε
ε−1

=
σ

σ
(

1− η ε
ε−1

)
which is equation (93).

B.6.12 Profit share

From A.21, πt = (α + (1 − α)Ntx̃it)
η

1−ηL
1

1−η
pt N

1
σ−1
− 1

1−η
t

(
1− (1− 1

σ
)

1−(1−α)ηf(Nt)

)
and when Nt

is large:

πt = (α+ (1− α)Ntx̃it)
η

1−ηL
1

1−η
pt N

1
σ−1
− 1

1−η
t

(
(1− (1− α)ηf(Nt))σ − (σ − 1)

(1− (1− α)ηf(Nt))σ

)
= ((1− α)x̃it)

η
1−ηL

1
1−η
pt N

1
σ−1
− 1

1−η+ η
1−η

t

(
1− (1− α)ηf(Nt)σ

(1− (1− α)ηf(Nt))σ

)
= ((1− α)x̃it)

η
1−ηL

1
1−η
pt N

1
σ−1
− 1

1−η+ η
1−η

t

(
1− ησ( ε−1

ε )(
1− η( ε−1

ε )
)
σ

)
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Hence:

(
πtNt

Yt

)f
=

((1− α)x̃it)
η

1−ηL
1

1−η
pt (ψfLt)

1
σ−1
− 1

1−η+1+ η
1−η

(
1−ησ( ε−1

ε
)

(1−η( ε−1
ε

))σ

)
(νf (1− α)ηx̃ηit)

1
1−η (ψfLt)

σ
σ−1

+ η
1−η

=

L
1

1−η
pt (ψfLt)

1
1−η

(
1−ησ( ε−1

ε
)

(1−η( ε−1
ε

))σ

)
(νf )

1
1−η

=

(νfNt)
1

1−η (ψfLt)
− 1

1−η

(
1−ησ( ε−1

ε
)

(1−η( ε−1
ε

))σ

)
(νf )

1
1−η

= (Nt)
1

1−η (ψfLt)
− 1

1−η

(
1− ησ( ε−1

ε )(
1− η( ε−1

ε )
)
σ

)

= (ψfLt)
1

1−η (ψfLt)
− 1

1−η
1− ησ

(
ε−1
ε

)(
1− η( ε−1

ε )
)
σ

=
1− ησ

(
ε−1
ε

)(
1− η( ε−1

ε )
)
σ

which is equation (94).

B.6.13 Data Share

Use pat = α
1−αpbt to value the data the firm owns, using the perfect substitutes argu-

ment. Then,

patYit + pbtDbt = pbt

(
α

1− α
Yit +Dbt

)
=

pbt
1− α

(αYit + (1− α)Dbt)

=
pbt

1− α
Dit

=
pbt

1− α
[αxit + (1− α)x̃itNt]Yit

=
pbt

1− α
[αxit + (1− α)x̃itNt]YtN

−σ
σ−1

t
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Now recall from (A.14) that Yt = N
σ
σ−1
− 1

1−η
t [αxit + (1 − α)x̃itNt]

η
1−ηL

1
1−η
pt . Substituting

this into the last equation above gives

patYit + pbtDbt =
pbt

1− α
[αxit + (1− α)x̃itNt]N

σ
σ−1
− 1

1−η
t [αxit + (1− α)x̃itNt]

η
1−ηL

1
1−η
pt N

−σ
σ−1

t

=
pbt

1− α
[αxit + (1− α)x̃itNt]

1
1−ηL

1
1−η
pt N

−1
1−η
t

Now recall from (A.15) that pbt
1−α = η

(
wtLpt
Yt

)
N

1
η(σ−1)

−1

t L
1
η

ptY
1− 1

η

t and substitute this in to

get

patYit + pbtDbt = η

(
wtLpt
Yt

)
N

1
η(σ−1)

−1

t L
1
η

ptY
1− 1

η

t [αxit + (1− α)x̃itNt]
1

1−ηL
1

1−η
pt N

−1
1−η
t

Again use equation (A.14) for Yt to substitute for Y
− 1
η

t and simplify the exponents to get

patYit + pbtDbt = η

(
wtLpt
Yt

)
Yt
Nt

which gives the data share of GDP as

Nt(patYit + pbtDbt)

Yt
= η

(
wtLpt
Yt

)
Finally, using the result for the labor share in equation (93), we have our result:

Nt(patYit + pbtDbt)

Yt
=

η

1− η ε−1
ε

· σ − 1

σ

which is equation (101).



86 JONES AND TONETTI

B.6.14 Price of a variety

From household problem, pit =
(
Yt
Yit

) 1
σ

, then:

pfit =

(
Yt
Yit

) 1
σ

=

(
Yt

YtN
− σ
σ−1

t

) 1
σ

= N
1

σ−1

t

and from equation (79), Nt = ψfLt, thus:

pfit = (ψfLt)
1

σ−1

which is equation (98).

C Competitive Equilibrium When Consumers Own Data

In this section we compute the Consumers Own Data equilibrium, including a pro-

duction and entry subsidy. This allows us to compute the subsidies that align equili-

brium allocations with those chosen by a social planner. The considered policies are

a subsidy to firm revenue and a subsidy to entry, and thus do not appear directly in

the Household Problem nor the Data Intermediary Problem. Of course, setting the

subsidies to zero delivers the equilibrium allocations that arise without government

intervention beyond setting property rights. It is straight forward to adapt the Firms

Own Data equilibrium similarly.

C.1 Household Problem

The household problem is
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U0 = max
{cit,xit,x̃it}

∫ ∞
0

e−ρ̃L0u(ct, xit, x̃it)dt

s.t. ct =

(∫ Nt

0
c
σ−1
σ

it di

) σ
σ−1

ȧt = (rt − gL)at + wt −
∫ Nt

0
pitcitdi+

∫ Nt

0
xitp

a
stcitdi+

∫ Nt

0
x̃itp

b
stcitdi

= (rt − gL)at + wt −
∫ Nt

0
qitcitdi

The Hamiltonian of the problem is

H(cit, xit, x̃it, at, µt) = u

((∫ Nt

0
c
σ−1
σ

it di

) σ
σ−1

, xit, x̃it

)
+µt

[
(rt − gL)at + wt −

∫ Nt

0
qitcitdi

]

The FOCs are:



∂H

∂cit
= 0

∂H

∂xit
= 0

∂H

∂x̃it
= 0

∂H

∂at
= ρ̃µt − µ̇t

First, start with ∂H
∂cit

= 0 :

1(∫ Nt
0 c

σ−1
σ

it di

) σ
σ−1

σ

σ − 1

(∫ Nt

0
c
σ−1
σ

it di

) 1
σ−1 σ − 1

σ
c
−1
σ
it − µtqit = 0

⇒ c
1−σ
σ

t c
−1
σ
it − µtqit = 0

⇒ cσ−1
t cit = (µtqit)

−σ

⇒
(
cσ−1
t cit

)σ−1
σ = (µtqit)

1−σ
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⇒ c
(1−σ)2
σ

t c
σ−1
σ

it = (µt)
1−σ (qit)

1−σ

⇒ c
(1−σ)2
σ

t

∫ Nt

0
c
σ−1
σ

it di = (µt)
1−σ

∫ Nt

0
q1−σ
it di

⇒ c
(1−σ)2
σ

t c
σ−1
σ

t = (µt)
1−σ

∫ Nt

0
q1−σ
it di

⇒ c
σ−1
σ

+
(1−σ)2
σ

t = (µt)
1−σ

∫ Nt

0
q1−σ
it di

⇒ µt =
1

ct

(∫ Nt
0 q1−σ

it di
) 1

1−σ

Next, define Pt =
(∫ Nt

0 q1−σ
it di

) 1
1−σ

. Thus:

⇒ µt =
1

ctPt
(A.28)

