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A fractional function

CLT$

V2T Bz’

e f is homogeneous, quasiconcave in z provided a’z > 0: for v > 0,

f(a,B,x) = a,v € R", BeSh,
(@ | f(a.B.2) 27} = {& | 1oTBr < "z}

is convex (a second-order cone)

e f is quasiconvex in (a, B) provided a’z > 0: for v > 0,
{(a,B)| f(a,B,x) <7} = {(a, B) | yVaTBz > o’}

is convex (since vV x! Bz is concave in B)

e f maximized over z by z* = B~ 'a; optimal value va?B~1a
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A Rayleigh quotient

f(a, B,x)? is Rayleigh quotient of (aal, B) evaluated at x:

(ZCTCL)Q

T Bx

fla,B,x)* =

e convex in (a, B)

e not quasiconcave in x
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Interpretation via Gaussian

e suppose z ~ N(a,B), and z € R"

T
o 2lx ~ N(a'z,2' Bx), so Prob(sz >0)=9o (&
| B Vol Bx

o z* = B~ la gives hyperplane through origin that maximizes probability
of z being on one side

e maximum probability is P (\/aTB_la)

e o' B~ 1a measures how well a linear function can discriminate z from
Zero
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A picture

e expand confidence ellipsoid until it touches origin

e tangent is plane that maximizes Prob(z'z > 0)
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Interpretation via Chebyshev bound

e suppose Ez = a, E(z — a)! (2 — a) = B (otherwise arbitrary)

e Ezlox=a'z, E(z'2 — a’2)? = 21 Bz, so by Chebyshev bound

alr u?
Prob(zlz > 0 Z\I!( ), U(u) = +
( ) vl Bx (w) 1 ‘|‘U%r

1 is increasing (bound is sharp)

o 2* = B~ la gives hyperplane through origin that maximizes Chebyshev
lower bound for Prob(z1'z > 0)

al B~ 1q

1+ alB-1la

e maximum value of Chebyshev lower bound is
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Worst-case discrimination probability analysis

e uncertain statistics: (a,B) € Y € R"\{0} x S% _ (convex and
compact)

e for fixed x, find worst-case statistics:

minimize  Prob(z'z > 0)
subject to (a,B) €U

where z ~ N (a, B)
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Worst-case discrimination probability analysis

e worst-case discrimination probability analysis is equivalent to

CLTCC

vl Bx

subject to (a,B) €U

minimize

o if optimal value is positive, i.e., alx > 0 for all (a, B) € U, equivalent
to convex problem

(aTz)?

T Bx

subject to (a,B) e U

minimize

e if optimal value is negative, can solve via bisection, convex optimization
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Worst-case discrimination probability maximization

e find x that maximizes worst-case discrimination probability

min Prob(z'z > 0)
(a,B)eU

e equivalent to finding x that maximizes

) CLTCE'
min

(a,B)eU v/ 2T Bx

e not concave in x; not clear how to solve

e studied in context of robust signal processing in 1980s
(Poor, Verdd, . .. ) for some specific Us
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Weak minimax property

ZUT& ZCTCL

max min ——— < min max

z#0 (a,B)eU /7T By  (a,B)eU xz#0 V 1T Bx

e LHS: worst-case discrimination probability maximization problem

e RHS can be evaluated via convex optimization:

ZCTCL 1/2
min max ——— = min VaTB-la=| min o«'B la
(a,B)eU xz#0 \/ngng (a,B)eU (a,B)eU

e finds statistics hardest to discriminate from zero
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Strong minimax property

in fact, we have equality:

CCTCL .I'TCL

max min = min max

z#0 (a,B)eU /T By B (a,B)eU z#0 4/ xT Bz

(and common value is > 0)
equivalently, with z ~ N (a, B),

max min Prob(z'z >0)= min max Prob(z'z > 0)

x#0 (a,B)eU (a,B)eU x=#0

(and common value is > 1/2)
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Computing saddle point via convex optimization

e find least favorable statistics (a*, B*), i.e., minimize al B~ 1a over
(a,B) elU

o (z*,a*, B*) with * = B* 'a* is saddle point:

T T

xLa* r*ta* ' a

< <
‘/CIJTB*CC T \/ZIZ*TB*CC* T ‘/CC*TBCC*’

Ve#0, V(a,B)elU

e 1™ solves worst-case discrimination probability maximization problem

e (a*, B*) is worst-case statistics for z*
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Interpretation of least favorable statistics

find statistics with minimum Mahalanobis distance between mean and zero:

aT'B* "a*= min !B la
(a,B)eU
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Proof via convex analysis

e let (a*, B*) be least favorable: min(, gyeyy Va’B~la = VarT B g

e by minimax inequality

.CCTGJ

CCTCL

max min min max — — \/ a*T B*x—1g*

x#0 (a,B)eU \/xTBQj (a,B)eU z#0 4/ T Bx

o 1* = B* 1a* gives lower bound on Va*TB* 1a*

2 Tq

min < max min

(a,B)eU \/x*T' Bx*x  z#0 (a,B)eU \/xT Bz

.CETCL .CETCL

if min,
B)eu V r*T Br* \/ZC*TB*

equality must hold
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e (a*, B*) is optimal for min(, pyeyya’ B~ 'a, so
2¢*(a — a*) — 2*1 (B — BY)z* >0, V(a,B)elU

with z* = B*1g*

(since z* minimizes convex differentiable fct. f over convex set C' iff
Vi) (z—2%) >0VzeO)

e we conclude (a*, B*) is optimal for min(, pyey/(2*!a)?/2*! Bx*, since
its optimality condition is also

2¢* (o — a*) —x*" (B— B*)2* >0, V(a,B)elU

e (a*, B*) must be optimal for min(, gyey *? a/(z** Bx*)'/?, since
min, gyey 27 a/(z*T Bx*)1/? > 0
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Fisher linear discriminant analysis

o x~MN(ug,3z), y ~ N(ﬂwzy)
e find w that maximizes Prob(w”z > w’y)

o v —y~N(uy — fy, Ly +2,), SO

w

Prob(w!z > w'y) = ® <

VW

T(Nx — fiy)

VT (3, +3,)w

w

e equivalent to maximizing

e proposed by Fisher in 1930s
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Worst-case Fisher linear discrimination

e uncertain statistics:
By fy, 22, 2y) €V C R x R" x S, x ST,
convex and compact; ji, 7 py for each (pg, fy, 2z, 2y) €V
e worst-case discrimination probability (for fixed w):

min Prob(w!z > w'y)
(Nwaﬂyazmzy)ev

e can compute via convex optimization
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Robust Fisher linear discriminant analysis

e worst-case discrimination probability maximization:
find w that maximizes worst-case discrimination probability

min Prob(w!z > w'y)
(H$>My72x72y)ev
e equivalent to maximizing (over w)

wt(

: Mz — :uy)
min
(Mwauyazxazy)ev \/’UJT(Z:U + Ey)w

e our max-min problem, with
A = [bg — [y, B =>4+

U= {<:u:c — :uyazx + Zy) | (,ux,,uy,Ex,Zy) < V}

MIT ORC Seminar 12/8/05 18



Example

z,y € R?; only [y is uncertain, p, € €

robust optimal nominal optimal
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Results

Pnom PWC
nominal optimal | 0.99 0.87
robust optimal 098 0.91

e P, omn: nominal discrimination probability

e P, worst-case discrimination probability
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Matched filtering

y(t) = s(t)a+v(t) € R”

e s(t) € R is desired signal; y(t) € R" is received signal
e v(t) ~N(0,X) is noise
e filtered output with weight vector w € R™:

2(t) = why(t) = s(H)w!a + wlo(t)

e standard matched filtering:

wTa

vVwTYw

choose w to maximize (amplitude) signal to noise ratio (SNR)
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Robust matched filtering

e uncertain data: (a,%) € Y € R"\{0} x S, (convex and compact)

