SUPPLEMENTARY MATERIALS: ANDERSON ACCELERATED
DOUGLAS-RACHFORD SPLITTING*

ANQI FU'T, JUNZI ZHANG!, AND STEPHEN BOYD'

In this supplementary material, we provide the proofs for the theorems in the
main text.

SM1. Preliminaries. We begin with the following lemma, which establishes the
connection between residuals of the DRS fixed-point mapping and the primal/dual
residuals of the original problem (1.2).

LEMMA SM1.1. Suppose that liminf;_, ||v) — Fprs(v?)|l2 < € for some € > 0.
Then

1

bl < Al Tmin 2 < e

(SM1.1) lim inf ||/
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Proof. By expanding Fprg, and in particular line 6 of Algorithm 2.1, we see that

.. i i o i i+1
hjrglogf ||x]+1/2 _ x3+1||2 = h}ggf 07 — vhEglle < e

Since Az?T! = b by the projection step in Fpgrs, we have

Tfmm = A t? = A(aI T2 = I,

which implies that

J

lim inf [|r) 5,2 < [[All2 lim inf (|27 — 27 |5 < || A]ze,
j—o0 j—o0

and hence liminf;_, ||rgrim\|2 < ||Allz€.
On the other hand, the optimality conditions from lines 3 and 5 of Algorithm 2.1
give us

1 . . . _ .
;(ajﬁlﬂ—v])—!—gj =0, It =It2_ AT\,
for some g7 € Af (x7+1/2) and M = (AAT)t(Av7+1/2 —b). Thus,
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where we have used line 4 of Algorithm 2.1 in the third equality. Rearranging terms
yields ¢/ = AT (—2)\) + %(mj+1/2 — it
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Finally, since we compute Tiua] = ¢/ + AT N using M € argmin, ||¢? + ATA||2 (c.f.
residuals and dual variables in §2),

. . iy 1 - . 1
liminf || [l2 < liminf ||g7 + ATM o = ~liminf |27 71/2 — 27+, < —e,
j—roo j—o0 t j—oo

~

where M = %S\J . This completes our proof. 0

Remark SM1.2. When ¢ = 0, Lemma SM1.1 implies that

J

th_l}gOlf H"dprim”2 = ll‘]n_1>£f HréuaIHZ =0.

Furthermore, notice that we could have calculated rﬁual using
|
N=N= Z(AAT)T(AUI““/Q —b),

and the results would still hold.

SM2. Proof of Theorems 4.3 and 4.5. We now prove the convergence results
in the error-free setting. Define the infimal displacement vector of Fpgrg as dv* =
Hm(O). It follows directly that ||0v*||2 = inf,ern ||[v — Fprs(v)]|2. We
will later show that in A2DR, limy,_,o v* — v¥*1 = §v*. In particular, Theorem 4.5
gives us dv = dv*.

We begin by showing that jv* = 0 if and only if problem (1.2) is solvable. To see
this, first notice that by [SM1, Corollary 6.5],

5" = argmin, ¢z |12z,

where

Z =dom f —domgNt(dom f* +domg*), g(x) =L, av=p}(T).

Since domg = {z : Az = b} and domg* = range(AT) = —range(AT), the
problem is solvable if and only if

dist(dom f,dom g) = dist(dom f*, — dom g*) = 0,

which holds if and only if 0 € dom f —domyg and 0 € dom f* + dom g*, i.e.,
ov* = 0.

Below we denote the initial iteration counts for accepting AA candidates as k;
(i.e., when Igafeguara 18 True or Raa > R, and the check in Algorithm 3.1, line 14
passes), and the iteration counts for accepting DRS candidates as ;. Notice that for
each iteration k, either k = k; + K for some ¢ and 0 < K < R —1, or k = I; for some
i.

e Case (i) [Theorem 4.3, (4.2)]
First, suppose that problem (1.2) is solvable. Then, dv* = 0. By Lemma
SM1.1, to prove (4.2), it suffices to prove that liminfy o [|g¥||2 = 0. If the
set of k; is infinite, i.e., the AA candidate is adopted an infinite number of
times, then

0 < liminf [|g"||2 < liminf ||g¥||2 < D||g°||2 lim (i +1)~F9 = 0.
k—o0 1—»00 i—00

Here we used the fact that na4/R = i in iteration k;.
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On the other hand, if the set of k; is finite, Algorithm 3.1 reduces to the
vanilla DRS algorithm after a finite number of iterations. By [SM3, Theorem
2], this means that limg_, o gk = limg_,00o v¥ — 0¥+ = §v* = 0. Thus, we
always have liminfy, o [|g¥||2 = 0, and this fact coupled with Lemma SM1.1
immediately gives us (4.2).