Next, plug the expression for µt in the FOC:

c
1−σ
σ

t c
−1
σ
it −

1

ctPt
qit = 0

⇒ cit = ct

(
qit
Pt

)−σ
Using the normalization Pt = 1 yields :

cit = ct (qit)
−σ (A.29)

and therefore we get equation (52)

qit =

(
ct
cit

) 1
σ

(A.30)
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Next, compute the FOC ∂H
∂xit

= 0 :

∂H

∂xit
= 0

κ

Nt
xit = µtp

a
stcitNt

κ

N2
t

xit = µtp
a
stcit

Next, compute the FOC ∂H
∂x̃it

= 0:

∂H

∂x̃it
= 0

κ̃

Nt
x̃it = µtp

b
stcit

Finally, compute the FOC ∂H
∂at

= ρ̃µt − µ̇t:

µt(rt − gL) = ρ̃µt − µ̇t

⇒ (rt − gL) = ρ̃− µ̇t
µt

But µt = c−1
t then µ̇t

µt
= −gc. Thus:

⇒ (rt − gL) = ρ̃+ gc

Next, use A.28 and A.29 in the FOC of xit:

κ

N2
t

xit = past (qit)
−σ

Thus:

xit =
N2
t p

a
st

κ
(qit)

−σ (A.31)
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Similarly, use A.28 and A.29 in the FOC of x̃it:

κ̃

Nt
x̃it = pbst

x̃it =
Nt

κ̃

1

ct
pbstct (qit)

−σ

⇒ x̃it =
Nt

κ̃
pbst (qit)

−σ (A.32)

Now, we know that qit =
(
ct
cit

) 1
σ

=
(
Yt
Yit

) 1
σ

and that qit = pit − xitpast − x̃itpbst, which

implies equation (53):

pit =

(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st (A.33)

C.2 Firm Problem

The firm problem is given by:

rtVit = max
{Lit,Dait,Dbit}

[(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
(1 + sy)Yit − wtLit − pbtDbit − patDait − δ(x̃it)Vit + V̇it

s.t. Yit = Dη
itLit

Dit = αDait + (1− α)Dbit

Dait ≥ 0

Dbit ≥ 0

Start with the FOC w.r.t. Lit:

∂L
∂Lit

= 0((
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

)
(1 + sy)

∂Yit
∂Lit

− (1 + sy)Yit

(
1

σ

)
Y

1
σ
t Y

− 1
σ
−1

it

∂Yit
∂Lit

− wt = 0
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(1 + sy)
∂Yit
∂Lit

[(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st −

(
1

σ

)(
Yt
Yit

) 1
σ

]
= wt

But ∂Yit
∂Lit

= Dη
it = Yit

Lit
and therefore the FOC is:

(1 + sy)
Yit
Lit

[(
1− 1

σ

)(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
= wt

(1 + sy)
Yit
Lit

[
σ − 1

σ

(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
= wt (A.34)

Next, the FOC w.r.t. Dait:

∂L
∂Dait

= 0((
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

)
(1 + sy)

∂Yit
∂Dait

−
(

1

σ

)
Y

1
σ
t Y

−1
σ
−1

it (1 + sy)Yit
∂Yit
∂Dait

+−pat = 0

(1 + sy)
∂Yit
∂Dait

[
σ − 1

σ

(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
= pat

(A.35)

Next, compute the derivative ∂Yit
∂Dait

:

∂Yit
∂Dait

=
∂Yit
∂Dit

∂Dit

∂Dait

⇒ ∂Yit
∂Dait

= η
Yit
Dit

α

Thus the FOC w.r.t. Dait is:

ηα
Yit
Dit

(1 + sy)

[
σ − 1

σ

(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
= pat (A.36)
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Similarly, the FOC w.r.t. Dbit is:

η(1− α)
Yit
Dit

(1 + sy)

[
σ − 1

σ

(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
= pbt (A.37)

We have computed the 3 FOCs. Now I solve the problem. First, divide A.36 by A.37

to get:

pat =
α

(1− α)
pbt (A.38)

Second, divide A.34 by A.37:

Yit
Lit

[
η(1− α)

Yit
Dit

]−1

=
wt
pbt

Dit

η(1− α)Lit
=
wt
pbt

⇒ Dit =
wt
pbt
η(1− α)Lit

but we know that Yit = Dη
itLit, therefore Lit = Yit

Dηit
. Substituting Lit:

Dη+1
it =

wt
pbt
η(1− α)Yit

Dit =

[
wt
pbt
η(1− α)Yit

] 1
η+1

but qit =
(
Yt
Yit

) 1
σ

therefore Yit = Ytq
−σ
it . Substituting:

Dit =

[
wt
pbt
η(1− α)Ytq

−σ
it

] 1
η+1

(A.39)

On the other hand, using A.34:

wt = (1 + sy)D
η
it

[
σ − 1

σ

(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
(
Yt
Yit

) 1
σ

=
σ

σ − 1

(
wt

(1 + sy)D
η
it

− xitpast − x̃itpbst
)
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Yit = Yt

[
σ

σ − 1

(
wt

(1 + sy)D
η
it

− xitpast − x̃itpbst
)]−σ

(A.40)

C.3 The 2 Data Intermediary Problems

The 2 data intermediary problems are given by:

max
pait,Dacit

∫ Nt

0
paitDaitdi−

∫ Nt

0
pastD

a
citdi

s.t.Dait ≤ Da
cit

pait ≤ p∗ait

and

max
pbit,D

b
cit

∫ Nt

0
pbitDbitdi−

∫ Nt

0
pbstD

b
citdi

s.t.Dbit ≤ Bt =

(
N
− 1
ε

t

∫ Nt

0
D
b ε−1
ε

cit di

) ε
ε−1

pbit ≤ p∗bit

As in the allocation when firms own the data, these problems can be decomposed

in a cost minimization problem and a zero profit condition.

C.3.1 The Cost Minimization Problem

The cost minimization problems are:

min
Dacit

∫ Nt

0
pastD

a
citdi

s.t.Dait ≤ Da
cit

and

min
Dbcit

∫ Nt

0
pbstD

b
citdi

s.t.Dbit ≤ Bt =

(
N
− 1
ε

t

∫ Nt

0
D
b ε−1
ε

cit di

) ε
ε−1

The solutions are given by:
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
Dait = Da

cit

Dbit = Bt =

(
N
− 1
ε

t

∫ Nt

0
D
b ε−1
ε

cit di

) ε
ε−1

= NtD
b
cit

(A.41)

where Dait and Dbit are given by the firm problem.

C.3.2 The Zero Profit Condition for Each Data Intermediary Problem

By symmetry, the profit for each data intermediary is:


πait = Nt [paitDait − pastDa

cit] = NtDait [pait − past]

πbit = Nt

[
pbitDbit − pbstDb

cit

]
= NtDbit

[
pbit −

pbst
Nt

]
The zero profit condition yields:


pait = past

pbit =
pbst
Nt

(A.42)

and these are exactly equation (63).

