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Simple Accurate Expressions for Planar Spiral Inductances

Sunderarajan S. Mohan, Maria del Mar Hershenson, Stephen P. Boyd, and Thomas H. Lee

Abstract—We present several new simple and accurate expres- formance. Among these, hexagonal and octagonal inductors
sions for the DC inductance of square, hexagonal, octagonal, gre used widely. Fig. 1(a)—(d) shows the layout for square,
and circular spiral inductors. We evaluate the accuracy of our hexagonal, octagonal, and circular inductors, respectively. For

expressions, as well as several previously published inductance . h ind . letel ified by th
expressions, in two ways: by comparison with three-dimensional a given shape, an inductor I1s completely specifie y the

field solver predictions and by comparison with our own measure- number of turns, the turn widthw, the turn spacing, and
ments, and also previously published measurements. Our simple any one of the following: the outer diametédy,., the inner

expression matches the field solver inductance values typically diameterd,,, the average diametet,,, = 0.5(dous + din),

within around 3%, about an order of magnitude better than . : . - o y
the previously published expressions, which have typical errors or the _ﬂ" ratio, deflngd asp = (dout = din)/(dout + din).
around 20% (or more). Comparison with measured values gives The thickness of the inductor has only a very small effect on

similar results: our expressions (and, indeed, the field solver inductance and will therefore be ignored in this paper.
results) match within around 5%, compared to errors of around To facilitate the design of such components, significant work
20% for the previously published expressions. (We believe most ha5 gone into modeling spiral inductors using lumped circuit
of the additional errors in the comparison to published measured . -
values is due to the variety of experimental conditions under models [2,]’_ [3]. ,F'g' 2 |Ilustrate§ a C_ommonly used mo,de'-
which the inductance was measured.) The parasitic resistors and capacitors in this model have simple
Our simple expressions are accurate enough for design and physically intuitive expressions, but the inductance value lacks
optimization of inductors or of circuits incorporating inductors. g simple but accurate expression.
Indeed, smce“lnductor tolera’r}ce is typ_lcally on the order of sev- This inductance can be computed exactly by solving
eral percent, “more accurate” expressions are not really needed , . . .
in practice. Maxwell's equations. A very accurate numerical solution may
be obtained by using a three-dimensional (3-D) finite-element
simulator such as MagNet [4]. However, 3-D simulators
are computationally intensive and require long run times,
and so are more appropriate falesign verificationthan
I. INTRODUCTION the designof an inductor. Another technique is to use the
HE RISING demand for low-cost radio frequency inGreenhouse method [2], [5], [6] to compute the inductance.
tegrated circuits (RF-IC’s) has generated tremendoti§e Greenhouse method offers sufficient accuracy and
interest in on-chip passive components [1]. Currently, thefélequate speed, but cannot provide an inductor design directly
are several integrated resistor and capacitor options and nf6@f specifications and is cumbersome for initial design.
of these implementations are easy to model. Considerabléit the other extreme we can use a simple approximate
effort has also gone into the design and modeling of inductexpression for the inductance [7]-[10]. While the simple
implementations, of which the only practical options are borkpressions do predict the correct order of magnitude of
wires and planar spiral geometries. Although bond wirdge inductance, typical errors are 20% or more, which is
permit a high quality factor() to be achieved, with typical unacceptable for circuit design and optimization.
('s in the 20-50 range, their inductance values are constrainedn Section I, we describe new approximate expressions for
and can be rather sensitive to production fluctuations. On ti inductance of square, hexagonal, octagonal, and circular
other hand, planar spiral inductors have limitgts, but have planar inductors. The first approximation is based on a modifi-
inductances that are well-defined over a broad range of procestion of an expression developed by Wheeler [11]; the second
variations. Thus, planar spiral inductors have become esseniatierived from electromagnetic principles by approximating
elements of communication circuit blocks such as voltagbe sides of the spirals as current-sheets; and the third is a
controlled oscillators (VCO's), low-noise amplifiers (LNA’s),monomial expression derived from fitting to a large database
mixers, and intermediate frequency filters (IFF’s). of inductors (and the exact inductance values). All three
Square spirals are popular because of the ease of thmipressions are accurate, with typical errors of 2-3%, and
layout. Squares are generated easily even in simple Manhatteery simple, and are therefore excellent candidates for use
style layout tools (such as MAGIC). However, other polygonah design and synthesis.
spirals have also been used in circuit design. Some designer§he accuracy of these approximate expressions was eval-
prefer polygons with more than four sides to improve petated in two ways: with field solver simulations and also
with measurement data. For simulations, we used ASITIC,
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Fig. 1. On-chip inductor realizations: (a) square, (b) hexagonal, (c) octagonal, and (d) circular.