Notice that the case of finite k;’s cannot actually happen. Otherwise, since
limy 00 [[g¥]]2 = 0 and na4 is upper bounded (because AA candidates are
rejected after some point), the check on line 14 of Algorithm 3.1 must pass
eventually. This means that an AA candidate is accepted one more time,
which is a contradiction. Hence it must be that AA candidates are adopted
an infinite number of times.

Case (ii) [Theorem 4.3, iteration convergence]

Now suppose that Fprs has a fixed point. As Gpgrs is non-expansive, if the
AA candidate is adopted in iteration k,

g" 12 = |Gprs (0F 1) |l2 < |Gprs (v 1) — Gprs(vF) 2 + |Gprs (vF) |2
< ([[Hgll2 + D]lg"[l2 < 2(1 +1/0)||g"||2.

where we have used Lemma 4.2 to bound ||Hg||2. This immediately implies
that forany 0 < K < R — 1,

(SM2.1) [lg" 5 < (24 2/1) g 12 < Dllg®lla(2 +2/n) (i + 1)+,

and so we have lim;_,, [|g* % = 0.
In addition, since AA candidates are accepted in all iterations k; + K, again
by Lemma 4.2, we have that for any w € R",

[ —wlly < (R —wlla + (14 2/m)]lg™ 2
K

< oM —wlle + (14 2/m) D lgH
j—O

Z 24 2/n)
7=0

< [k —wlla + (1 +2/n)CrDI|g" |2 + 1)+,

IA

(SM2.2)
<ok = wllz + (1 +2/n)llg™

where Cp = ZJ " (2+2/n) is a constant.
Now let v* be a fixed point of Fprs. Since Fprs is 1/2-averaged, by inequality
(5) in [SM4],

(SM2.3) [ g e A M g e T
for any ¢ > 0. Hence for any k > 0,

loF = 0*ll2 < [o° —v*ll2 + (1 +2/0)CrDIlgl2 Yy (i+1)7F) = E < oo,

implying that ||v* — v*||2 is bounded.
As a result, by squaring both sides of (SM2.2) and combining with (SM2.3),
we get that

oo
S 1lg" 13 < Jl° — 0|3 + const,
1=0
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where

const = ((142/1)CrD||¢°||2) 2 Z i+ 1)"(2+29
=0

+(2+4/n)CrDE|¢°2 > (i +1)70%9) < o0,
=0

Thus, lim; s 5 = 0. Together with the fact that lim; .. [[gF "5z = 0
for 0 < K < R — 1, we immediately obtain limg o [|[¢¥[l2 = 0, and an
application of Lemma SM1.1 yields (4.2).

Notice that in our derivation, we implicitly assumed both index sets are infi-
nite. The set of k; is always infinite by the same logic as in case (i). Moreover,
if the set of [; is finite, the arguments above involving [; can be ignored, as
eventually k = k; + K for all ¢ above some threshold.

Tt still remains to be shown that v* converges to a fixed-point of Fprs. To do
this, we first show that ||v¥ — v*||y is quasi-Fejérian. Squaring both sides of
the first inequality in (SM2.2) and combining it with (SM2.1) and (SM2.3),
we get that for any k£ > 0,

(SM2.4) [0 — o*[|5 < [lo* — 0*||3 + €,
where €l = 0 and

it K :2DE||gO||2(]_ + 2/77)(2 + 2/’17)K(Z + 1)—(1+e)
+ (D)|g%ll2(1 +2/m))7 (2 + 2/n)*5 (i + 1)~ (2+29)

for 0 < K < R—1. Hence ¢ > 0 and ZZOZO ek < c0o. In other words,
|v* — v*||2 is quasi-Fejérian.

Since limy o ||g¥||2 = 0 and inequality (SM2.4) holds, we can invoke [SM2,
Theorem 3.8] to conclude that limy_,. [[vF — v*||2 exists and v* converges
to some fixed-point of Fprg (not necessarily v*). The convergence of 2#+1/2
to a solution of (1.2) follows directly from the continuity of the proximal
operators.

Case (iii) [Theorem 4.5]

Now suppose that problem (1.2) is pathological, then jv* # 0. Since

160"]l2 = inf v~ Fprs(v)ll2,

the safeguard will always be invoked for sufficiently large iteration k because
llg%ll2 > [|6v*|l2 > 0. Hence the algorithm reduces to vanilla DRS in the end.
We can thus prove the result in case (iii) by appealing to previous work on
vanilla DRS [SM3, SM1, SM5].