C.4 Market Clearing Condition for Data

Imposing the market clearing condition in the data market, we get:

Da
cit = xitcitLt

Db
cit = x̃itcitLt

(A.43)

but from the data intermediary problem Dbit = Bt =

(
N
− 1
ε

t

∫ Nt
0 D

b ε−1
ε

cit di

) ε
ε−1

=

NtD
b
cit and Dait = Da

cit Thus the market clearing conditions yield

Dait = xitcitLt

Dbit = x̃itcitLtNt

(A.44)

and therefore the supply of data is given by:
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Dit = αDait + (1− α)Dbit

= αxitcitLt + (1− α)x̃itcitLtNt

= citLt [αxit + (1− α)x̃itNt]

= Yit [αxit + (1− α)x̃itNt]

(A.45)

Moreover, the zero profit condition means:

πait + πbit = 0

⇒ patDait + pbtDbit = pastD
a
cit +Db

citp
b
st

Next, use A.41:

⇒ patD
a
cit + pbtNtD

b
cit = pastD

a
cit +Db

citp
b
st

Substitute using A.44:

⇒ patxitcitLt + pbtNtx̃itcitLt = pastxitcitLt + x̃itcitLtp
b
st

⇒ patxit + pbtNtx̃it = pastxit + x̃itp
b
st

Use A.38:

⇒ α

(1− α)
pbtxit + pbtNtx̃it = pastxit + x̃itp

b
st

And we finally get:

⇒ pbt
(1− α)

[αxit + (1− α)Ntx̃it] = pastxit + x̃itp
b
st (A.46)

C.5 Summary of Equations and Solution
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C.5.1 Summary

Let’s summarize all the equations we have so far, from the FOCs of the consumer and

firm problems:

N
− σ
σ−1

t =
Yit
Yt

=
cit
ct

= (qit)
−σ

xit =
N2
t p

a
st

κ
(qit)

−σ

x̃it =
Nt

κ̃
pbst (qit)

−σ

(1 + sy)
Yit
Lit

[
σ − 1

σ

(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
= wt

ηα
Yit
Dit

(1 + sy)

[
σ − 1

σ

(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
= pat

pat =
α

(1− α)
pbt

Dit =

[
wt
pbt
η(1− α)Ytq

−σ
it

] 1
η+1

Yit = Yt

[
σ

σ − 1

(
wt

(1 + sy)D
η
it

− xitpast − x̃itpbst
)]−σ

Dait = Da
cit

Dbit = NtD
b
cit

pat = past

pbt =
pbst
Nt

Dait = xitcitLt

Dbit = x̃itcitLtNt

pbt
(1− α)

[αxit + (1− α)Ntx̃it] = pastxit + x̃itp
b
st

Dit = [αxit + (1− α)x̃itNt]Yit

(A.47)

C.5.2 Solution for xit and x̃it

First, use (qit)
−σ = N

− σ
σ−1

t in A.32 and A.31 to get:

xit =
past
κ
N

2− σ
σ−1

t (A.48)
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x̃it =
pbst
κ̃
N

1− σ
σ−1

t (A.49)

Next, using N
− σ
σ−1

t = Yit
Yt

and A.45 in A.36:

(1 + sy)ηα
Yit
Dit

[
σ − 1

σ

(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
= pat

(1 + sy)ηα

[
σ−1
σ N

1
σ−1

t + xitp
a
st + x̃itp

b
st

]
αxit + (1− α)x̃itNt

= pat (A.50)

Now, use A.48 and A.49 to substitute past and pbst:

(1 + sy)ηα

[
σ−1
σ N

1
σ−1

t + x2
itκN

−2+ σ
σ−1

t + x̃2
itκ̃N

−1+ σ
σ−1

t

]
αxit + (1− α)x̃itNt

= pat

(1 + sy)ηα

[
σ−1
σ N

1
σ−1

t + x2
itκN

2−σ
σ−1

t + x̃2
itκ̃N

1
σ−1

t

]
αxit + (1− α)x̃itNt

= pat

(1 + sy)ηα
N

1
σ−1

t

[
σ−1
σ + x2

itκN
−1
t + x̃2

itκ̃
]

αxit + (1− α)x̃itNt
= pat

(1 + sy)ηα
N

1
σ−1

t

[
σ−1
σ + x2

itκN
−1
t + x̃2

itκ̃
]

αxit + (1− α)x̃itNt
= pat

Use pat = α
(1−α)pbt and get:

(1 + sy)ηN
1

σ−1

t

[
σ − 1

σ
+ x2

itκN
−1
t + x̃2

itκ̃

]
=

pbt
1− α

(αxit + (1− α)x̃itNt) (A.51)

Now, recall from A.46: pbt
(1−α) [αxit + (1− α)Ntx̃it] = pastxit + x̃itp

b
st. With this, substi-

tute the RHS in A.51:

(1 + sy)ηN
1

σ−1

t

[
σ − 1

σ
+ x2

itκN
−1
t + x̃2

itκ̃

]
= pastxit + x̃itp

b
st
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Again, use A.48 and A.49 to substitute past and pbst:

(1 + sy)ηN
1

σ−1

t

[
σ − 1

σ
+ x2

itκN
−1
t + x̃2

itκ̃

]
= x2

itκN
2−σ
σ−1

t + x̃2
itκ̃N

1
σ−1

t

(1 + sy)ηN
1

σ−1

t

[
σ − 1

σ
+ x2

itκN
−1
t + x̃2

itκ̃

]
= N

1
σ−1

t

[
x2
itκN

−1
t + x̃2

itκ̃
]

(1 + sy)η
σ − 1

σ
+ (1 + sy)ηx

2
itκN

−1
t + (1 + sy)ηx̃

2
itκ̃ = x2

itκN
−1
t + x̃2

itκ̃

(1 + sy)η
σ − 1

σ
+ ((1 + sy)η − 1)x2

itκN
−1
t + ((1 + sy)η − 1)x̃2

itκ̃ = 0

Finally:

⇒ x2
itκN

−1
t + x̃2

itκ̃ =
η(1 + sy)

1− η(1 + sy)

σ − 1

σ
(A.52)

On other hand, divide A.48 by A.49:

xit
x̃it

=
pastNtκ̃

pbstκ

Use the zero profit condition for the data intermediary problems:

⇒ xit
x̃it

=
patNtκ̃

pbtNtκ

Use A.38:

xit
x̃it

=
ακ̃

(1− α)κ
. (A.53)

Hence, use A.53 in A.52:

x̃2
itκN

−1
t

(
ακ̃

(1− α)κ

)2

+ x̃2
itκ̃ =

η(1 + sy)

1− η(1 + sy)

σ − 1

σ
(A.54)
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When Nt is large, lim
Nt→∞

N−1
t

(
ακ̃

(1−α)κ

)2
= 0, therefore:

x̃c =

[
1

κ̃

η(1 + sy)

1− η(1 + sy)

σ − 1

σ

] 1
2

(A.55)

which is equation (65). Moreover, the expression for xc is:

xc =
α

(1− α)

κ̃

κ
x̃c (A.56)

which is equation (69).

C.5.3 The prices pat and pbt

From A.51:

pbt = (1 + sy)(1− α)ηN
1

σ−1

t

[
σ−1
σ + x2

itκN
−1
t + x̃2

itκ̃
]

(αxit + (1− α)x̃itNt)
(A.57)

In the numerator, when Nt is large:

pbt = (1 + sy)(1− α)ηN
1

σ−1

t

[
σ−1
σ + x̃2

itκ̃
]

αxit + (1− α)x̃itNt

= (1 + sy)(1− α)ηN
1

σ−1

t

[
σ−1
σ +

η(1+sy)
1−η(1+sy)

σ−1
σ

]
αxit + (1− α)x̃itNt

= (1 + sy)(1− α)ηN
1

σ−1

t

1

1− η(1 + sy)

σ − 1

σ

1

αxit + (1− α)x̃itNt

= (1− α)
σ − 1

σ

η(1 + sy)

1− η(1 + sy)
· N

1
σ−1

t

αxit + (1− α)x̃itNt
(A.58)

C.5.4 Wagewt

Divide A.34 by A.36:

wt = pat
Dit

Litηα
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Substitute Dit and Lit:

wt = pat
NtYit [αxit + (1− α)x̃itNt]

Lptηα

But N
− σ
σ−1

t = Yit
Yt

, therefore:

wt = pat
N

1− σ
σ−1

t Yt [αxit + (1− α)x̃itNt]

Lptηα
.