C Il. NEW EXPRESSIONS
S
H In this section we describe our new expressions for the
inductance.
L R
J_ 000 s VAL J_ A. Modified Wheeler Formula
COX COX Wheeler [11] presented several formulas for planar spiral
inductors, which were intended for discrete inductors. We
have found that a simple modification of the original Wheeler
formula allows us to obtain an expression that is valid for
R Csi Csi R planar spiral integrated inductors
T - T I K N2 dayeg )
| | = mw — 1”01 +K2p
Fig- 2. Lumped inductor model. where p is the fill ratio defined previously. The coefficients

K, and K, are layout dependent and are shown in Table I.
pm to 3w, and d;, varying from 0.1-0.9 d,... A total of The ratiop represents how hollow the inductor is: for small
19000 inductors were simulated using the program ASITI@,we have a hollow inductord(,: ~ di,) and for a largep
spanning the entire design space that is of use for RF circwi¢ have a full inductord,; > d;,). Two inductors with the
designs. (We did not consider inductors larger than 100 nsame average diameter but different fill ratios will, of course,
since such inductors have a total length great enough thatve different inductance values. The full one has a smaller
they can no longer be considered lumped at frequenciesimductance because its inner turns are closer to the center of
interest. See [13] for further discussion of this topic.) Ouhe spiral and so contribute less positive mutual inductance
approximate expressions were also verified using around &@d more negative mutual inductance.
measurement results that have been reported in the literature. . o
Both previously published expressions and our expressions BreExPression Based on Current Sheet Approximation
compared to these measurements in Section V. We summarizA&nother simple and accurate expression for the inductance
our findings in Section V. of a planar spiral can be obtained by approximating the sides
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TABLE | TABLE 1l
COEFFICIENTS FORMODIFIED WHEELER EXPRESSION COEFFICIENTS FORDATA-FITTED MONOMIAL EXPRESSION
Layout || Ki | Kz Layout [ ] [[o1 (dow) [ a2 (w) [ a3 (davg) [ s () [ a5 (s)
Square 2.34 | 2.75 Square 1.62-107% -1.21 -0.147 2.40 1.78 -0.030
Hexagonal 2.33 1| 3.82 Hexagonal 1.28 1072 -1.24 -0.174 2.47 1.77 -0.049
Octagonal 2.25 | 3.55 Octagonal 1.33-107% -1.21 -0.163 2.43 1.75 -0.049
TABLE i or data-fitting techniques. To develop our models we used a

COEFFICIENTS FORCURRENT SHEET EXPRESSION . X L
simple least-squares fit: we choag to minimize

Layout [ a1 | ca [ ea | ca .

Square || 1.7 | 207 | 0.18 | 0.13 N " *) *) *
Hexagonal 1.09 | 2.23 | 0.00 | 0.17 Z (y — g — Q1T T — ey T — 3Ty
Octagonal 1.07 | 2.29 | 0.00 | 0.19 k=1

Circle 1.00 | 2.46 | 0.00 | 0.20 )

—044374(}) — a5$gk))

of the spirals by symmetrical current sheets of equivalent

current densities [14]. For example, in the case of the squandjere the sum is over our family of inductors (86 ~

we obtain four identical current sheets. The current shed@000). It is also possible to use more sophisticated data-

on opposite sides are parallel to one another, whereas fiiéng techniques, e.g., one which minimizes the maximum

adjacent ones are orthogonal. Using symmetry and the fagtor of the fit, or one in which the coefficients must satisfy

that sheets with orthogonal current sheets have zero mutgiden inequalities or bounds.

inductance, the computation of the inductance is now reducedSince the monomial expressiah,,., is developed from

to evaluating the self-inductance of one sheet and the mawr library of inductors, it is important to check that it has

tual inductance between opposite current sheets. These geiedictive ability as well, by checking its error on inductors not

and mutual inductances are evaluated using the conceptdnothe library. Such tests reveal that the fit for such inductors

geometric mean distance (GMD), arithmetic mean distantseas good as the fit for the ones in the family from which the

(AMD), and arithmetic mean square distance (AMSD [14]nodel was developed. This is hardly surprising since the fitting

[15]). The resulting expression is method compresses 19000 numbers (i.e., the inductances) to
9 six (i.e., the monomial coefficients), and so is not prone to

pndaygcy 9 . TR

——5 = (In(c2/p) + cap + cap”) (2) “over-fitting.