Recall that limy,_, oo vF — vF*1 = dv* # 0 [SM3, Theorem 2]. First, we will
show that problem (1.2) is dual strongly infeasible if and only if

lim AzF1/2 =,

k—o0

If the problem is dual strongly infeasible, then by [SM5, Lemma 1], it is
primal feasible and has an improving direction d = 7%511* [SM5, Corollary
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3]. Along this direction, both f and g = Zy,. 4,—} remain feasible, and in
particular, Adv* = 0. Hence

lim AzF Y2 — AzF+Hl = lim A(v® — o* 1) = Adv* =0,

k—o0 k—o0
which implies that limy_, oo Az*11/2 = b since Az¥*! = b for all k > 0.
Conversely, if limg_,oo Az¥*1/2 = b, then dist(dom f,domg) = 0 because
2F*t1/2 ¢ dom f. This implies problem (1.2) is not primal strongly infeasi-
ble, so it must be dual strongly infeasible since we assumed the problem is
pathological.
Hence if limy_, o A2*+1/2 = b, problem (1.2) is dual strongly infeasible, and
by [SM5, Lemma 1 and Corollary 3], it is unbounded and

00" = Ml gom 7 dom g+ (0),

which implies that
|6v*||2 = t dist(dom f*, range(A”)).

Otherwise, the problem is not dual strongly infeasible and thus must be primal
strongly infeasible by our assumption of pathology, so from [SM1, Corollary
6.5],

|[6v]]e > dist(dom f,{z : Az =b}).

When the dual problem is feasible, 6v* = Hgsr7—g5m,(0) [SM5, Corollary
5], which implies that
[6v*||2 = dist(dom f, {x : Az = b}).

SM3. Proof of Theorem 4.4. The proof resembles that of Theorem 4.3 (with
identical notation), so here we mainly highlight the differences caused by the computa-
tional errors ¥, n&. We begin by bounding the difference between the error-corrupted
fixed-point mapping, denoted by FDRS, and the error-free mapping Fpgrg. Starting
from any v* € R"™, we have by definition

[9#+1/2 — U2y = 9 §HH2 — gkH2 ) = 2]k,

|2+ 195 |12,

where the inequality comes from the non-expansiveness of II. Let Gprs (v) =v—
Fprs(v). Since [Inf]l2 < ¢ and [[n¥]l2 < ¢,

¥ — Gprs(v¥)|]2 = |Gprs (vF) — Gprs(vF)]2

= || Fors(v®) — Fors(v¥)|l2
S ||jk+1 _ l‘k+1||2 + ||,@k+1/2 _ $k+1/2

I R U I

ll2
< 3[nfll2 + In5l2 < 4€.

Thus, by Lemma SM1.1, it suffices to prove that liminfy_, . [|Gprs(v¥)|l2 < 4€’ +
4V L€'

On the one hand, if the set of k; (AA candidates) is infinite,
lim inf ||Gprs (vF)||2 < liminf ||Gprs (0|2 < liminf ||g" o 4 4€'
k—oo i—00 i—00

< D|jg”ll2 Jim (i + 1) F) 4 4¢’ = 4’
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Otherwise, the set of k; is finite, and the algorithm reduces to vanilla DRS after a
finite number of iterations. Without loss of generality, suppose we start running the
error-corrupted vanilla DRS algorithm from the first iteration.

Let v* be a fixed-point of Fprs. By inequality (5) in [SM4],

. 2
[0 —v*|13 < (”FDRS(Uk) — Fors(v*) |2 + [ Fors (v*) — U*Hz)
(SM3.1) < 16(¢)? +8¢/|[v* — v 2 + | Fors (v) - v*3
<16(¢')* + 16Le' + [|[v* — ™[5 — [|Gprs (0")]13
for all k > 0, where in the second step, we use the fact that || Fprs(v¥) — Fprs (vF)||2 <
4¢’ and Fprs is non-expansive, and in the third step, we employ [[v¥||z < L and

[[v*]|]2 < L along with the triangle inequality. Rearranging terms and telescoping the
inequalities,

S

1 1
2= O [Gons (0 < 2 — "3+ 16(¢)* + 16L¢.
0

b
Il

which immediately implies that
likm inf ||GDRS(vk)||2 < V/16(¢)2 +16Le’ < 4€' + 4V Le'.
— 00

Together with Lemma SM1.1, this completes the proof.
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