Using Nt large, (A.58), and pat = α
(1−α)pbt yields

wt = α
σ − 1

σ

η(1 + sy)

1− η(1 + sy)
· N

1
σ−1

t

αxit + (1− α)x̃itNt
· N

1− σ
σ−1

t Yt [αxit + (1− α)x̃itNt]

Lptηα

Cleaning up yields

wt =
σ − 1

σ

η(1 + sy)

1− η(1 + sy)

1

η

Yt
Lpt

. (A.59)

C.5.5 Value of the Firm and Profits

The value of a firm is:

Vt =

[(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
(1 + sy)Yit − wtLit − pbtDbit − patDait

r + δ(x̃it)− gV

We define components of firm profit to ease computation:

Vt =

C︷ ︸︸ ︷[(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
(1 + sy)Yit −

B︷ ︸︸ ︷
wtLit

A︷ ︸︸ ︷
−pbtDbit − patDait

r + δ(x̃it)− gV

First, we compute A:

A = pbtDbit + patDait
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= pbt

[
Dbit +

α

1− α
Dait

]
=

pbt
(1− α)

[(1− α)Dbit + αDait]

=
pbt

(1− α)
[αxitcitLt + (1− α)x̃itcitLtNt]

=
pbt

(1− α)
Yit [αxit + (1− α)x̃itNt]

=
pbt

(1− α)
N
− σ
σ−1

t Yt [αxit + (1− α)x̃itNt]

=
1

(1− α)
(1− α)

σ − 1

σ

η(1 + sy)

1− η(1 + sy)

N
1

σ−1

t

αxit + (1− α)x̃itNt
·N
− σ
σ−1

t Yt [αxit + (1− α)x̃itNt]

=
σ − 1

σ

η(1 + sy)

1− η(1 + sy)

Yt
Nt
.

Note, this term is equation (100), which gives the data share of the economy.

Next, let’s compute B using (A.59):

B = wtLit

=
σ − 1

σ

η(1 + sy)

1− η(1 + sy)

1

η

Yt
Lpt

Lit

=
σ − 1

σ

η(1 + sy)

1− η(1 + sy)

1

η

Yt
Lpt

Lpt
Nt

=
σ − 1

σ

η(1 + sy)

1− η(1 + sy)

1

η

Yt
Nt

Finally, compute C:

C =

[(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
(1 + sy)Yit

=

[
N

1
σ−1

t + xitp
a
st + x̃itp

b
st

]
(1 + sy)Yit

=

[
N

1
σ−1

t + x2
itκN

−2+ σ
σ−1

t + x̃2
itκ̃

]
(1 + sy)Yit

= N
1

σ−1

t

[
1 + x2

itκN
−1
t + x̃2

itκ̃
]

(1 + sy)Yit
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For Nt large:

= N
1

σ−1

t

[
1 + x̃2

itκ̃
]

(1 + sy)Yit

= N
1

σ−1

t

[
1 +

σ − 1

σ

η(1 + sy)

1− η(1 + sy)

]
(1 + sy)Yit

= N
1

σ−1

t

[
1 +

σ − 1

σ

η(1 + sy)

1− η(1 + sy)

]
(1 + sy)YtN

− σ
σ−1

t

= (1 + sy)

[
1 +

σ − 1

σ

η(1 + sy)

1− η(1 + sy)

]
Yt
Nt

Using (A), (B),and (C) we can compute the value of the firm:

Vit =

C︷ ︸︸ ︷[(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st

]
(1 + sy)Yit −

B︷ ︸︸ ︷
wtLit

A︷ ︸︸ ︷
−pbtDbit − patDait

r + δ(x̃it)− gV

=
1

r + δ(x̃it)− gV

[
(1 + sy)

(
1 +

σ − 1

σ

η(1 + sy)

1− η(1 + sy)

)
− σ − 1

σ

η(1 + sy)

1− η(1 + sy)

1

η
− σ − 1

σ

η(1 + sy)

1− η(1 + sy)

]
Yt
Nt

Which, after simplifying, is

=
1

(r + δ(x̃it)− gV )

[
1− ση(1 + sy)

σ − ση(1 + sy)
+
sy
σ

]
Yt
Nt
.

C.6 Solution of the Competitive Equilibrium

Recall on a BGP gV = gY = gN and r − gV = ρ.

C.6.1 Firm Size

The free entry condition is

(1− se)χwt = Vit

[
1 +

δ(x̃it)

gN

]

Substitute Vit and wt to get

(1− se)χ
σ − 1

σ

η(1 + sy)

1− η(1 + sy)

1

η

Yt
Lpt

=

[
1 +

δ(x̃it)

gN

]
1

(r + δ(x̃it)− gV )

[
1− ση(1 + sy)

σ − ση(1 + sy)
+
sy
σ

]



NONRIVALRY AND THE ECONOMICS OF DATA 103

⇒ Lpt
Nt

=
(1− se)χσ−1

σ
η(1+sy)

1−η(1+sy)
1
η (r + δ(x̃it)− gV )[

1 + δ(x̃it)
gN

] [
1−ση(1+sy)
σ−ση(1+sy) +

sy
σ

]
Use ρ = r − gV and gN = gL on BGP:

Lpt
Nt

=
(1− se)χgL (ρ+ δ(x̃it))

[gL + δ(x̃it)]
· σ − 1

σ

(1 + sy)

1− η(1 + sy)
· 1[

1−ση(1+sy)
σ−ση(1+sy) +

sy
σ

]
= (1− se)χgL

ρ+ δ(x̃it)

gL + δ(x̃it)
· σ − 1

1− η(σ + sy)

Define νc =
Lpt
Nt

. Finally:

νc = (1− se)χgL
ρ+ δ(x̃it)

gL + δ(x̃it)
· σ − 1

1− η(σ + sy)
(A.60)

which is equation (74) in the paper (when the subsidies are zero).

C.6.2 Number of Varieties

From the evolution of the number of varieties, we have Ṅt = 1
χ(Lt − Lpt). Thus:

Ṅt

Nt
=

1

χ
(
Lt
Nt
− Lpt
Nt

).

In BGP: ṄtNt = gN and since gN = gL, then:

gL =
1

χ
(
Lt
Nt
− Lpt
Nt

)

Lt
Nt

=
Lpt
Nt

+ χgL

Nt =
Lt

νc + χgL

Define ψc = 1
νc+χgL

. Then

Nt = ψcLt, (A.61)
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which is equation (79) for the allocation when consumers own the data.

C.6.3 Aggregate Output

First, substitute Dit = Yit [αxit + (1− α)x̃itNt] in Yit = Dη
itLit.

Yit = (Yit(αxit + (1− α)Ntx̃it))
η Lit

= Y η
it (αxit + (1− α)Ntx̃it)

ηLit

= Y η
it (αxit + (1− α)Ntx̃it)

η

(
Lpt
Nt

)

⇒ Yit = (αxit + (1− α)Ntx̃it)
η

1−η

(
Lpt
Nt

) 1
1−η

(A.62)

On the other hand, aggregate output is Yt = YitN
σ
σ−1

t . Hence:

Yt = N
σ
σ−1

t (αxit + (1− α)Ntx̃it)
η

1−η

(
Lpt
Nt

) 1
1−η

= N
σ
σ−1
− 1

1−η
t (αxit + (1− α)Ntx̃it)

η
1−ηL

1
1−η
pt

When Nt is large:

Y c
t = (Nt)

σ
σ−1 (Nt)

η
1−η ((1− α)x̃it)

η
1−η (νc)

1
1−η

= (νc(1− α)ηx̃ηit)
1

1−η (Nt)
σ
σ−1

+ η
1−η

and from equation (79), Nt = ψcLt, thus:

Y c
t = (νc(1− α)ηx̃ηit)

1
1−η (ψcLt)

σ
σ−1

+ η
1−η

C.6.4 Firm production

Y c
it = YtN

− σ
σ−1

t

(νc(1− α)ηx̃ηit)
1

1−η (ψcLt)
σ
σ−1

+ η
1−η N

− σ
σ−1

t

= (νc(1− α)ηx̃ηit)
1

1−η (ψcLt)
σ
σ−1

+ η
1−η (ψfLt)

− σ
σ−1

= (vc(1− α)ηx̃ηit)
1

1−η (ψcLt)
η

1−η

which is equation (91) for allocation c.
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C.6.5 Consumption per capita and growth

Consumption per capita is defined as cct =
Y ct
Lt

, and using the expression for aggregate

output, then:

cct =
Y c
t

Lt
∝ L

1
σ−1

+ η
1−η

t

which is equation (83) in the paper for the allocation c. Using this, the growth is:

gcc =

(
1

σ − 1
+

η

1− η

)
gL

which is equation (85) in the paper for the allocation c.