2 The monomial expression is useful since, like the other

where the coefficients; are layout dependent and are showBxpressions, it is very accurate and very simple. Its real

in Table 1. Although the accuracy of this expression worsenge, however, is that it can be used for optimal design of

as the ratios/w becomes large, it exhibits a maximum errofnductors and circuits containing inductors, usiggometric

of 8% for s < 3w. Note that typical practical integratedprogramming,which is a type of optimization problem that
spiral inductors are built withs < w. The reason is that a yses monomial models [16].

smaller spacing improves the interwinding magnetic coupling
and reduces the area consumed by the spiral. A large spacing i
is only desired to reduce the interwinding capacitance. In

practice, this is not a concern as this capacitance is dwarfed" this section we analyze the error distributions of our
by the underpass capacitance [2]. expressions as well as previously published expressions by

comparing them to the inductance computed using the field
solver ASITIC.
. o o ) Fig. 3(a) shows the error distributions of previously reported
Our final expression is based on a data fitting techniqugpressions, when compared to the inductance computed using
which yielded the expression the field solver ASITIC [7]-[10]. We define the absolute
Linon = B2 w"d22,n 5% (3) Percentage error of an approxi.mayiﬁmf an inductanced. as
100|L—L|/L. The horizontal axis gives an absolute percentage
where the coefficients and; are layout dependent and givererror level, and the vertical axis shows the fraction of inductors
in Table Ill. The expression in (3) is called monomialin  (out of a family of 19 000) with error exceeding the specified
the variablesdout, w, davg, 7, and s. The coefficients were |evel. Roughly speaking, the closer the error distribution curve
obtained as follows. We first change variables to use thg the y axis, the more accurate the expression. We can
logarithms of the variables:; = log dou, 22 = log w, 3 = determine several important statistics from the curves. By
log dayvg, 4 = log n, x5 = log s. Taking the logarithm of the following the horizontal line at the 50% level, we can read
inductance as well we can express the monomial relation (3)@& the median error for each approximation. By following a
vertical line at some level of error we can find the fraction
of inductors for which the approximation was at least that
where «y = log 8. This is a linear-plus-constant model ofaccurate. The maximum error is given by the point where the
y as a function ofx, and is easily fit by various regressiorncurve hits ther axis. Consider, for example, the solid curve

Lgrnd =

. COMPARISON TO FIELD SOLVERS

C. Data Fitted Monomial Expression

y=log L =a0+ o121 + aoxs + a3x3 + @44 + @535



1422 IEEE JOURNAL OF SOLID-STATE CIRCUITS, VOL. 34, NO. 10, OCTOBER 1999

TABLE IV
COMPARISON OF MEASURED INDUCTANCE VALUES WITH FIELD SOLVER INDUCTANCE VALUES AND THE VARIOUS APPROXIMATE EXPRESSIONS