. , wla
e worst-case SNR for fixed w: min

(a, D) U /! Xw

e robust matched filtering: find w that maximizes worst-case SNR

e can be solved via convex optimization & minimax theorem for

vta/vaT Bx
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Example
e a=1(2,3,2,2) is fixed (no uncertainty)

e uncertain X has form

1 I i‘ _T_ + means X;; € [0,1]
i ol — means Y;; € [—1,0]
i 7 means X;; €[—1,1]
(and of course ¥ > 0)
1 —5 5 —.5
R | _ 1 0 5
e we take ‘nominal’ noise covariance as X = 1 0
1
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Results

nominal SNR  worst-case SNR

nominal optimal 5.5 3.0
robust optimal 4.9 3.6

1 0 .38 —.12 ]
eact f " . | 1 .41 .74
eas avorapie covariance. 1 .23
1
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Extension of minimax theorem

U convex, compact; X convex cone

aTa: CLTx

max min ——— = min max

ze€X (a,B)eU /1T Br (a,B)eU weX 4/ T Bx

provided there exists 7 € X s.t. a’Z > 0 for all a with (a,B) € U, i.e.,
LHS > 0
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Computing saddle point via convex optimization

e convexity of min-max problem:

. alx . : T 5—1 1/2
B e Rt
1/2

= min (a+ N B a4+ N
(a,B)EU, AEX*

X ™ 1s dual cone

o if (a*, B*, \*) is optimal for min-max problem, (z*, a*, B*) with
r* = B* Ya* + \*) is a saddle point:

T T

T a* r*ta* ' a

< < , VeeX, V(a,B)elUu
VT B*r \/ZU*TB*:C*  r*T Br* ( )
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A key lemma

(at'z)? , —_—
PE aTpg — el e

using homogeneity of (ax)?/21 Bz, write LHS as

T,.)\2 —1
max (a x) = min 2! Bax

zex vl Bx rcX, alz=1

by convex duality

min ' Bx=_ max _[—(1/4) A+ pa)' B~' (A + pa) + p
reX, alx=1 xex*, ueR

defining A\ = \/u and optimizing over ;, RHS becomes

min rT Bx = max !
xeX, alx=1 B AEX* (a + )\)TB_I(CL + )\)
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Asset allocation

e n risky assets with (single period) returns a ~ N (u, X)
e portfolio w € W (convex); 17w =1 for all w € W

o wla ~ N(w!p, w!Sw), so probability of beating risk-free asset with
return s 1S

T
U W — fhrf
Prob(alw > ps :<I>( )
( xt) o

,LLT’LU — Hrf

vwTYw

e maximized by w € W that maximizes Sharpe ratio

(called tangency portfolio wyp)

e we're only interested in case when maximum Sharpe ratio > 0
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Interpretation via Chebyshev bound

e suppose E a =y, E(a — p)!(a — p) = X (otherwise arbitrary)

e Ealw=yplz, E(a'z — pt'z)? = wl'Sw, so by Chebyshev bound,

T 2
Prob(a’w > of Z\I!< ), U(u) =
( pt) vVwTYw (w) 1+ui

increasing (bound is tight)

e maximized by tangency portfolio
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VwTXw
EF: efficient frontier; CML: capital market line
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Asset allocation with a risk-free asset

e affine combination of risk-free asset and risky portfolio w € W:

[

6 is amount of risk-free asset

e Tobin's two-fund separation theorem:

— risk s and return r of any z = ((1 — 8)w, 8) with w € W cannot lie
above capital market line (CML)

T
w — Uy
= et + S, S*:max’u Hrf
weW T Yw

— CML is formed by affine combinations of two portfolios:
tangency portfolio (wyp,0) and risk-free portfolio (0, 1)
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Worst-case Sharpe ratio

e uncertain statistics: (u,>) € V C R" x S, (convex and compact)

o for fixed w € W, find worst-case statistics by computing worst-case SR

T w — g (= ) w
11111 1111

WDeV VuTSw  wDev  Vulsw

.. can be computed via convex optimization

e related to worst-case probability of beating risk-free asset

i Prob(alw > i) (I)( . uTw—urf>
min Prob(a’ w > uy) = min
(1, X)€Y 8 (1,2)eV VwlXw
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Worst-case Sharpe ratio maximization
find portfolio that maximizes worst-case SR:

T
maximize min AW A
(1,2)eV VwTXw

subjectto w € W

this portfolio (called robust tangency portfolio wyi,) maximizes

e worst-case probability of beating risk-free asset

min Prob(w’a > ju), an~ N(u, )
(n,2)€V

e worst-case Chebyshev lower bound for Prob(a®w > p.¢)

min inf{Prob(a’w > uy) | Ea=pu, E(a—p)' (a —p) =3}
(1, 2)eV
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Solution via minimax

17w =1 for all w € W so

plw— e (0= prl) w

= : VweWW
vwTYw vVwTYw

can use minimax theorem for aT:c/\/ T Bz, with
a = b — Wefl, B =2 X =RW

U= {(:u — ,urf]-az) ‘ <:LL7 Z) S V}
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Minimax result for Sharpe ratio

suppose there exists portfolio @ s.t. ufw > ¢ for all (u,X) €V

e strong minimax property:

T T
. MW — [t . MW — HUrf
0 < max min min max

weW (u,X)eV \/wTZw _(M,E)EV"UEW V wTYw

e saddle point (w*, u*,>*) can be computed via convex optimization

M*Tw — Lirf . ,u*Tw* S - ,LLTUJ* — Lhrf

VuTS*w \/w*TZ*w* — \/’UJ*TZ”UJ*’

VweW, V(uX)eV
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Saddle-point property

EF for (u*, X*)

)

w

:u'rfo"" |

VwTXw
P(w*) = {(MTw*, VT Sw*) ‘ (u,2) € V} is risk-return set of w*
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Example

7 risky assets with nominal returns f;, variances 5?, correlation matrix {2
10%
i 567
3 . 4
° ® 3
Upf = 3 4 1 2
00 T 30%
© 1.00 .07 —.12 43 —11 .24 25 7]
1.00 73 —.14 09 .28 —.10
1.00 14 5 .52 —.13
Q= 1.00 .04 .35 .38
1.00 7 .04
1.00 —.09
I 1.00 |
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Example

e total short position is limited to 30% of total long position

e mean uncertainty model:

=1 <01 Al -l <020m), i=1,..

e covariance uncertainty model:

IS - Sr <01Er S5 - Sy <0285, ij=1,..

Y. 1s nominal covariance

MIT ORC Seminar 12/8/05
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Results

nominal SR worst-case SR

nominal MP 1.56 0.56
robust MP 1.23 0.77
Pnom PWC

nominal MP  0.92 0.77
robust MP 0.89 0.71

e P..m: probability of beating risk-free asset with nominal statistics
(f1, %)

e P.: probability of beating risk-free asset with worst-case statistics
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Two-fund separation under model uncertainty

e robust two-fund separation theorem:

— risk-return set of any x = ((1 — 8)w, 0) with w € W cannot lie
above robust capital market line (RCML)

r = lyt + S%s

T T
with slope S* = max min POt nin max B2 S
weW (1,2)eV VwTSw (1, 2)eVweW +/wTSw

— RCML is formed by affine combinations of two portfolios:

robust tangency portfolio (wytp,0), risk-free portfolio (0, 1)

o for V ={(u,)}, reduces to Tobin's two-fund separation theorem
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Two-fund separation under model uncertainty

P(1.5w*, —0.5)

return

P(0,1) = {(0, pet) } P{(1—-0)w,0)

risk

P((1 — 0)w, ) is risk-return set of ((1 — 0)w,0)
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Summary & comments

CLTSU

vl Bx

what was known (?77): simple minimax result, no constraints on =z,
product form for U

the function f(a, B,x) = comes up alot

what is new (?77): general minimax theorem; convex optimization
method for computing saddle point

TrAX

ini th f
minimax theorem for - —~

holds (with conditions)

T Ax

minimax theorem for
T Bz

generally false
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