C.6.6 Data used by each firm and aggregate data

Dc
it = Yit(αxit + (1− α)Ntx̃it)

= (νc(1− α)ηx̃ηit)
1

1−η (ψcLt)
η

1−η Nt

(
α

Nt
xit + (1− α)x̃it

)
= (νc(1− α)ηx̃ηit)

1
1−η (ψcLt)

η
1−η+1

(1− α)x̃it

= (νc(1− α)x̃itψfLt)
1

1−η

By definition Dt = NtDit , hence:

Dc
t = ψcLt(νc(1− α)x̃itψcLt)

1
1−η

= (νc(1− α)x̃it)
1

1−η (ψcLt)
1

1−η+1

and this is equation (89).

C.6.7 Labor Share

From A.59:

(
wtLpt
Yt

)c
=
σ − 1

σ

η(1 + sy)

1− η(1 + sy)

1

η

Yt
Lpt

Lpt
Yt

=
σ − 1

σ

η(1 + sy)

1− η(1 + sy)

1

η
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and this is equation (93) in the paper.

C.6.8 Profit share

Using the results from C.5.5, the profit is defined as πt = C − A−B, where C, B and A

are defined in C.5.5. Then: (
Ntπt
Yt

)
=

1− ση(1 + sy)

σ − ση(1 + sy)
+
sy
σ

C.6.9 Prices

From A.47, (qit)
−σ = N

− σ
σ−1

t . Then:

qit = N
1

σ−1

t

= (Ltψc)
1

σ−1

Next, from equation (53) in the paper, pit is defined as pit =
(
Yt
Yit

) 1
σ

+ xitp
a
st + x̃itp

b
st.

Now, from the computation of profit component C in C.5.5, we have

pit = N
1

σ−1

t

[
1 +

σ − 1

σ

η(1 + sy)

1− η(1 + sy)

]
= (Ltψc)

1
σ−1

[
1 +

σ − 1

σ

η(1 + sy)

1− η(1 + sy)

]

C.6.10 Price pbst

Recall from A.58 that pbt = (1−α)σ−1
σ

η(1+sy)
1−η(1+sy) ·

N
1

σ−1
t

αxit+(1−α)x̃itNt
and we know that, by the

zero profit condition in the data intermediary, pbt =
pbst
Nt

. Then:

pbst = Ntpbt

= Nt(1− α)
σ − 1

σ

η(1 + sy)

1− η(1 + sy)
· N

1
σ−1

t

αxit + (1− α)x̃itNt

= Nt(1− α)
σ − 1

σ

η(1 + sy)

1− η(1 + sy)
· N

1
σ−1

t

Nt

(
αxit
Nt

+ (1− α)x̃it

)
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For Nt large:

=
σ − 1

σ

η(1 + sy)

1− η(1 + sy)
· N

1
σ−1

t

x̃it

=
σ − 1

σ

η(1 + sy)

1− η(1 + sy)

1

x̃c
(Ltψc)

1
σ−1

C.7 Optimal Subsidies

Recall that when Consumers Own Data,

x̃c =

[
1

κ̃

η(1 + sy)

1− η(1 + sy)

σ − 1

σ

] 1
2

xc =
α

(1− α)

(
κ̃

κ

)
x̃c,

and that optimal data use chosen by the social planner is

x̃sp =

(
η

1− η
1

κ̃

) 1
2

xsp =
α

(1− α)

(
κ̃

κ

)
x̃sp.

The revenue subsidy that aligns equilibrium and optimal data use is

1 + sy =
1

η + (1− η)σ−1
σ

.

Notice that this is smaller than the typical subsidy in the classic monopolistic competi-

tion setup of σ
σ−1 exactly because of the importance of data, captured by η.

This revenue subsidy is not enough by itself to align the Consumers Own Data allo-

cation with the Social Planner allocation, because, in addition to the distortion in the

production of existing varieties, there is a distortion in the amount of firm entry. When

Consumers Own Data,

νc = (1− se)χgL
ρ+ δ(x̃it)

gL + δ(x̃it)
· σ − 1

1− η(σ + sy)
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but the optimal firm size chosen by the social planner is

νsp =

(
Lpt
Nt

)sp
=
ρχ(σ − 1)

1− η
.

Thus, the entry subsidy that aligns equilibrium and optimal entry and firm size is

1− se =
ρ

gL

gL + δ(x̃c)

ρ+ δ(x̃c)

1− η(σ + sy)

1− η
,

where,

σ + sy =
σ − (1− η)σ−1

σ

η + (1 + η)σ−1
σ

.

Given the structure of the equilibrium and planner allocations when written as a function

of x̃, ν, and parameters, setting subsidies to ensure x̃c = x̃sp and νc = νsp ensures that

the subsidized Consumers Own Data equilibrium is optimal.

D Competitive Equilibrium With Outlaw Data Sharing

D.1 Household Problem

The problem is

U0 =max
{cit}

∫ ∞
0

e−(ρ̃)L0u(ct, xit)dt

s.t. ct =

(∫ Nt

0
c
σ−1
σ

it di

) σ
σ−1

ȧt = (rt − gL)at + wt −
∫ Nt

0
pitcitdi

Define the current value Hamiltonian with state variable at, control variable cit, and

co-state variable µt:

H(at, cit, µt) = u(

(∫ Nt

0
c
σ−1
σ

it di

) σ
σ−1

, xit, x̃it) + µt

[
(rt − gL)at + wt −

∫ Nt

0
pitcitdi

]
The FOCs are:
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
∂H

∂cit
= 0

∂H

∂at
= ρ̃µt − µ̇t

First, start with ∂H
∂cit

= 0 :

1(∫ Nt
0 c

σ−1
σ

it di

) σ
σ−1

σ

σ − 1

(∫ Nt

0
c
σ−1
σ

it di

) 1
σ−1 σ − 1

σ
c
−1
σ
it − µtpit = 0

⇒ c
1−σ
σ

t c
−1
σ
it − µtpit = 0

⇒ cσ−1
t cit = (µtpit)

−σ

⇒
(
cσ−1
t cit

)σ−1
σ = (µtpit)

1−σ

⇒ c
(1−σ)2
σ

t c
σ−1
σ

it = (µt)
1−σ (pit)

1−σ

⇒ c
(1−σ)2
σ

t

∫ Nt

0
c
σ−1
σ

it di = (µt)
1−σ

∫ Nt

0
p1−σ
it di

⇒ c
(1−σ)2
σ

t c
σ−1
σ

t = (µt)
1−σ

∫ Nt

0
p1−σ
it di

⇒ c
σ−1
σ

+
(1−σ)2
σ

t = (µt)
1−σ

∫ Nt

0
p1−σ
it di

⇒ µt =
1

ct

(∫ Nt
0 p1−σ

it di
) 1

1−σ

Next, use the fact that the price of ct is normalized to 1, i.e., Pt =
(∫ Nt

0 p1−σ
it di

) 1
1−σ

=

1.