mm?awmu}k(; [ SidE’S«I 7771 douf. 'w—- S ‘L 1;;T Vga.\l [ ?whe egmd [ €mon
i 1 4 2.75 344 297 1.9 3.20 3.1 } 5.2 6.4 3.6
2 1 4 3.75 292 130 1.9 ; 6.00 -1.7 -1.2 -0.7 -0.4
3 1 4 6.50 217 5.4 1.9 1250 2.4 1.4 2.3 4.9
4 1 4 275 279 183 19 3.10 0.0 21 2.8 1.4
5 1 4 4.75 206 7.8 1.9 6.10 0.0 -0.7 0.3 2.0
6 1 4 7.50 166 3.2 1.9 12.40 4.0 2.2 3.2 5.5
7 1 4 9.50 153 1.8 1.9 | 18.20 2.7 0.8 1.9 2.7
8 L 4 2.75 277 183 0.8 3.10 0.0 0.8 1.3 -2.0
9 1 4 2.75 307 183 18.0 2.90 10.3 | 135 14.6 12.4
10 1 4 3.75 321 165 1.9 6.10 0.0 02 1.1 0.7
11 1 4 7.75 225 4.4 1.9 18.10 0.6 -0.9 0.0 2.9
12 1 4 3.75 193 9.1 1.9 ¢ 4.00 7.5 6.6 7.5 8.4
13 1 4 5.00 171 5.4 1.9 6.10 4.9 3.0 3.8 5.8
14 1 4 3.25 400 316 1.9 ]‘ 4.90 4.1 7.2 8.3 5.9
15 1 4 5.75 339 10.0 1.9 1 16.20 3.7 2.0 2.7 4.5
16 1 4 1 12.00 180 3.2 2.1 | 20.50 2.0 -1.0 -0.4 3.9
17 1 4 7.00 300 13.0 7.0 8.00 5.0 5.6 4.0 9.1
18 [2] 4 6.00 400 24.0 7.0 8.00 8.8 9.2 7.6 12.6
19 (2] 4 8.00 300 5.0 4.0 | 22.10 -6.3 -9.6 -8.3 -7.6
20 [2 4 4.00 300 5.0 4.0 9.20 -5.4 -3.3 -7.2 -6.4
21 [18 4 9.00 210 6.5 5.5 770 1 2.6 8.0 45| 118
22 (18] 4 8.00 226 60 6.0 9.00 | -1.1 -1.0 -1.4 0.7
23 [5] 4| 11.00 300 9.0 4.0 | 15.50 | -11.6 -9.7 1 -124 -3.2
24 (5] 4| 800 300 140 40! 830| -84 67| -95| -0.9
25 5 4 6.00 300 19.0 4.0 510 | -7.8 | -7.2 -9.1 -2.8
26 5 4 3.00 300 19.0 4.0 3.30 | -6.1 -7.2 -6.1 -6.5
27 (5] 4 5.00 300 24.0 4.0 3.50 -5.7 -5.2 -7.3 -1.6
28 (5] 4 9.00 230 6.5 5.5 9.70 1.0 2.3 0.6 5.6
29 [5] 4 | 16.00 300 5.0 4.0 | 34.00 -7.6 -4.2 -6.9 1.6
30 5] 4 6.00 300 90 40 1170} -5.1 -7.8 | -6.5| -4.9
31 5] 4 3.00 300 9.0 4.0 5.50 5.5 6.3 3.7 4.8
32 [5] 4 4.00 300 14.0 4.0 5.80 -1.7 -4.4 -3.2 -2.6
33 [5] 4 2.00 300 14.0 4.0 290 | 17.2| 180 | 15.0 | 15.5
34 [5] 4 2.00 300 190 40 2.50 | 16.0 | 16.0 | 15.0 { 14.5
35 [5 4 3.00 300 240 4.0 3.10 9.7 5.9 7.1 6.5
36 (19 4 500 154 70 5.0 3.00 6.7 3.9 4.3 5.8
37 [19] 4 9.00 250 7.0 5.0 | 12.00 -0.8 0.2 -0.5 3.7
38 [13] 4 6.00 285 15.0 3.0 6.70 7541 94| -9.1 -5.6
39 [13] 4 3.50 255 10.0 1.5 5.00 40} 45 -52 -44
40 13 4| 450 216 10.0 1.5 5.00 60| -78 | 6.6 -5.4
41 13 4 5.50 199 10.0 1.5 5.00 -6.0 -9.3 -8.2 -5.8
42 [13] 4 6.50 191 10.0 1.5 5.00 -6.0 | -8.1 -8.1 -3.6
43 [10] 4 7.50 190 10.0 1.5 500 | -10.0 | -85 | -10.4 | -2.8
44 [20] 4 9.25 145 5.2 2.0 6.00 -3.3 1 52| -7.0 1.3
45 20 4 6.75 290 13.0 7.0 7.10 1.4 3.5 2.0 7.0
46 20 4 250 290 13.0 7.0 3.00 331 25 33 -34
47 [21] 4 3.25 340 250 6.0 3.30 -9.1 4 -12.1 | -10.8 | -11.0
48 [21] 4 450 300 23.0 6.0 3.40 29 43| -5.1 -14
49 [21] 4 3.00 300 18.0 6.0 3.30 -3.0 | -5.9 -4.7 -5.0
50 [21] 4 5.75 190 9.5 6.0 3.40 0.0 2.5 1.1 5.6
51 [21] 4 3.00 700 90.0 6.0 3.70 -54 1 494 541 -67
52 [22] 4 4.00 262 16.0 10.0 2.60 | -19.2 | -19.9 | -19.5 | -18.5
53 [22] 4] 6.00 392 160 10.0 8.80 | -11.4 | -12.6 | -12.4 | -10.5
54 [22] 4 8.00 532 16.0 10.0 | 20.40 | -16.7 | -17.3 | -17.1 | -14.6
55 23 8| 400 346 180 2.0 5.90 00| -11 -16 | -36
56 23 8 5.00 346 18.0 2.0 7.50 2.7 2.7 0.7 0.3
57 [23] 8| 400 326 80 120 5.60 -7.1 77 -7.8 1 -11.8
58 (23 8 5.00 326 80 120 7.20 -25| -1.0| -28}| -56
59 (12 12 6.75 197 8.2 3.0 5.45 1.8 - 1.5 -
60 12 12 8.00 198 7.5 3.0 6.30 -0.5 - -1.8 -
61 12 12 7.75 198 6.5 3.0 7.30 -1.9 - -2.2 -
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Fig. 3. Error distributions for: (a) previous expressions versus field solver simulations, (b) new expressions versus field solver simulatievisugc) p
expressions versus measurements, and (d) new expressions versus measurements.