Next, plug the expression for µt in the FOC and this gives equation (39):
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cit = ctp
−σ
it

Next, compute the FOC ∂H
∂at

= ρ̃µt − µ̇t:

µt(rt − gL) = ρ̃µt − µ̇t

⇒ (rt − gL) = ρ̃− µ̇t
µt

But µt = c−1
t then µ̇t

µt
= −gc. Thus:

⇒ (rt − gL) = ρ̃+ gc

D.2 Firm Problem

D.2.1 Define the Problem of the Firm

The firm problem is:

rtVit = max
{Lit,Dbit}

(
Yt
Yit

) 1
σ

Yit − wtLit + V̇it

s.t. Yit = Dη
itLit

Dit = αxitYit

xit ∈ [0; x̄]

D.2.2 Compute FOC

To solve this problem, write the Lagrangean:

L = (Yt)
1
σ Y

1− 1
σ

it − wtLit + V̇it.+ µx0(xit) + µx1(x̄− xit)

Now take the FOCs. Start with the FOC w.r.t. Lit:

∂L
∂Lit

= 0

⇔ (1− 1

σ
)

(
Yt
Yit

) 1
σ ∂Yit
∂Lit

= wt
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And using Yit = Dη
itLit and assuming Dit depends on Lit, then by implicit deriva-

tion:
∂Yit
∂Lit

= ηDη−1
it Lit

∂Dit

∂Lit
+Dη

it

⇒ ∂Yit
∂Lit

= η
Yit
Dit

∂Dit

∂Lit
+
Yit
Lit

Next, compute ∂Dit
∂Lit

using Dit = αxitYit:

∂Dit

∂Lit
= αxit

∂Yit
∂Lit

Substituting above:

⇒ ∂Yit
∂Lit

= η
Yit
Dit

αxit
∂Yit
∂Lit

+
Yit
Lit

⇒ ∂Yit
∂Lit

=

Yit
Lit

1− η YitDit
αxit

The FOC for Lit is then:

Yit
Lit

1− η YitDit
αxit

(1− 1

σ
)

(
Yt
Yit

) 1
σ

= wt (A.63)

Next, compute the FOC w.r.t. xit:

∂L
∂xit

= 0

⇔ (1− 1

σ
)

(
Yt
Yit

) 1
σ ∂Yit
∂xit

+ µx0 − µx1 = 0

∂Yit
∂xit

(1− 1

σ
)

(
Yt
Yit

) 1
σ

= −µx0 + µx1

Now to compute ∂Yit
∂xit

use Yit = Dη
itLit:

∂Yit
∂xit

= η
Yit
Dit

∂Dit

∂xit

and using Dit = αxitYit and implicit derivation:
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∂Dit

∂xit
= αxit

∂Yit
∂xit

+ Yitα

Thus:

⇒ ∂Yit
∂xit

= η
Yit
Dit

[
αxit

∂Yit
∂xit

+ Yitα

]

⇒ ∂Yit
∂xit

=
η YitDit

Yitα

1− αxitη YitDit

Then the FOC w.r.t. xit is:

η YitDit
Yitα

1− αxitη YitDit

(1− 1

σ
)

(
Yt
Yit

) 1
σ

= −µx0 + µx1

Now, note that the LHS is > 0, then:

µx1 > µx0 ≥ 0

⇒ µx1 > 0

⇒ xit = x̄ (A.64)

and the FOC w.r.t. xit is:

η YitDit
Yitα

1− αxitη YitDit

(1− 1

σ
)

(
Yt
Yit

) 1
σ

= µx1 (A.65)

D.3 Free Entry and the Creation of New Varieties

The free entry condition is given by:

χwt = Vit

D.4 Equilibrium with Outlaw Data Sharing
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D.4.1 Expressions for Aggregate Output and Firm Output

Now, we need to solve Yt. For that, from above Yit
Lit

= N
− 1
σ−1

t
Yt
Lpt

and Lit =
Lpt
Nt

. Thus:

Yt = N
σ
σ−1

t Yit (A.66)

But from the firm’s problem we have

Yit = Dη
itLit (A.67)

and Dit = αx̄Yit. Hence:

Yit = (αx̄Yit)
η Lit

= Y η
it (αx̄)ηLit

= Y η
it (αx̄)η

(
Lpt
Nt

)

⇒ Yit = (αx̄)
η

1−η

(
Lpt
Nt

) 1
1−η

(A.68)

Substitute this expression for Yit in A.66:

Yt = N
σ
σ−1

t (αx̄)
η

1−η

(
Lpt
Nt

) 1
1−η

= N
σ
σ−1
− 1

1−η
t (αx̄)

η
1−ηL

1
1−η
pt

(A.69)

D.4.2 Expression forwt

From A.63,
Yit
Lit

1−η Yit
Dit

αxit
(1− 1

σ )
(
Yt
Yit

) 1
σ

= wt, hence:
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wt =

Yit
Lit

1− η YitDit
αx̄

(1− 1

σ
)

(
Yt
Yit

) 1
σ

=
(αx̄)

η
1−η
(
Lpt
Nt

) 1
1−η

L−1
it

1− η Yit
αx̄Yit

αx̄
(1− 1

σ
)N

1
σ−1

t

=
(αx̄)

η
1−η
(
Lpt
Nt

) 1
1−η

L−1
it

1− η
(1− 1

σ
)N

1
σ−1

t

=
(αx̄)

η
1−η
(
Lpt
Nt

) 1
1−η

NtL
−1
pt

1− η
(1− 1

σ
)N

1
σ−1

t

=
(αx̄)

η
1−η

1− η
(1− 1

σ
)L

η
1−η
pt N

1
σ−1
− η

1−η
t

Finally:

wt =
(αx̄)

η
1−η

1− η
(1− 1

σ
)L

η
1−η
pt N

1
σ−1
− η

1−η
t (A.70)

D.4.3 Expressions for Profits and Value of the Firm

The firm’s problem is:

rtVit = max
{Lit,Dbit,xit,x̃it}

(
Yt
Yit

) 1
σ

Yit − wtLit + V̇it

Thus:

Vit =

(
Yt
Yit

) 1
σ
Yit − wtLit

r − V̇it
Vit

Next, define πit =
(
Yt
Yit

) 1
σ
Yit − wLit. Then using the expressions above:
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πit =

(
Yt
Yit

) 1
σ

Yit − wLit

=

(
Yt
Yit

) 1
σ

Yit − w
(
Lpt
Nt

)
=

(
N

1
σ−1

t

)
N
− σ
σ−1

t Yt −
(αx̄)

η
1−η

1− η
(1− 1

σ
)L

η
1−η
pt N

1
σ−1
− η

1−η
t

(
Lpt
Nt

)
= N−1

t Yt −
(αx̄)

η
1−η

1− η
(1− 1

σ
)L

1
1−η
pt N

1
σ−1
− 1

1−η
t

= N−1
t N

σ
σ−1
− 1

1−η
t (αx̄)

η
1−ηL

1
1−η
pt −

(αx̄)
η

1−η

1− η
(1− 1

σ
)L

1
1−η
pt N

1
σ−1
− 1

1−η
t

= L
1

1−η
pt N

1
σ−1
− 1

1−η
t (αx̄)

η
1−η

[
1− σ − 1

σ(1− η)

]

(A.71)

Then, the value of the firm is given by:

Vit =

(
Yt
Yit

) 1
σ
Yit − wtLit

r − V̇it
Vit

=
L

1
1−η
pt N

1
σ−1
− 1

1−η
t (αx̄)

η
1−η
[
1− σ−1

σ(1−η)

]
r − gV

(A.72)

D.5 Solution of the Competitive Equilibrium

D.5.1 Firm Size vos

Use the free entry condition:

χwt = Vit

Subsisting the expressions for wt and Vit using A.70 and A.72:

χ
(αx̄)

η
1−η

1− η
(1− 1

σ
)L

η
1−η
pt N

1
σ−1
− η

1−η
t =

L
1

1−η
pt N

1
σ−1
− 1

1−η
t (αx̄)

η
1−η
[
1− σ−1

σ(1−η)

]
r − gV

χ
1

1− η
(1− 1

σ
)L−1

pt Nt =

[
1− σ−1

σ(1−η)

]
r − gV
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⇒ Lpt
Nt

=
χ 1

1−η (1− 1
σ ) (r − gV )

1− σ−1
σ(1−η)

⇒ Lpt
Nt

=
χ 1

1−η (σ−1
σ ) (r − gV )

σ(1−η)−(σ−1)
σ(1−η)

⇒ Lpt
Nt

=
χ (σ − 1) (r − gV )

σ(1− η)− (σ − 1)

but ρ = r − gV then:

⇒ Lpt
Nt

=
χρ (σ − 1)

1− ση

Define vos =
Lpt
Nt

. Then:

vos =
χρ (σ − 1)

1− ση
(A.73)

which is equation (76).