which corresponds to Crols’ expression. The median erroradbtained from previously published work. The first column in
about 18%; we can also see that the maximum error is aroufable IV gives the inductor number; the second column shows
25%. All of the expressions described above have significaht source of the inductor data; the third column shows the
mean offset errors, i.e., they tend to over or underestimat@mber of sides; the fourth is the number of turn} the fifth,
inductance. However, even if the expressions are scaledstgth, and seventh columns are the outer diametgr, ) turn
zero mean error (by multiplying each by a constant correctigfidth () and spacings) in zm; the eighth column shows the
factor or adding a fixed offset) the errors are still typicallyneasured or reported value of the inductanige..) in nH. In
around 15-20%, and in some cases larger. the ninth column we give the percent relative error between
Fig. 3(b) shows the absolute error distributions for OUf .. and (.. predicted by ASITIC), which we define as
expressions, using the same format as in Fig. 3(a), but wigh _ 100(Lnens — Lasi)/Lumeas. In the final three columns

1neas

a different horizontal scale since the errors here are smallgr, give the corresponding relative errotg.., c.ud, ande

. . _ 0 . . e ng L) HlOI?
The plots show that the typical errors are in the 1-2% rangg, our inductance expressions (1), (2), and (3), respectively.
and most of the errors are smaller than 3%, almost an order O(Ne observe close agreement between our expressions and
magth_Jde_smaIIer than the pr_ewously_ published EXPreSSIA measured data, with larger errors for the smaller inductors.
shown in Fig. 3(a). Our expressions for inductance, while conﬁ1e

. ; . ; r n xplained in [17], is that th rasitic in n
parable in complexity to the previously reported expressions €ason, as expia edin [17], is that the pa _astc ducta_ce
exhibit substantially better accuracy. inherent in the measurement setup results in large relative

errors for low inductances values.
Fig. 3(c) compares the experimental values to the induc-
IV. MEASUREMENT RESULTS tances predicted by previously published expressions, while

In this section, we compare the inductance values predicfeld- 3(d) compares the experimental values to the inductance
by all the approximate expressions with 60 measured indudedicted by our formulas as well as ASITIC. Once again,
tance values. In Table IV we compare the measured inductarticés clear that our expressions exhibit much smaller errors
values with those predicted by the various expressions. Té@mpared to the previous ones. It is also interesting to note
first fifteen inductors shown in Table IV were fabricated usingow well the predictions of ASITIC compare to our expres-
the top metal level (of thickness 0.8m) of a 0.35pm sions. This is particularly of interest in those few cases where
CMOS process. The data for the remaining inductors wetlge errors between experiment and our expressions approach
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20%, which suggests substantial measurement errors, eitheB@miconductor Corporation, Santa Clara, CA, for fabricating
calibration or parameter extraction. More important, it is cledhe dice.
that our expressions perform as well as a field solver.
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