D.5.2 Number of varieties

From the evolution of the number of varieties, we have Ṅt = 1
χ(Lt − Lpt). Thus:

Ṅt

Nt
=

1

χ
(
Lt
Nt
− Lpt
Nt

)

In BGP: ṄtNt = gN and since gN = gL, then:

⇒ gL =
1

χ
(
Lt
Nt
− Lpt
Nt

)

⇒ Lt
Nt

=
Lpt
Nt

+ χgL

Next, using V̇it
Vit

= gπ and substituting the firm size:

⇒ Lt
Nt

=
χρ (σ − 1)

1− ση
+ χgL
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⇒ Nt =
Lt

χρ(σ−1)
1−ση + χgL

Define ψos = 1
χρ(σ−1)
1−ση +χgL

= 1
vos+χgL

so that:

Nt = Ltψos (A.74)

which is equation (79).

D.5.3 Solution for aggregate output Y os
t .

From A.69, Yt = N
σ
σ−1
− 1

1−η
t (αx̄)

η
1−ηL

1
1−η
pt . Then: vos

Y os
t = N

σ
σ−1
− 1

1−η
t (αx̄)

η
1−ηL

1
1−η
pt

= N
σ
σ−1

t (αx̄)
η

1−η v
1

1−η
os

= (ψosLt)
σ
σ−1 (αx̄)

η
1−η vos

= (vosα
ηx̄η)

1
1−η (ψosLt)

σ
σ−1

and this is equation (82).

D.5.4 Consumption per capita and growth

cost =
Y os
t

Lt
∝ L

1
σ−1

t

which is equation (84). Thus, consumption per capita growth is:

gosc = (
1

σ − 1
)gL

which is is equation (86).

D.5.5 Firm Production Y os
it

Using equation (82) of the paper:
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Y os
it = YtN

− σ
σ−1

t

= (vosα
ηx̄η)

1
1−η (ψosLt)

σ
σ−1 N

− σ
σ−1

t

= (vosα
ηx̄η)

1
1−η (ψosLt)

σ
σ−1 (Ltψos)

− σ
σ−1

= (vosα
ηx̄η)

1
1−η

which is equation (92).

D.5.6 Data used by the firmDos
it

By definition, Dit = αxitYit. Then:

Df
it = αxitYit

= (vosαx̄)
1

1−η

which is equation (88).

D.5.7 Aggregate Data used by the firmDos
t

By definition Dt = NtDit , hence:

Df
t = Nt(vosαx̄)

1
1−η

= (vosαx̄)
1

1−ηLtψos

which is equation (90).

D.5.8 Labor share
(
wtLpt
Yt

)
From A.70:
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(
wtLpt
Yt

)os
=
Lpt
Yt

(αx̄)
η

1−η

1− η
(1− 1

σ
)L

η
1−η
pt N

1
σ−1
− η

1−η
t

= ((vosα
ηx̄η)

1
1−η (ψosLt)

σ
σ−1 )−1 (αx̄)

η
1−η

1− η
(1− 1

σ
)L

η
1−η+1

pt N
1

σ−1
− η

1−η
t

= ((vos)
1

1−η (ψosLt)
σ
σ−1 )−1 1

1− η
(1− 1

σ
) (vosLtψos)

η
1−η+1

(Ltψos)
1

σ−1
− η

1−η

=
1

1− η
(1− 1

σ
)

=
1− σ

σ(1− η)

which is equation (93).

D.5.9 Profit share
(
Ntπt
Yt

)

From A.71, πt = L
1

1−η
pt N

1
σ−1
− 1

1−η
t (αx̄)

η
1−η
[
1− σ−1

σ(1−η)

]
. Hence:

(
πtNt

Yt

)os
=
NtL

1
1−η
pt N

1
σ−1
− 1

1−η
t (αx̄)

η
1−η
[
1− σ−1

σ(1−η)

]
Yt

=
L

1
1−η
pt N

1
σ−1
− 1

1−η+1

t (αx̄)
η

1−η
[
1− σ−1

σ(1−η)

]
(vosαηx̄η)

1
1−η (ψosLt)

σ
σ−1

=
(vosLtψos)

1
1−η (Ltψos)

1
σ−1
− 1

1−η+1
(αx̄)

η
1−η
[
1− σ−1

σ(1−η)

]
(vosαηx̄η)

1
1−η (ψosLt)

σ
σ−1

= 1− σ − 1

σ(1− η)

=
1− ησ
σ(1− η)

and this is equation (94).
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D.5.10 Price of a variety posit

From the household problem, pit =
(
Yt
Yit

) 1
σ

, then:

posit =

(
Yt
Yit

) 1
σ

=

(
Yt

YtN
− σ
σ−1

t

) 1
σ

= N
1

σ−1

t

and from equation (79), Nt = ψosLt, thus:

pfit = (ψosLt)
1

σ−1

which is equation (99).

E Alternative Production Functions: Clarifying the Role of

Data Nonrivalry

E.1 Cobb-Douglas Data Aggregation

In this section we solve an alternative model in which own-variety data is combined

with the bundle of other-variety data by a Cobb-Douglas aggregator, as opposed to the

perfect substitutes case in our baseline model.

First, some preliminaries of the economic environment that are the same as in the

baseline model (imposing symmetry as usual):

Yt = ctLt = N
σ
σ−1

t Yit

Yit = Dη
itLit = Dη

it

Lpt
Nt

⇒ Yt = N
1

σ−1

t Dη
itLpt

The new data aggregation function is

Dit = (xtYit)
αB1−α

t
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Dit = (xtYit)
α (Ntx̃tYit)

1−α

Dit = (xt)
α (Ntx̃t)

1−α Yit.

Combining the data aggregate with the aggregate production function yields

Yt = N
1

σ−1

t

(
xαt x̃

1−α
t

)η
N
η(1−α)
t Y η

itLpt

Yt = N
1

σ−1

t

(
xαt x̃

1−α
t

)η
N
η(1−α)
t Y η

itLpt

Yt =

[
N

1+η(1−α)(σ−1)−ησ
σ−1

t

(
xαt x̃

1−α
t

)η
Lpt

] 1
1−η

The social planner problem is the similar to that in the baseline model, with two

changes. First, there is this new production function. Second, the privacy components

of utility need to have different scaling in order to deliver interior solutions for data use.

max
{Lpt,xt,x̃t}

∫ ∞
0

e−ρ̃tL0

(
log ct −

κ

2
x2
t −

κ̃

2
x̃2
t

)
dt, ρ̃ ≡ ρ− gL

s.t.

ct = Yt/Lt

Yt =

[
N

1+η(1−α)(σ−1)−ησ
σ−1

t

(
xαt x̃

1−α
t

)η
Lpt

] 1
1−η

Lt = L0e
gLt

Next, define Hamiltonian with state variable Nt, control variables {Lpt, xt, x̃t} and

co-state variable µt:

H(Lpt, xt, x̃t, Nt, µt) = log Yt/Lt −
κ

2
x2
t −

κ̃

2
x̃2
t + µt

1

χ
(Lt − Lpt)

The FOC are: 

∂H

∂Lpt
= 0

∂H

∂xt
= 0

∂H

∂x̃t
= 0

ρ̃ =
∂H/∂Nt

µt
+
µ̇t
µt
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Start with ∂H
∂Lpt

= 0, which implies

1

Yt

∂Yt
∂Lpt

=
µt
χ

and therefore

Lpt =
χ

1− η
· 1

µt
.

Next, consider ∂H
∂xt

= 0:
1

Yt

∂Yt
∂xt

= κxt.

Computing the marginal product and substituting gives

xt =

(
α

κ

η

1− η

) 1
2

.

The next FOC is similar, ∂H∂x̃t = 0:

1

Yt

∂Yt
∂x̃t

= κ̃x̃t.

Computing the marginal product and substituting gives

x̃t =

(
1− α
κ̃

η

1− η

) 1
2

.

Finally, the last FOC is the arbitrage-like equation, ρ̃ = ∂H/∂Nt
µt

+ µ̇t
µt

. The derivative

of the Hamiltonian ∂H
∂Nt

is:

∂H

∂Nt
=

1

Yt

Yt
Nt

[
1

1− η
+

η

1− η

(
1− α− σ

σ − 1

)]
Substituting this into the FOC and rearranging to solve for µt gives

µt =
∂H/∂Nt

ρ̃− µ̇t/µt

=

1
Nt

[
1

1−η + η
1−η

(
1− α− σ

σ−1

)]
ρ̃− µ̇t/µt

.
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On a BGP

µt =
1

Nt

[
1

1−η + η
1−η

(
1− α− σ

σ−1

)]
ρ

Plugging this into the FOC for Lpt yields

νCDsp :=
Lpt
Nt

=
ρ χ

1−η
1

1−η + η
1−η

(
1− α− σ

σ−1

)
=

ρχ

1 + η
(

1− α− σ
σ−1

)
Finally, plugging this into the entry technology yields

N sp
t =

Lt
χgL + νCDsp

=: ψCDsp Lt.

There are two main advantages to this alternative model. First, the algebra is simple

for all Nt, not just as Nt gets large. Second, the importance of data nonrivalry shows

up more explicitly here than in the baseline model, with (1 − α) now appearing in key

equations that characterize equilibrium allocations.

E.2 CRS Goods Production: Rival Ideas and Nonrival Data

In this section, we try to highlight the distinction between the nonrivalry of ideas and

the nonrivalry of data. Following Romer 1990, the nonrivalry of ideas is modeled by

having the goods production function have constant returns to rival factors, but incre-

asing returns to rival and nonrival factors. In this alternative model, we model ideas

as if they were rival by modeling a goods production function with constant returns to

scale in ideas and labor, but we still model data as nonrival. Data nonrivalry is modeled

by allowing all firms to use all data, i.e., each firm can use the entire bundle of data.

First, some preliminaries of the economic environment that are different from the

baseline model because the goods production function is different (imposing symme-
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try as usual):

Yit = Dη
itL

1−η
it = Dη

it

(
Lpt
Nt

)1−η

Dit =

(
αxt
Nt

+ (1− α)x̃t

)
NtYit

⇒ Y 1−η
it = Nη

t

(
αxt
Nt

+ (1− α)x̃t

)η (Lpt
Nt

)1−η

Yit = N
η

1−η−1

t

(
αxt
Nt

+ (1− α)x̃t

) η
1−η

Lpt

Since

Yt = N
σ
σ−1

t Yit,

then

Yt = N
σ
σ−1

+ η
1−η−1

t

(
αxt
Nt

+ (1− α)x̃t

) η
1−η

Lpt.

The social planner problem is the same as in the baseline model, with this new

production function:

max
{Lpt,xt,x̃t}

∫ ∞
0

e−ρ̃tL0

(
log ct −

κ

2

1

Nt
x2
t −

κ̃

2
x̃2
t

)
dt, ρ̃ ≡ ρ− gL

s.t.

ct = Yt/Lt

Yt =

[
N

1+η(1−α)(σ−1)−ησ
σ−1

t

(
xαt x̃

1−α
t

)η
Lpt

] 1
1−η

Ṅt =
1

χ
(Lt − Lpt)

Lt = L0e
gLt

Next, define Hamiltonian with state variable Nt, control variables {Lpt, xt, x̃t} and

co-state variable µt:

H(Lpt, xt, x̃t, Nt, µt) = log Yt/Lt −
κ

2

1

Nt
x2
t −

κ̃

2
x̃2
t + µt

1

χ
(Lt − Lpt)
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The FOC are: 

∂H

∂Lpt
= 0

∂H

∂xt
= 0

∂H

∂x̃t
= 0

ρ̃ =
∂H/∂Nt

µt
+
µ̇t
µt

Start with ∂H
∂Lpt

= 0, which implies

1

Yt

∂Yt
∂Lpt

=
µt
χ

and therefore

Lpt =
χ

µt
.

Next, consider ∂H
∂xt

= 0:
1

Yt

∂Yt
∂xt

=
κ

Nt
xt.

Computing the marginal product and substituting gives

xt =
α

κ

η

1− η
1

αxt
Nt

+ (1− α)x̃t
.

The next FOC is similar, ∂H∂x̃t = 0:

1

Yt

∂Yt
∂x̃t

= κ̃x̃t.

Computing the marginal product and substituting gives

x̃t =
1− α
κ̃

η

1− η
1

αxt
Nt

+ (1− α)x̃t
.

Plug the solution for x̃t into FOC(xt):

x̃t =
1− α
α

κ

κ̃
xt

⇒ xt =
α

κ

η

1− η
1

αxt
Nt

+ (1− α)1−α
α

κ
κ̃xt
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xt =

(
α

κ

η

1− η
1

α
Nt

+ (1− α)1−α
α

κ
κ̃

) 1
2

As Nt gets large:

xt =
α

1− α
1

κ

(
ηκ̃

1− η

) 1
2

x̃t =
1

κ̃

(
ηκ̃

1− η

) 1
2

.

Finally, the last FOC is the arbitrage-like equation, ρ̃ = ∂H/∂Nt
µt

+ µ̇t
µt

. The derivative

of the Hamiltonian ∂H
∂Nt

is:

∂H

∂Nt
=

1

Yt

[
Yt
Nt

(
σ

σ − 1
+

η

η − 1
− 1

)
− η

η − 1

Yt
αxt
Nt

+ (1− α)x̃t

αxt
N2
t

+
κ

2

x2
t

N2
t

]

=
1

Nt

[
1

σ − 1
+

η

η − 1
− η

η − 1

1
αxt
Nt

+ (1− α)x̃t

αxt
Nt

+
κ

2

x2
t

Nt

]

Substituting this into the FOC and rearranging to solve for µt gives

µt =
∂H/∂Nt

ρ̃− µ̇t/µt

=

1
Nt

[
1

σ−1 + η
η−1 −

η
η−1

1
αxt
Nt

+(1−α)x̃t

αxt
Nt

+ κ
2
x2t
Nt

]
ρ̃− µ̇t/µt

.

On a BGP with Nt large

µt =
1

Nt

1
σ−1 + η

1−η
ρ

Plugging this into the FOC for Lpt yields

νCRSsp :=
Lpt
Nt

=
ρχ

1
σ−1 + η

1−η
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Finally, plugging this into the entry technology yields

N sp
t =

Lt
χgL + νCRSsp

=: ψCRSsp Lt.

Even though there are no increasing returns to producing goods at the firm level, the

growth rate of per capita income in this economy is the same as in the baseline eco-

nomy. The η
1−η term in the growth rate is due to the nonrivalry of data, not the increa-

sing returns to goods production that captures the nonrivalry of ideas.


